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PREFACE. 



The presentation of the Theory of Substitutions here given differs in 
several essential features from that which has heretofore been custom- 
ary. It will accordingly be proper in this place to state in brief the 
guiding principles adopted in the present work. 

It is unquestionable that the sphere of application of an Algorithm 
is extended by eliminating from its fundamental principles and its 
general structure all matters and suppositions not absolutely essential 
to its nature, and that through the general character of the objects with 
which it deals, the possibility of its employment in the most varied 
directions is secured. That the theory of the construction of groups 
admits of such a treatment is a guarantee for its far-reaching impor- 
tance and for its future. 

If, on the other hand, it is a question of the application of an aux- 
iliary method to a definitely prescribed and limited problem, the elab- 
oration of the method will also have to take into account only this 
one purpose. The exclusion of all superfluous elements and the 
increased usefulness of the method is a sufficient compensation for the 
lacking, but not defective, generality. A greater efficiency is attained in 
a smaller sphere of action. 

The following treatment is calculated solely to introduce in an 
elementary manner an important auxiliary method for algebraic inves- 
tigations. By the employment of integral functions from the outset, it 
is not only possible to give to the Theory of Substitutions, this operat- 
ing with operations, a concrete and readily comprehended foundation, 
but also in many cases to simplify the demonstrations, to give the 
various conceptions which arise 9 precise form, to define sharply the 
principal question, and— what does not appear to be least important—to 
limit the extent of the work. 

The two comprehensive treatises on the Theory of Substitutions 
which have thus far appeared are those of J. A. Serret and of C. Jordan. 

The fourth section of the "Alg^bre Sup^rieure " of Serret is devoted 
to this subject. The radical difference of the methods involved here 
and there hardly permitted an employment of this highly deserving 
work for our purposes. Otherwise with the more extensive work of 
Jordan, the "Traits des substitutions et des Equations alg^briques." 
Not only the new fundamental ideas were taken from this book, but it 
is proper to mention expressly here that many of its proofs and pro-^ 
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IT PBEFAOE. 

cesses of thought also permitted of being satisfactorily employed in the 
present work in spite of the essential difference of the general treat- 
ment. The investigations of Jordan not contained in the " Traits " 
which have been consulted are cited in the appropriate places. 

But while many single particulars are traceable to this "Traits" 
and to these investigations, nevertheless, the author is indebted to his 
honored teacher, L. Kronecker, for the ideas which lie at the foundation 
of his entire work. He has striven to employ to best advantage the 
benefit which he has derived from the lectures and from the study of 
the works of this scholarly man, and from the inspiring personal inter- 
course with him; and he hopes that traces of this influence may appear 
in many places in his work. One thing he regrets: that the recent im- 
portant publication of Kronecker, "Grundzflge einer arithmetischen 
Theorie der algebraischen Grossen," appeared too late for him to derive 
from it the benefit which he would have wished for himself and his 
readers. 

The plan of the present book is as follows: 

In the first part the leading principles of the theory of substitutions 
are deduced with constant regard to the theory of the integral func- 
tions; the analytical treatment retires almost wholly to the background, 
being employed only at a late stage in reference to the groups of solvable 
lequations. 

In the second part, after the establishment of a few fundamental 
principles, the equations of the second, third and fourth degrees, the 
Abelian and the Galois equations are discussed as examples. After this 
follows a chapter devoted to an arithmetical discussion the necessity of 
which is there explained. Finally the more general, but stiU elementary 
questions with regard to solvable equations are examined. 

Stkassburg, 1880. 



To the preceding I have now to add that the present translation 
differs from the German edition in many important particulars. Many 
new investigations have been added. Others, formerly included, which 
have shown themselves to be of inferior importance, have been omitted. 
Entire chapters have been rearranged and demonstrations simplified. 
In short, the whole material which has accumulated in the course of 
time since the first appearance of the book is now turned to account. 

In conclusion the author desires to express his warmest thanks to 
Mr. F. N. Cole who has disinterestedly assumed the task of translation 
and performed it with care and skiU, 

EUGEN NETTO. 

GiBSSEN, 1892. 
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TRANSLATOR'S NOTE. 



The translator has confined himself almost exclusively to the 
function of rendering ttie German into respectable English. My thanks 
are especially due to The Register Publishing Company for their gener- 
ous assumption of the expense of publication and to Mr. C. N. Jones, of 
Milwaukee, for valuable assistance while the book was passing through 

the press. 

F. N. COLE. 

Ann Arbor, February 27, 1892. 
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PART I. 

THEORY OF SUBSTITUTIONS AND OF THE INTEGRAL 

FUNCTIONS. 



CHAPTER I. 

SYMMETRIC OR SINGLE - VALUED FUNCTIONS. ALTERNA- 
TING AND TWP-VALUED FUNCTIONS. 

§ 1. In the present investigations we b av o t o deal with n ele- 
ments Xi, a?2, . . . x„, which are to be regarded timemffbmm ^ as 



independent quantities, « iuoo» the contrary is expressly stated. It 
is easy to construct integral functions of these elements which are 
unchanged in form when the jta's are permuted or interchanged in. 
any way. For example the following functions are of this kind : 

- Xi^ xi + iCi" £C3^ + . . . + x.f- a?i^ + Xa* X3^ + ... 

-\- Xn ^1 „ • . • r ^n* ^ « — 1 J -r 

(a^i — x.^' (a?i — 0^3)=^ (ar, — x^^ ... {Xn-x — x^f, 
etc. 
Such functions are called symmetric functions. We confine 
ourselves, unless otherwise noted, to the case of integral functions. 
If the cca's be put equal to any arbitrary quantities, «! , ag, . . . a„ , 
so that x^ = a„ 0:2 = 02, ... x„ = a„, it is clear that the symmetric / 

functions of the x^s will be unchanged not only in f(frm, but also in / ^ 

value by any change in the order of assignment of ihe values a^ to 
the X\8. Such a reassignment may be denoted by 
Xi = a,-^, X2 = ot/^j ... x„ ^=^ a,-^ 
where the a^^, a^- , . . . denote the same quantities ai, ag, ... in any 
one of the possible n! orders. 

Conversely, it can be shown that every integral function, 
^(^1? ^2 . . . x„) ,of n independent quantities a?i, a?2> • . . ^n> which 



/ 
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Z THEORY OF SUBSTITUTIONS. 

is unchanged in value by all the possible permutations of arbitrary 
values of the x^s, is also unchanged in form by these permutations. 

Theorem !• Every single-valued integral function of n 
independent elements Xi, ccg, ... x„is symmetric in these elements, 

§ 2. The reasoning on which the proof of this theorem is 
based will be of frequent application in the following treatment. 
It seems, therefore, desirable to present it here in full detail. 

(A). If in the integral function 



<i) 



fix) = S axx^ 

7i = 



all the coefficients a^ are equal to zero, then / {x) vanishes identi- 
cally, i, e., f{x) is equal to zero for every^value of arJrtlonversely, 
if f{x) vanishes for every value of x, then all the coefficients ax are 
equ ^to z ero^ 

^For if f{x) is not identically zero, then there is a value Co such 
that for every real x of which the absolute value | a? | is greater than 
Co, the value of the function /(ic) is different from zero. For Co we 
may take the highest of the absolute values of the several roots of 
the equation f{x) = 0. Without assuming the existence of roots 
of algebraic equations, we may also obtain a value of Co as follows:* 
Let ttfc be the numerically greatest of the n coefficients Gq, ai, 
' a. I + ■ 



. . a„_i in (1), and denote 



an 



\a„ 



a„ 



< 


^ 


= 


a„ 


< 





by r. We have then 



\x\ 



-1 



+1) 



< 



('•- 1) 



x\—l 



A.. 



Hence, for any value of x not Ijang between 



a„_ia:"-' + aH-2^" ^ + 


..+ao 


a„ 





lO;"- 



+ a«-2 



^+ . . . + «o 



r and + r, 

< I a; I" - 



a„x" 



so that the sign of / (x) is the same as that of a„ x", 
we may take Co = ^. 

*L. Kronecker. Crelle 101, p. 347. 



Consequently, 



ulXaL. 
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To prove the conv 
/ x^*^X2^'^ . . . x^^»* ther 



SYMMETRIC AND TWO-VALUED FUNCTIONS. ^ 6 

(B). If no two of the integral functions 
(2) A{x),Mx),...Mx) 

are identically equal 4iaaMiiiBi«4faM>, then there is always a quantity 
Co such that for every x the absolute value of which is greater than 
Co, the values of the functions (2) are different from each other. 

For, if we denote by Va^ the v^ue determined for the function 
fa (^) — fp (^)) as r was determined in (A), we may take for Co the 
greatest of the quantities Vap. 

(C). If in the integral function 

/(ij , X.,, . . . a;,) = S ttAi A2. . . A«» a^i^^ ^2^* . . . x^^" 
all the coefficients a are equal to zero, then the function/ vanishes 
identically, i, e., the value of / is equal to zero for every system of 
values of x^, X2, ... x„. 

To prove the converse proposition we put 

^2 = sr, 3^3 = gi^\ ... x^ = gv**-' 
then becomes a power of g, the exponent of 
which is 

^M A2 . . . A,„ = >^l + k' + ^3>^ + . . . ^m'-'*""^ 

From (B), we can find a value for v such that for all greater val- 
ues of V, the various r^i \2 ... Am are all different from one another. 
We have then 

/ (iCi, X2, ... X„,) = :S aAiA2 ... Am /^' ^i- • • ^ 

But, from (A), if all the coefficients a do not disappear, we can 
take g sp large that / is different from 0. The converse proposition 
is then proved. 

(D). If a product of integral functions 

(4) /i (Xn X2, ... X„) Mx,, X2, ...X,) ... f^ {XijX2, ... Xn) 

is equal to zero for all systems of values of the ir^'s, then one of the 

factors is identically zero. 

For, if we employ again the substitution (3), we can, from (C), 
select suet values ga and Vafor any factor /« {xi, X2, . . . 0?^) which 
does not vanish identically, that for every system of values which 
arises from (3) when g > ga and >>>« the value of /« is diflFerent 
from zero. If then we take g greater than gi, g2, . . - Qm and at the 
same time v greater than ^1,^2, ... >'m we obtain systems of values 
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4 THEORY OF SUBSTITUTIONS. 

of the iCx's for which (4) does not vanish, unless one of the factors 
vanishes identically. 

The proof of Theorem I follows now directly from (C). For if 
^ (iCi, 0^2? • • • ^n) is a single- valued function, and if ffi (a-i, a?2 . . . a?«) 
arises from ^ by any rearrangement of the o^a's, then it follows from 
the fact that (p has only one valuer, that the difference 

vanishes identically. 

If the elements X)^ are not independent. Theorem I is no longer 
necessarily true. For instance, if all the x^s are equal, then any 
arbitrary function of the x^s is single- valued. Again the function 
Xi + ^x^ X2 — 4iri a?/ + 3 x^ is single- valued if Xy^ = 2jr2, although 
it is unsymmetric. 

§ 3. If, in any symmetric function, we combine all terms which 
only differ in their coefficients into a single term, and consider any 
one of these terms, Cxi* x^^ x^y , . . .^^ then the symmetric character 
of the function requires that it 4&iBt contain every term which can 
be produced from the one considered by any rearrangement of the 
cca's. If these terms do not exhaust all those present in the func- 
tion there will still be some term, Co^i*' 0*2^' x^^' . . a in which the sys- 
tem of exponents is not the same as in the preceding case. This 
term then gives rise to a new series of terms, and so on. Every 
symmetric function is therefore reducible to a sum of simpler sym- 
metric functions in each of which all the terms proceed from any 
single one among them by rearrangement of the ir^'s. The several 
terms of any one of these simple functions are said to be of the 
same type or similar. Since these functions are deducible from a. 
single term, it will suffice to write this one term preceded by an S. 
Thus S (x^) denotes in the case of two elements x^^ + a?2^ in the 
case of three xi'^ + x^ + xi^ etc. 

§ 4. If we regard the elements jTi , 0:2 , . . . a?n as the roots of an 
equation of the n^ degree, this equation, apart from a constant fac- 
tor, has the form 1 

(5) f (a?) = {x — x^ {x — x^ . . . (a: — x,^ = 

the left member of which expanded becomes 
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8YMMETBI0 AND TWO-VAICED FUNCTIONS. 

(6) xr—{xr + x,+ ...+x„)af' 

. . . + ( 1) X1X2 ... Xn' 

=:Q(f — c^ o;"-' + CaO;*^' — . . . + (— 1)"Ch 
The coefficients of the powers of x in this equation are there- 
fore simple integral symmetric functions of the x^s: 

(7) Ci = S(iCi)> C2 = S (iCi iTa), Ca = S (a?! 0^2 . . . o^a), 

• • • • • C|j — — O 1 1*'! X2 » . • Xf^J —— X'l X2 • » . Xf^ 

These combinations Cx are called the elementary symmetric 
functions. They are of special importance for the reason that every 
symmetric function of the ar^'s can be expressed as a rational inte- 
gral function of the Ca's. 

§ 5. Among the many proofs of this proposition we select that 
of -Gauss, * 

We call a term x^"*^ x^"^ x^^ . . . higher than x^f^^ x^'^ xj^^ . . . when 
the first of the differences m^ — /^i,m^ — AhjjWg — /Jtg, ... which 
does not vanish is positive. This amounts then to assigning an arbi- 
trary standard order of precedence to the elements o^a. 

In accordance with this convention, Ci, Cg, Cg, . . . Ca, . . . have 
for their highest terms respectively 

*<^1 J tl'j *C2 , •*'i vl2 •A'3 , • . • »*^i *^2 **'3 • • • *^\i • • • 

and the function Cj* Ca^ c^y , , , has for its highest term 

In order, therefore, that the highest terms of the two expressions, 
<^i* ^2^ CgY . . . and Ci*' Cg^' c^y' . . . may be equal, we must have 

r + . . . = r' + . . . 



that is, a= a\ 1^ = ft', y =/,.,, . 

It follows that two different ^ stems of exponents in Ci'^Ci^ Cg^. . . 
give two different highest terms in the o^a's. Again it is clear that 

x,'' X2^ x^y . , , ( « i /5 :^ r i ^ . . .) 

is the highest term of the expression Cj^~^ c/~yc^y~^, , .and that /j'^-a ^' 



* Deinonstratio nova altera etc. Gesammelte Werke III, § 5, pp. 37-38. C/. Kron- 
ecker, Monatsberichte der Berliner Akademie, 1889, p. 943 seq. 
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6 THEORY* OF SUBSTITUTIONS. 

all the terms in the expansion of this expression in terms of the x^'s 
are of the same degree. 

§ 6. If now a symmetric function S be given of which the 
highest term is 

A Xi'^ x./ x^y x^K , . ( « i /5 ^ r = ^ • • •) 

the difference 

S—Ac,''-^c2^-yc,y-^ . . . = 5, 

will again be a symmetric function; and if, in the subtrahend on the 
left, the values of the c^s given in (7) be substituted, the highest 
term of S will be removed, and accordingly a reduction will have 
been effected. 

If the highest term of Si is now A^ x^' x.f x^y' x^' . . . , then 

Si — A,c,^'-^'cf-yU/-^' ... = S^ 

is again a symmetric function with a still lower highest term. The 
degrees of S2 and S^ are clearly not greater than that of S, and since 
there is only a finite number of expressions x^^ x.^ cTgi^ . . . of a given 
degree which are lower than x^ x^ 0^3^ . . . , we shall finally arrive by 
repetition of the same process at the symmetric function 0; that is 

S^ - A, c,-<*> - "« c/*>'- v<^> . . . = 0; 
and accordingly we have 

S = Ai Ci«-^c/-v ... 4- A2C,**'-^'c/'-v'... + ... 

§ 7. It is also readily shown that the expression of a symmetric 
function of the x^^ as a rational function of the Ca's can be effected 
in only one way. 

For, if an integral symmetric function of a*, , 0*2, ... x^ could 
be reduced to two essentially different functions of c^^ c^i^^i ... c„, 
9 (ci, C2, . . . c„) and ^ (c,, C2,. . . c„), then we should have, for all 
values of the a^x's, the equation 

ip (Ci, C2, . . . c,.) = ^ (Ci , C2 , ... c„) 

The difference <p — 9''? which, as function of the c^'s, is not 
identically zero, since otherwise the two functions <p and ^ would 
coincide, must, as function of the iTx's, be identically zero. 

Suppose, now, that in ^ — ^ those terms in Cj , C2 , . . . c„ which 
cancel each other are removed, and let any remaining term be 
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SYMMETKIC AND TWO-VALUED FUNCTIONS. / 

B Ci* C2^ CgY . . . This term on being expressed in terms of the aj^'s 
will give as highest term 

Now the different remaining terms JS' Cj*' Cg^' Cg^' . . .give different 
highest terms in the x^^s (§5). Consequently among these highest 
terms there must be one higher than the others. But the coefficient 
of this term is not zero; and consequently (§2 (C)) the function 
^ — (p cannot be identically zero. We have therefore 

Theorem II. An integral symmetric function ofxi, Xg , ... a7„ 
can always he expressed in one and only one way as an integral 
function of the elementary symmetric functions Ci, Cj, . . . c„. 

§ 8. If we write Sx = S {xi^) for the sum of the A powers of 
the n elements a^i, o-g, . . . ir«, we might attempt to calculate the s^s 
as functions of the Ci's by the above method. It is however simpler 
to obtain this result by the aid of two recursion formulas first given 
by Newton * and known under his name. These formulas are 

A)s,—CiS,_i + C2S,._2— ...+(— I)"c.«,-H = (^>w) ^ 

B) 8,. — Ci5,._i4-C2S,._2— . ..'+( — 1)^ r c,.= {r ^n) 

These two formulas can be proved in a variety of ways. The 

formula A) is obtained by multiplying the right member of (6) 

by x'^~^, replacing xby a?x, and taking the sum over A = 1, 2, . , .n . 

The formula B ) may be verified with equal ease as follows. If 

we represent the elementary symmetric functions of a?2, 0*3, . . . a7„ 

by Ci, C2, . . . c'„_i, we have 

^^ 2. 

Cj ^ Xj -p Cj , C2 ^ Xi Ci -7- C2 J C3 = Xi C2 -f~ C3 , . . . 

and accordingly, if r ^n, we have 

^/ — c, x^-^ + C2 cci^-d . . . (— l)**c, 

+ (-1/ {x,c\_, + c/) = ( -l)>c/ 
and hence, replacing x^ successively by iCaj ^8> • • • ^n? aiid, corres- 
pondingly, c,/ by c/', c;'\ . . . c/"\ and taking the sum of the n ' 
resulting equations 

Sr — CiS,,_i +C2SV-2 — . . • ( — l)^c»- «< ^ .- 

^ (-1 y (0/ + c/- + cr + . . > + e/-^-— 

* Newton : Arith. Univ., De TranslKmatione Aequationum. 
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8 THEOKY OF SUBSTITUTIONS. 

The right member is sjmmetri^i in x{^ X2,. , . x„, and contains all 
the terms of Cr and no others. Moreover, the term a^i a?2 • • • ^r j and 
consequently every term, occurs n — r times. Accordingly we have 

8r — C^8r^^ + C2«^_3— . . . + (—1)^ C^U = (— 1)'* (n—r)Cr, 

. • . 8,. — Ci«,_i + C28^_2— . . . ( — 1)^ e,r = 0, 
and formula B) is proved. ♦ The formula A) can obviously be veri- 
fied in the same way. 

§ 9. The solution of the equations A) and B) for the successive 
values of the 8\8 gives the expressions for these quantities in terms 
of the Cx's. The solution is readily accomplished by the aid of 
determinants. We add here a few of the results.f 
C) 8o = n ^ X;'-»-X»%)c^ 'fK' -/-f^-^/ •♦•••*' 

8, = Ci 

©2 — C^ — ~~ ^C2 

S3 = Ci* — SeiC2 4" 3^3 

54 = Ci* 4:Ci% 4- 4C1C3 -f- 2C.2^ 4:C^ 

55 = Ci*^ — 5Ci*C2 + t>Ci% -f- 5ciC2^ — 5c^c^ — 5C2C3 + 5C5 

It is to be observed here that all the c^'s of which the indices are 
greater than n are to be taken equal to 0. This is obvious if we add 
to the n elements x^, x^j ... x„ any number of others with the 
value 0; for the c^'s up to c, will not be affected by this addition, 
while c„+i , c„+2, . . . will be 0. 

§ 10. The observation of § 5 that Cj* C2^ CgV . . . gives for its highest 
term Xj* + ^ + ^ + ••• 0^2^ + >" + ••• x^y,-^ . •. can be employed to facili- 
tate the calculation of a symmetric function in terms of the c^'s. 

We may suppose that the several terms of the given function 
are of the same type, that is that they arise from a single term 
among them by interchanges of the ota's . The function is then 
homogeneous; suppose it to be of degree v. We can then obtain 
its literal part at once. 

For, if the function contains one element, and consequently all 
elements, in the m^^ and no higher power, then every term of the 
corresponding expression in the c^'s will be of degree m at the high- 
est. For, in the first place, two different terms Ci<» c/ CgV . . . and 

•Another, purely arithmetical, proof Is given by Euler; Opuscula Varii Argumenti, 
Demonstrat. genuina theor. Newtonianl, II, p. 108. 
t Cf. FaA dl Bruno : Formes Binaires. 

/ 
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8YMMETBIC AND TWO-VALUED FUNCTIONS. 9 

Cj*' c/' CgV' ... give different highest terms ia the Xjjs , so that two 
Buch terms cannot cancel each other; and, in the second place, 
Ci* C2^ CgY ... gives a power iTx* + ^ "^ ^ +•••, so that 
a + /5+r+ ... =W'. 

Again the degree of ajj* + ^ + >" + ••• aj^ ^+ y + ••• 0^3 ^ + •••. . is 
a + 2/5+3r+ ... =v 
and since the given expresssion is homogeneous, the sum 
0+2/5 + 3^+ ... must be equal to v for every term Cj* Cg^ Cg^ . . . 

These two limitations imposed on the exponents of the C;^'s that 
« + i5 + r+...iw, a-f-2/S + 3r...=v, 
exclude a large number of possible terms. The coefficients of those 
that remain are then calculated from numerical examples. The 
quantity a + 2i5 + 3^+... is called the weight of the term 
<^i* <^2^ CgY . . . and a function of the Cx's whose several terms are all of 
the same weight ijk called isobaric. For example 
•S (x{^ X2^ x^^ Xi) = qoCT + qiCQCi + q^c^c^ + qzCiC^ (m = 2, v = 7) 
:S l(iXi — X2y\x^ — x^)\x^ — x,y'] = qoCti + qic,c, +q2C^c, 

+ qs C4 Ci' + qi C/ + ^5 Cg C2 Cj + q, Cg Ci' + ^7 c/ + ^8 c/ Ci^ ^ 

(m = 4,<= 6) 
-where the g's are as yet undetermined numerical coefficients. 

In the second example we will calculate the q^a for the case n=3^ 
for which therefore c^ = C5 =65 = 0. It is obvious that for different 
values of n the coefficient g's will be different. Taking 

I. a?! = 1, X2 = — 1, a?3 = 0, we have Ci = 0, Cg = — 1, Cg = '^ 

II. oji = ar2 = 1, a?g = 0, Cj = 2, Cg = 1, Cg = 

_a^--^_ . .-.,8 = = — 4 + 4^8; ^8 = 1. 

JLxX. Xi ^^ X^ -^ X, aJg A, Cj ^^ V/j C2 -^^ — O, Cg ^^ Z 

.-. S =0 = 4t;,+4-27/ g, = — 27. 

rV. a;, = a;2 = 2, 0:3 = — 1, Cj = 3, c^ = 0, c, = — 4 

.-. S = = — 2716— 4-273e; g. = — 4. 
V. a^i — X2 —^ a?3 ^^ J., Cj ^^^ 0, C2 ^^^ o, Cg ^^^ jl 

.-. S = = — 27 + 955 — 135; q, =18. «/ 

• . V**'l '^z) \p^2 •^3/ V*^3 •^l ) ""■ ^ 'Cg 

+ 18 Cg C2 Cj — 4C3 Ci^ — 4c2^ + C2^ Ci^. ^' 



Digitized by 



Google 



10 THEORY OF SUBSTITUTIONS. 

This expression, (x^ — ^2)^ ( ^2 — ^3 Ti^z — ^1)^ = ^y is called 
the discriminant of the quantities a*!, X2, x^. The characteristic 
property of this discriminant is that it is symmetric and that its 
vanishing is the sufficient and necessary condition that at least two 
of the Xxa are equal. 

§ 11. In general, we give the name " discriminant of n quanti- 
ties Xi, X2, ... ir„"to the symmetric function of the X/,^a the van- 
ishing of which is the sufficient and necessary condition for the 
equality of at least two of the o^a's . If a symmetric function S of 
the x^a is to vanish for x^ = ccj, it must be divisible by Xi — X2, 
and consequently by every difference Xa — Xp. Suppose 

S = (xi — X2) Si. 

Now S, and consequently (xi — X2) Si , is unchanged if Xi and 
X2 be interchanged. But this changes the sign of Xi — X2 and there- 
fore of ^1 . Consequently Si vanishes if a^i = a?2 , and accordingly 
Si contains Xi — 0*2 as a factor. 

The symmetric function S is therefore divisible by (xi — XzY 
and consequently by every (Xa — x^Y; that is it is divisible by 

^ =Tr(^A — o^^y (>l</.;>l = l,2,...n — l;/. = 2,3,...n) 

AU 

= (xi — x.^y (xi — x,y (xi — x,)\ ,,{xi — x^y 
(8) (0-2 — x^y (x2 — x^y. ., (x2 — x„y 

(^3 ^ij ' • • (^3 ^n) 



(x„_i — x„y. 

This quantity J already satisfies the condition as to the equality 

of the XxB, and, being the simplest function with this property, is 

itself the discriminant. It contains in{n — 1) factors of the form 

• (^A — Xfj,y\ its degree is n{n — 1), and the highest power to which 

/^- X, any x^ occurs is th^n — 1)**^. It is the square of an integral, 

, . V but, as we shall presently show, unsymmetric function, with which 

we shall hereafter frequently have to deal. 

§ 12. Finally we will consider another symmetric function in 
which the discriminant occurs as a factor. 

Let the equation of which the roots are a^i, 0*2, . . . x^ be, as 
before, f (x) = 0. Then if we write 
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SYMMETRIC AND TWO-VALUED FUNCTIONS. 11 

we have, for all values A = I, 2, . . . n , the equation 

f'{x^) = {Xx — X^) {Xk— X2) : . .{Xk — Xx_^){Xi,— X), + i) , . .{X),— X„), 

We attempt now to express the integral symmetric function 

s[_x,<^ .fix,) .r(x,),..r{x„)] 

in terms of the coefficients Cj, c^, . . . c^ of / (x), Every one of the 
n terms of S is divisible by Xi — x,, since either / '(xi) or / '{x,} 
occurs in every term. Consequently, by the same reasoning as in 
§ 11, 5 is divisible by (xi — x^Y, and therefore being a symmetric 
function, by every {Xa — Xp)\ that is by 

^ =1T(^A — x^Y (A < /i; A = 1, 2, . . . n — 1; /x = 2, 3, . . . n). 

S is therefore divisible by ihQ discriminant off{x), i. e., by the dis- 
-^ /^ "N criminantof the n roots of / (a;). 

Now f())Ck) is of degree of n — 1 in o'a and of degree 1 in every 
other 07^; and therefore 

^1* . fix,) . /'( rg) . . . f'{x^) is of degree a + n — 1 in x/ 
^2* . /'(^i) • f'(^s) • • . /'(^») ^s ^^ degree 2w — 3 in x^.^ 
Consequently, if a < n — 1, 5 is of degree 2 n — 3 in o^i , while 
J is of degree 2n — 2 in a:j. But since J is a divisor of S, it fol- 
lows that >Sf is in this case identically 0. 

(9) S lx,<^.r{x,).f{x,).,.r{x„):\ = O, (« < n - 1.) 

Again, if a = n — 1, then S and J can only differ by a constant 
factor. To determine this factor we note that the first term of S is 
of degree 2 n — 2 in o^i , while all the other terms are of lower 
degree in x^. The coefficient of x^^"'^ is therefore 

(— 1Y~\X2 — x^).., {x2 — X,,) (0-3 — 0^2) . . . (0-3 — a;,,) . . . 

n(n-l) 
{x,,— X.^..,{Xn — X„_l) = {—l) 2 (x2 — X^Y{^2 — XiY-" 

yX„_^^ X^j . 

In J the coefficient of x{^**~^ is 

(a*2 X3) yX2 ^4) ... {^Xn_i Xn) . 

n(n — 1) 

The desired numerical factor is therefore ( — 1) 2 and we 
have 
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12 TgfeORY OF SUBSTITUTIONS. 

/ / • n(n-l) 

(10) S[xr-\/'(V)./'(a^.../'(x„)] = (-l)-2-J. 

Formulas (9) and (10) evidently still hold if we replace x^ or 
^i"~^ l>y any integral function <p (a?) of degree a -^^n respectively. 
Moreover since ^v jT j.C -t- 



{-1)-T-A=f{x,),r{x,),..f\x„) i^l^ Ot<oiw 



we have 



\=n 



<■» 2^ = °»^-. 



A = l 



/'(«^x) 



according as the degree of ^ is less than or equal to n — 1. 

§ 13. If an integral function of the elements a^i , a% , . . . a*„ is 
not symmetric, it will be changed in form, and consequently, if 
the a^x's are entirely independent, also in value, by some of the possi- 
ble interchanges of the iCx's. The process of effecting such an inter- 
change we shall call a substitution. Any order of arrangement of 
the X\8 we call a permutation. The substitutions are therefore 
operations-, the permutations the result. Any substitution whatever 
leaves a symmetric function unchanged in form ; but there are other 
functions the form of which can be changed by substitutions. For 
example, the functions 

J. Xi X2 ~f~ Xq X^ , Xi X2 X^ ~j~ X^ X^ — p X^ , X'l — p X2 "7~ x^ 

take new values if certain substitutions be applied to them; thus if 
£Ci and X2 be interchanged, these functions become 

JLi — Xi "T" a?2 ~\~ •^a — *^4 > *^i *^2 *^3 ~r *^5 "^5 ~r *^6 > •^2 1 *^i 1 »^3 • 

The first two functions are unchanged if x^ and x^ be inter- 
changed, the second also if x^ and x^ be interchanged, etc. 

Functions are designated as one-, two-, three-, m-valued 
according to the number of different values they take under the 
operation of all the n\ possible substitutions. The existence of one- 
valued functions was apparent at the outset. We enquire now as 
to the possibility of the existence of two-valued functions. 

In § 11 we have met with the symmetric function J, the dis- 
criminant of the n quantities iCi, a^a? • • • ^»- The square root of ^ 
is also a rational integral function of these n quantities : 



*Tlie formula D is due to Euler; Calc. Int. II § 1169. 
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V^ = (^1- 


-X,) {x, — x^) {x, — x,). 


.{x, — x„) 




{X2--X^) {X2 — X^). 


,,{X2 — JTh) 




(a-3 — x^) . 


,{x^ — x„) 



Every difference of two elements Xa — x^ occurs once and only 
once on the right side of this equation. Accordingly if we inter- 
change the Xxs in any way, every such difference still 6ccurs once and 
only once, and the only possible change is that in one or more cases 
an Xa — xp may become x^ — Xa. The result of any substitution 
is therefore either + \/ J or — \/ J,i, e., the function V^ is either 
one- valued or two- valued. But if, in particular, we interchange a?, 
and X2 , the first factor of the first row above changes its sign, while 
the other factors of the first row are converted into the correspond- 
ing factors of the second row, and vice versa. No change occurs in 
the other rows, since these do not contain either x^ or X2 . Since 
then, for this substitution, \/ J becomes — \^ ^ , it appears that we 
have in \/ J a two-valued function. 

This function is specially characterized by the fact that its two 
valueslpnlyi differ\in algebraic sign. Such two- valued functions we 
shall call alternating functions. 

Theorem III. The square root of the discriminant of the n 
quantities x^, Xi, , . , Xn is an alternating function of these quanti- 
ties. 

§ 14. Before we can determine all the alternating functions, a 
short digression will be necessary. 

An interchange of two elements we shall call a transposition. 
The transposition of Xa and x^, we will denote by the* symbol 
{Xa Xp). We shall now prove the following 

Theotem IV. Every substitution can be replaced by a 
series of transpositions. 

Thus, if we have to transform the order x^, X2, x^, , , , x^ into 
the order xi^, Xf^, Xf^, , , . a?/„, we apply first the transposition 
(xi Xi^), The order of the X\B then becomes xi^, a?2 > ^3 » • • • ^fi — 1 
Xi, Xf^ + i, ... Xn, and we have now only to convert the order 
X2 . . . iTfi- 1, Xi, X{^ + i, ... Xn into the order xu, xi^, . . . a?f„. By 
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14 THEORY OF SUBSTITUTIONS. 

repeating the same process as before, this can be gradually effected, 
and the theorem is proved 

Since a symmetric function is unaltered by any substitution, we 
obtain as a direct result 

Theorem V. A function which is unchanged by every 
transposition is symmetric, 

§ 15. There is therefore at least one transposition which 
changes the value of any alternating function into the opposite 
value. We will denote this transposition by (a^a ocp) , and the alter- 
nating function by 9'', and accordingly we have 

(/'{Xi,X2,. . . Xa,., . a?^,. . . X„)= —4' (iTi, X^, , , , X^, , , , Xa, . , , X,) 

Accordingly, if Xa = x^, we must have 4> = 0. Consequently the 

equation 

(/'(x,, CTa, ...2r, ... ir^, ... aj„) = 

regarded as an equation in z has a root z = x^ and the polynomial 
</' is therefore divisible by z — Xp, The function 

<r' yXi, ^2 , . . . Xa * , * Xp . , , X„) 

therefore contains Xa — Xp aa e factor, and, consequently, 4'^ con- 
tains {xa — xpY as a factor. 

But since, for all substitutions, 4' either remains unchanged or 
only changes its sign, 4'^ must be a symmetric function; and, 
accordingly, since 4'^ contains the factor {Xa — XpY, it must con- 
tain all factors of the form (a^x — x^y, i. e., </' ^ contains J as a 
factor, and consequently^'' contains V^ as a factor. The remain- 
ing factor of (J' is determined by aid of the following 

Theorem VI. Every alternating integral function is of the 
form S. \^ d , where \/ J is the square root of the discriminant and 
JS is an integral symmetric function. 

That >S. V^ is an alternating function is obvious. Conversely, 
if <f' is an alternating function, it is, as we have just seen, divisible 
by V^- I^et (V^)"* he the highest power of V^ which occurs 
as a factor in 4'. Then the quotient 

_<t 

is either a one- or a two- valued function, since every substitution 
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SYMMETRIC AND TW0-VALUJ:D FUNCTIONS. 15 

either leaves both numerator and denominator unchanged or changes 
the sign of one or both of them. But this quotient cannot be two- 
valued, for then it would be again divisible by V^ > which is con- 
trary to hypothesis. It must therefore be symmetric, and we have 
accordingly 

4' = s, . (vjy 

Now if m were an even number, the right member of this equa- 
tion, and consequently the left, would be symmetric. We must 
therefore have m = 2n -\- 1, And if we write >Si . J" = S, we have 

Corollary. From the form of an alternating function it 
follows that such' a function remains unchanged or is changed m 
sign simultaneously with V ^ /^^ ^^^ substitutions, 

§ 16. Having now shown how to form all the alternating func- 
tions, we proceed to the examination of the two-valued functions in 
general. 

Let s^ (ari , 0^2 , . . . a^n) be any two-valued function, and let the 
two values of <p be denoted by . . . 

^i(^i, x^, .,, x^) and ^2(^1, ^2, • • • «:„). 

These two functions must diflPer in form as well as in value, and 
since the x^s are any arbitrary quantities, if we apply to ^j and ^2 
any substitution whatever, the resulting values 

(«) ^i(^fi, i»<2» •••^<«) and ^aC^ii, a^(2,...i^/n) 

will also be different. But whatever substitutions are applied to <p 
the result is always <Pi or ^2 • Consequently, of the two expressions 
(a), one must be identical with <pi and the other with ^2 • In other 
words: , ' 

Those substitutions which leave the one value of a two-valued 
function <p unchanged^ leave the other value unchanged also; those 
substitutions which convert the one value of <p into the other, also 
convert the second value into the first 

_§ 17. From the preceding section it follows at once that ^j + ^2 
is a symmetric function 

(/5) 9i + 92=^S,, 
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16 THEOKY OF SUBSTITUTIONS, 

Again the difference ^i — s^j is a two-Talued function of whick 
the second value is ^2 — ^1 = — {9i — ^2)- This difference i& 
therefore an alternating function, and accordingly, from Theorem 
VI, we may write 

(r) i — $, = 2S,s/^, 

From (/5) and (;') we obtain 

^j = ^1 + ^2 V^, <P2 = s, — S2 V^, <p = s, ± Si \/2. 

Conversely, it is plain that every function of the last form is 
two- valued. 
(y \ Theorem VII, Every two-valued integral function is of 

the fomi.^ij= Sj ± S2 \^ ^, where S^ and S2 are integral symmetric 
functions and i^ A is the square root of the discriminant Con- ' 
versely every function of this form is two-imlued. 

Corollary. Every two-valued integral function is unchanged 
or changed simultaneously with sf Ahy every substitution, 

§ 18. From the corollaries of the last two theorems we recog- 
nize the importance of determining those substitutions which leave 
the value of V -^ unchanged. » 

We know (§13) that the transposition {x^Xi) changes the sign 
of V ^- In the arrangement of the factors of a^ J in the same 
(Section, we might equally well have placed all the factors containing 
^Xa or xp in the first and second rows, Xa — Xp taking the place of 
Xi — X2, etc. The sign of V ^ ^aay be changed by this rearrange- 
ment, but whatever this sign may be, it will be changed by the 
transposition (XaX^), Consequently ^/ J changes its sign for every 
-transposition. 

This result is easily extended. For, if we apply successively 
any /ji transpositions to V^j its sign will be changed /jl times, that is 
V^ becomes ( — I)'* \/ J, If /jl is even, V^ is unchanged; if /jl is 
odd, V ^ becomes — \/ J, We have therefore 

Theorem VIII. All substituLions which are formed from ■ 
an odd number of transpositions change the value sf A into — V^/ 
all substitutions which are formed from an even number of transpo- 
sitions leave V ^ unchanged. Similar results hold for all two-val- 
ued functions. 
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§ 19. Every substitution can be reduced to a series of transpo- 
sitions in a great variety of ways, as is readily seen, and as will be 
shown in detail in the following Chapter. But from the preceding 
theorem it follows that the number of transpositions into which a 
substitution is resolvable is always even, or always odd, according. as 
the substitution leaves V J unchanged^ or changes its sign. 

Theorem IX. If a given substitution reduces in one way to 
an even (odd) number of transpositions, it reduces in every way to 
an even (odd) number of transpositions. * 

§ 20. Theorem X. Every two-valued function is the root 
of an equation of the second degree pf which the coefficients are 
rational symmetric functions of the elements Xi, X2, ... x^. 

From the equations of § 17, 

9^1 = s, + S, V^, ^2 = ^1 — S2 V^, 
we have for the elementary symmetric functions of ^1 and ^y. 

^1 + 9^2 = 2^1, 

We recognize at once that ^1 and ^2 are the roots of the equa- 
tion 

^2 _ 2^^ ^ + (s;' — AS2') = 0. 

It is however to be observed here that it is not conversely true 
that every quadratic equation with symmetric functions of the qja's 
as coefficients has two-valued functions, in the present sense, as 
roots. It is further necessary that the roots should be rational in 
the elements X\, and this is not in general the case. 
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CHAPTER 11. 



MULTIPLE-VALUED FUNCTIONS AND GROUPS OF 
SUBSTITUTIONS. 

§ 21. The preliminary explanations of the preceding Chapter 
enable ns to indioate now the course of our farther investiga- 
tions, at least in their general outline. Exactly as we have treated 
one-valued and two-valued functions and have determined th6se 
substitutions which leave the latter class of functions unchanged, so 
we shall have further, either to establish the existence of functions 
having any prescribed number of values, or to demonstrate their 
impossibility; to study the algebraic form of these functions; to 
determine the complex of substitutions which leave a given multiple- 
valued function unchanged; and to ascertain the relations of the 
various values of these functions to one another. Further, we shall 
attempt to classify the multiple- valued functions; to exhibit them 
possibly, like the two-valued functions, as roots of equations with 
symmetric functions of the elements as coefficients; to discover the 
relations between functions which are unchanged by the same sub- 
stitutions; and so on. 

§ 22. At the outset it is necessary to devise a concise notation 
for the expression of substitutions. 

Consider a rational integral function of the n independent quan- 
tities Xi, X2, ... x„, which we will denote by ^ (a^i , cca , . . . a7„). If 
in this expression we interchange the position of the elements X\ in 
such a way that for ajj, aja? • • • x^we put oj^j, o?^, . , . o?,^ respectively, 
v^herethe system of numbers ii, fg, ... i„ denotes any arbitrary per- 
mutation of the numbers 1, 2, ... w, we obtain from the original 
function ^ {x^, X2, ... x^) the new expression ^ (x,j, o:^, ... Xi^), 

We consider pow the manner of representing by symbols such a 
transition from a;,, 0^2, ... x^to Xf^, Xf^, . . . a;,^ ; to this transition 
we have already given the name of substitution. 
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A. In the first place we may represent this substitution by the 
symbol 

I *^l > *^2 J "^3 > • • • *^n I 

which shall indicate that every element of the upper line is to be 
replaced by the element of the lower line immediately below it. In 
this mode of writing a substitution we may obviously, without loss, 
omit all those elements which are not affected by the substitution, 
that is all those for which cc^ = Xi^ . In the latter case the entire 
number of elements is not known from the symbol, but must be 
otherwise given, as is also true in the case of <p itself, since, for 
example, it is not in any way apparent from the form of 

whether other elements x^, Xq, . . .may not also be under consider- 
ation, as well as those which appear in ^. 

B. Secondly, we may make use of the result of the preceding 
Chapter, that every substitution can be resolved into a series of 
transpositions . If we denote such a transposition, i, e., the inter- 
change of two elements, by enclosing both in a parenthesis, every 
substitution may be written as a series 

{XaX^) {x,Xa) . . . {Xj,Xg). 

This reduction can be accomplished in an endless variety of 
ways. For, as is shown in § 14 of the preceding Chapter, we can 
first bring any arbitrary element to its proper place, and then pro- 
ceed with the remaining n — 1 elements in the same way. Indeed 
we may introduce any arbitrary transposition into the series and can- 
cel its effect by one or more later transpositions, which need not 
immediately follow it or each other. 

C. Thirdly, we may also write, every substitution in the form 

Here each parenthesis indicates that every element contained 
in it except the last is to be replaced by the next succeeding, the last 
element being replaced by the first. The parentheses are called 
cycles^ t he elements contained in each of them being regarded as 
forming a closed system, as if they were, for' example, arranged in 
order of succession on the circumference of a circle. 
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20 THEORY OP SUBSTITUTIONS. 

If we wish to pass from the notation A to the present one, the 
resulting cycles would read 

(xi^r.-a-,. ...)(^«^.v,^...„ .•• ) 

Here too it is clear that those elements which are unaffected by 
the substitution, every one of which therefore forms a cycle by 
itself, may be omitted in the symbol. In the notation A these ele- 
ments are the same as those immediately below them. 

A fourth system of notation which is indispensable in many 
important special cases will be discussed later. 

§ 23. It is obvious that each of the three notations, A, B, and C, 
contains some arbitrary features. In A the order of arrangement 
of the elements in the first line is entirely arbitrary; in B the 
reduction to transpositions is possible in a great number of ways; in 
C the order of succession of the cycles, and again the first element 
of each cycle, may be taken arbitrarily. 

The first of the three notations, in spite of its apparent sim- 
plicity lacks in clearness of presentation-^ the second is defective, in 
that the same element may occur any number of times, so that the 
important question, " by which element is a given element replaced," 
, cannot be decided at first glance, and the equality of the two sub- 
stitutions is not immediately clear from their symbols. We shall, 
therefore, in the following investigations, employ almost exclusively 
the representation of substitutions by cycles. 

The following example, for the case w = 7, will serve as an illus- 
tration of the different notations. 

It is required that the order Xi, X2, oc^, Xi, x^, x^, x^ shall be 
replaced by the order x^, Xt, x^, Xi, x^, x^, X2, 
The first method gives us 

1 X^, Ou^. X^ X^ Xq Xf^ Xij \ / «X/j X2 t*/j UJg X-j I 

\X^ X-J X^ X^ Xi Xq X.2J \X^ X-J X^ Xi X2J » 

By the second we have variously 

(x^x^ {x^x^ (x^:) = {x^x^ (xyx^ (x^x^ (x^x:) (x^x^ 
—{x^x^ (x^x^ (XiOJt) (ajgajy) (x^x^ (irgO?;) {x^^ (x2X^ (x2X^ 



Since the 'given substitution resolves into 3, 5, 9, . . ., transposi- 
tions, always an odd number, we have here an example of the prin- 
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ciple of Chapter I, § 19, aad it appears that this substitution 
changes the sign of V J. 
The third method gives us 

{XiX^X^) {X<^-j) \pCi) (^e) ~~ («^1«^3*^5/ (^2**'7/ ~~ ('^2*^7/ (•^3«^5'^1/ 
^:= {XfX2) {X^XiXq) =...... 

§ 24. We determine now the number of all the possible substi- 
tutions by finding the entire number of possible permutations. 

Two elements x^, a?2, can form two different permutations, oJiiTa 
and X2X1 , If a third element x^ be added to these two, it can be 
placed, 1) at the beginning of the permutations already present 
x-iXiXi, x^X2Xi, or 2) in the middle: XiX^Xi^ x^x^Xi, or 3) at the 
end: XiXiX-^, x^^^^^. There are therefore 2 • 3 = 3! permutations 
of three elements. If a fourth element be added, it can occur in 
the first, second, third or fourth place of the 3 ! permutations already 
obtained, so that from every one of these ' proceed 4 new permuta- 
tions. There are therefore in this case 2 • 3 • 4 = 4! permutations, 
and again, for 5 elements, 5! , in general, for n elements, n\ permu- 
tations. 

If now, in the notation A, we take for the upper line the natural 
order of the elements, a?i, 5C25 ^3? • • • ^ni and for the lower line suc- 
cessively all the n\ possible permutations, we obtain all the possible 
distinct substitutions of the n elements. 

It is to be noticed that among these there is contained that sub- 
stition for which the upper and lower lines are identical. This 
substitution does not affect any element; it is denoted by 1, and 
regarded as unity or as the identical substitution. 

Theorem I. For n elements there are n\ possible substitu- 
tions. 

To obtain the same result from the notation B more elaborate 
investigations would be necessary for which this is not the place; in 
case of the notation C it is easy to establish the number n\ by the 
aid of induction. 

We arrive in the latter case at a series of interesting relations, 
of which at least one may be noted here. If a substitution in the 
expression for which all the elements occur contains 

a cycles of a elements, b cycles of /5 elements, 
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where a a + & /5 + . . • = w, N) 

we can obtain from this by rearrangement of the order of the cycles 
and by cyclical permutation of the elements of each single cycle 

a! a" &!/5* ... »^ 

expressions for the same substitution. Consequently there are 

^ y 



a! a" 6! /5* . . . 

distinct substitutions which contain a cycles of a elements, b cycles 
of /5 elements, and so on. The summation of these numbers with 
respect to all possible modes, N), of distributing the number n gives 
us all the possible n\ substitutions. Hence 

"^^ ^ =1. * '^ 



§ 25. If now we apply all the n! substitutions to the function 
^ {xi, X.2, ... x„), i. e., if we perform these substitutions, which 
may be denoted by 

Sj ^ 1, ^2 > ^3 > • • • ^a > • • • ^»! ) 

among the x^^ x^^ ... x^ in the expression ^, we obtain n\ expres- 
sions, including that produced by the substitution s^ = 1. These 
expressions we may denote by 

or simply, where no confusion is likely to occur, by 

fl, ^^2, S^3> • • • S^a, .. . 9^f . 

These values are not necessarily all diflPerent from one another. 
Some of them may coincide with the original value ^ (a?i , jTg, ... x^. 
We direct our attention at first to the complex of those substitu- 
tions which do not change the value of <p. If ^p is symmetric 
this complex will comprise all the n\ substitutions; if 9? is a two- 
valued function, the complex will contain all substitutions which 
are composed of an even number of transpositions, and only these. 

Again, for example, consider the case of four elements a?,, x^^ 073, a?^, 
and suppose 

if \X\ , X<i J ^3 > X^j ^ X X2 ~\~ x^ x^ . 
/ * Cauchy: Exercices d'analyse, III, 173. y 



Digitized by 



Google 



COBBELATION OF FUNCTIONS AND GROUPS. 23 

This function is unchanged by 8 of the possible 24 substitutions, 
namely by 

S5 = \pC-^^^^^ Sq =^ [XiX^X200^)j 8-j ^= \XiX^) \X2Xijj V 

8g = [XiXi) \X2X^), ^^ 

By the remaining 4! — 8 = 16 substitutions <p is changed, and, in 
fact, is converted into either 

X\ Xq —J" X2 x^ or «X/j x^ "^~ X2 x^t 

We note then, in passing, that we have found here a three -valued 
function of four elements which is unchanged by 8 of the 24 possi- 
ble substitutions of the latter. 

§ 26. Those substitutions which leave a function ^ (a?i , 0^2 , . . . x^ 
unchanged, the number of which we shall always denote by r, we 
shall indicate by 

Cr) Sj = 1, ^2, S3, . . . s^; 

«i = 1 is of course contained among them. Following the notation 
of the preceding Section we have then 

By supposition there is no substitution s" different from 
SijS2j«3> • • • «r> which leaves the value of <p unchanged j i, e,, we 
have always 

^,.+^, if s' + 5, (A = 1,2, 3, ...r). '^ 

If now we apply two substitutions 8a, s^ of our series Si, 82) • • • «r 
successively to f, and denote the result, as above in the case of a 
single substitution by ^sa sp, then since ^^^ = ^, the result of the 
two operations will be 

^»a sp = {^8^8^ = 98^ = V; 
and from this we conclude that 8a8^ also occurs in the above series 
G). Every substitution therefore which is produced by the succes- 
sive application of two substitutions of O) occurs itself in O), 
What is time of two substitutions of the series is further clearly 
true for any number whatever. 

The substitution which results from the successive application of 
two or more substitutions we call their product, and we write the 
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substitution o which produces the same effect on the order of the 
elements o^i , a?<2 , ... a?„ as the successive application of 8a and Sjs, 
as the product <r = s^ Sf^, 

The. product of any number of the operations 8 occurs a^ain in 
the series G) Si, Sg, Ss? • • • ^r- • The succession of the operations in 
a product (t =i SaS^Sy ... is to be reckoned from left to right 

§ 27. The expression of such a product in the cycle notation 
which we have adopted is obtained as follows: 
If the two factors of a product are 

Sa = {Xa Xa^ Xf^ • • • ) V^h Xh^ Xh„ ...)..., 

Sfi = (Xb Xi^Xj^. , .) (x^^X^^Xk^. ..).. ., 

then in SaSp that element will follow x„ by which s^ replaces x„^. 
Suppose, for instance, that this element is x,,^ . Again in Sa«^ that 
element will follow x^^ by which Sp replaces x^^ . Let this be for 
example, Xj,^ , etc. We obtain 

8a8fi = {XaX^^Xi^... ) 

If the substitution Sa be such that it replaces every index g of 
the elements a?i , aja? - - - ^gj -• - x„, by ig, and if s^ be such that it 
replaces every index ghj kg, or, in formulae, if 

8a={x,X,^X,,^ . . .) (XaXi^ ...)..., 
Sfi = {XiX^Xi^j^ . . . ) {x.Xj,^ ...)..., 

then the product will be of the form 

))^ A, SaS^ = (XiXj^.,,) {X, X^ ..)... 

The following may serve as an example: \. 

Sa = (XiX^X^) {X2X^), S|3 = (x^XiX^) (x^X^), 
8a8fi = {XlX^y{X2X^X^XQ) (x^) = (x^X^) {X2X^X^XQ) . 

We have introduced here the expression "product." The ques- 
tion now arises how far the fundamental rules of algebraic multipli- 
cation 

a ' b = b ' a, a - {b - c) = {a - b) - c 

remain valid in this case. An examination of this matter will show 
that the former, the commutative law, in general fails, while the 
second, the associative law, is retained. In fact the multiplication of 
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^a = (^1 ^»i ^ii^ ...)..., Sj8 = (^1 ^ki ^kk^ • • • ) • • • > 

as performed above shows that it is only in the special case where, 
ior every « , %„ — ^»a» ^^^ *^® order of the two factors Sa and Sp is 
indifferent. This occurs, for example, as is k priori clear, if the 
expressions for Sa and Sp contain no common elements. 

We may therefore interchange the individual cycles of a substi- 
tution in any way, since these contain no. common elements. In 
the notation B of page 19, on the other hand, this is not allowable. 

Passing to the associative law, however, if 

Sa = {x,Xi^ ...)..., 8p = {x,X^^ ) . . ., Sy={x^i^ ....)..., 

we have the following series of products, ^ — ^ > 

8fi8y={x,00jj^..).\., 8a8^=XsX^ .).._., , '-''"" 

Sa (a^ Sy) =*: {x.Xij^ ...)..., {8^8^) 8y = {x^X^ ...)..., 

from which follows ^t^ ? ^ 7 

Theorem II. In the multiplication of 8ubstitution8 a col- 
lection of the factors into sub -products without change in the order 
of the factors, is permissible. An interchange of the factors, on 
the contrary^ generally alters the result. Such an interchange is 
howeoer permissible if the factors contain no common elements, 

§ 28. From the preceding developments it appears that those 
substitutions 

(t j Sx = 1 , ^2 , ^3 , . . . Sa > ' • ' 8r 

which leave a given functionV (^i)^2j • • • ^n) unchanged, form a' 
closed group in this respect, that the multiplicative combination of 
its substitutions with one another leads only to operations already 
contained in the group. 

The name '^group^^ * we shall always use to denote a system of 
substitutions which possesses this characteristic property of repro- 
ducing itself by multiplication of its individual members. The 
number of elements operated on is called the degree o i the group. 
It is not however necessary that all the elements should actually 
occur in the cycles of the substitutions. Thus 

*Cauchy, who gave the first systematic presentation of the Theory of Substitutions 
in the Exercices d'Analyse et de Physique Math^matique, employs the name " system of 
ctmougaU substUutiona." Serret retains this name m his Algebra. The shorter name, 
** ffroup," was introduced by Galois. 
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Sj ^ 1, S2 ^ (^1^2) (^3^4) y 

form a group, for we have Si s^ = S2 «i = «2> ^2 Sg = «i = 1. This 
group is of degree 4, if only the elements x^^ x^^ 0^3 , Xi, be under 
consideration. But we might also regard the group as afiPecting, for 
example, 6 elements ajj, ccg, ... ccg, in which case we may, if desired, 
write for 83 

The degree of the group is then 6. 

The number of substitutions contained in a group is called its 
orders as already stated, this number will always be denoted by r. 

The 'entire system of substitutions which leave the value of a 
function s^ (o^i , ajg , ... x^ unchanged is called the group of substi- 
tutions belonging to the function ^, or, more briefly, the group of 
(f. The degree of the group expresses the number of elements 
a?!, ^2, . . . Xn under consideration; its order gives the number of 
substitutions which leaves the function tp unchanged. 

Thus, given the four elements ajj, 0^2, x^^x^^ and the function 

^ = a?i a?2 ~\~ ^i^if 

the degree of the group belonging to s^ is 4; its order, as shown in 
§ 25, is 8. 

For the five elements a?i, a?2, x^, 0^4, x^, the same function ^ has 
a group of degree 5 and of order 8, identical with the preceding 
one. 

For the six elements Xi, X2j x^, , . . Xq, the same s^has a group of 
degree 6. To the group above we must now add all those substitu- 
tions which arise from combining the former with the interchange of 
flCg and Xq, The group now contains beside the eight substitutions of 
§ 25 the following eight new ones: 

8q =. [X^XqJj 81Q =■ {X1X2) {X^Xq), 811 = {X^Xi) {X^Xq)j I 

812 = (^71^72) y^d'^i) (•^5*^6)> ^13 ^^ \^iXy^2*^i) \p^5'^6)j ^14^ (pOiX^X^'^) (X^XqJj 

Si5 = [XiX^) \*^2«^4) \*^5»^6/> ^16 "^ \p^l*^4) \«^2*^3/ \P^b*^6) • ' 

The order of the group of ^ is therefore now 8 • 2 = 16. ^ 

It is easy to see that if we regard ^ as dependent on w> 4 ele- 
ments, the order of the corresponding group becomes 8 • (n — 4)1 , 
the group being obtained by multiplying the 8 substitutions of § 25 
by all the substitutions of the elements x^, Xq, . . . x„. 
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§ 29. The following theorem is obviously true: 

Theorem III. For every single- or multiple -valued func- 
tion there is a group of substitutions which, applied to the function, 
leave it unchanged. 

To show the perfect correlation of the theory of multiple-valued 
functions and that of groups of substitutions we will demonstrate 
the converse theorem: 

Theorem IV. For every group of substitutions there are 
functions which are unchanged by all the substitutions of the group 
and by no others. 

We begin by constructing a function <p of the n independent 
elements a?,, rcj? - - - x„ which shall take the greatest possible num- 
ber of values, viz: n!; v> is therefore to be changed in value by the 
application of every substitution different from unity. ([) 

Taking n + 1 arbitrary and different constants Oq, aj, . . . a„, we , ^ 
form the linear expression ' ^ / 

V? = ao + «i^; + «2/^ ... +«»^n^ ^. ^^ / 

If now two substitutions Sa,-=^{x^i^ ...)... and s^={xjXk^ ...)..., 
on being applied to ^, gave the same result, we should have 

= V^^a — % — «l(^ii — ^h) + «2(^.2 — Xjc^+ 

But the ax's being arbitrary quantities, this equation can only be 
satisfied if each parenthesis vanishes separately (§ 2, C), that is we , "^^ 
must have Xi^=Xjc^. But, if this be the case, since the x^b are alw) 
independent quantities, the two substitutions Sa and s^ both replace 
every X\ by the same element x^^ = Xj,^, so that «« and s^ are identi- 
cally the same. It is only in this case, where «« and s^ are identical, 
that they can produce from (f the same value. Accordingly <p has w! 
distinct values. 

§ 30. If now a group G be given, composed of the substitu- 
tions 

Si "=■ 1, 8,, S3, ... Sftj • . • 5r» . 

which we will indicate symbolically by the equation 

w^ apply all the substitutions of G to the n!-valued function with 
w + 1 parameters 
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and denote the results of these operations as before by correspond- 
ing subscripts attached to the ^'s 

hen the product of these functions <p vi/ 

T»\ ' Tag ' ' ®3 • * * f^r 

will be one of the functions to which the group of substitutions G 
belongs. 

To prove this it must be shown 1) that f is unchanged by every 
substitution (t of G^ and 2) that ^ is changed in value by every 
substitution r which does not occur in G, 

Injegard to the first condition we have 

and, from the definition of a group, Si<r = (t, Sj^r, «3<r, . . . «^<r are again 
contained in G. Moreover, these products are all different from one 
another; for if 8a<r and s^tr applied to ^ have the same effect, this 
must also be the case with Sa and 8^ alone, and therefore Sa and 8^ 
are identical. Accordingly the substitutions 8iT=<7, 82^, s^ff, ... «^<7 
are identical, apart from their order, with Si = 1, 82, S3, ... 8^, and 
hence the functions 

^*i<ri ^«2<r> ^»3<r) • • • 9^,-<r 

are identical with 
and accordingly 






as was asserted. 

As to the second condition, the substitutions SjT , s^r, SgT, . . . s^t 
are all different from 8^, 82, 8^, ... 8,., and consequently the func- 
tions ^^T> ^«2T> 9ssT3 • t,- ^8rr ^® ^^^ dlfforeut from the factors 
^*i, SP*2) ^*3, ... ^*^ of ^. Moreover, this difference is such that no 
<Pgfr can be equal to the product of a <Psk by a constant c. , in which 
case 

^T = ^*iT^«2T • • • n-T = Cj C2C3 . . . Cr9r>^9s.<P.^ '"<P»r 

would become equal to ^ if c^C2C^ . > . c^ = 1. For, if 
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then, since the ^a's are arbitrary quantities, it would follow at once 
that 

and consequently we should have the impossible equation <p^ = <pg., 
§ 31. In many cases the calculation of ^ is impracticable, since 
the multiplication soon becomes unmanageable even for moderately 
large values of r. There is however, another process of construc- 
tion in which the product is replaced by a sum, and every dijfficulty 
of calculation is removed. 

We begin by taking as the basis for further construction, instead 
of the linear function ^, the following function 

The ajs's are to be regarded here, as before, as arbitrary quanti- 
ties, and, as the x^^ are also arbitrary, it follows at once that <p is 
an n!- valued function. For, if 



v^ = v^, 



then we must have identically 

X/^X2^^X/^ . . . x/n = X{*^Xi^X^y^ . . . X^^i^ 

and, from § 2, C, this is only possible if every A is equal to the cor- 
responding ;',•, that is, if the substitutions <t and r are identical. 

We denote the functions which proceed from (p under the opera*" 
tion of the substitutions of G by 

and form now the sum 

The proof of the correlation of G and / proceeds then exactly as 
in the preceding Section in the case of G and ^. 

Eemark. — ^By making certain assumptions with respect to the 
a's we can assign to the ^'s some new properties. Thus we may 
select the a's in such a way that an equation between any two arbi- 
trary systems of the a's, 

«n + «H! + • • v)«.A =«*, + «*,+ .. ./*^, 
necessarily involves the equality of the separate terms on the right 
and left. This condition is satisfied if, for example, we take 
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«2 > «1 J «3 > «1 + «2> «4 > «1 + «2 + «3 > , 

in particular if 

«i = l, «2 = 2, 03 = 4, G4 = 8, «5 = 16, 

E. g. If a^ + flt^ + . . . + a,^ = 13, we must have ij = 1, 1*2 = 3, 
^3 = 4, >l = 3. 

Example. — We will apply the two methods given above to the 
familiar group 

G=[l, (iCiXa), {pc^x;), {x^x^) (x^x;), {x^x;){x^^\ {x^x;){x^x^), 
(x,x.,x^^\ {x^x^x^x;)], (n = 4, r = 8) 

taking as fundamental functions 

^ = a^i + ix2 — X3 — ix^ and 4' = x^x^x^^x^, 
where, as usual, i = V — 1. 

We have then the following results: 

^ = (o?! + ^^2 — x^ — ix^ {x2 + -iiTi — a?3 — ia?4) (ari + 'i^Xo — x^ — ix^ \ 
{x2 + ix^ — x^ — ix^{x^-\-ix^, — x^—ix^ {x^+ix^ — x^ — ix^ 
{x^ + ix^ — X2 — ix^ {x^-\-ix^ — a?! — ix^ j 

— [(^1 + **^a — ^3 — ^'^4) (^2 + **^i — ^3 — ix^ (a^i + 1X2 — x^ — ix^ 

{x^ + ix^—x^—ix^J "^ ^ 

-^ =A[{^i—x^r+{x2—x,y] i{x,^x,y+{x2—x,Y-]]\ 

^ — X^X^ X^ "Y" X-^Xq X^ —y~ Xepu^ X^ ~Y~ X^X^ Xq ~y~ X^pC^ X2 1" X^X2 Xi 
I "Y" X^pC^ •*/ J "Y" X^XiX2 

= (xi + X2) (iTs V + x,W) + (^3 + X,) (a^i V + X2\^) 

= {Xi + X2) {Xs + x^) {x^x^ + X^^X^). 

Neither of the two methods furnishes simple results directly. 
But from ^ we may pass at once to the function 

[(i»i — X2Y + {x^ — ^if] [ixi — x,y + {X2 — x^f] , 
and from ?rto the two functions 

(xi + ^2) (^8 + x^) and X1X2 + 0:30:4 , 
the latter being already known to us. It is clear also that by alter- 
ing the exponents which occur in ^ we can obtain a series of func- 
tions all of which belong to G, Among these are included all 
functions of the form 

(/y* 01 ^L_ />• 01 1 { nf* 01 I /y» Oil /y» tt /yi tt .X- /y» 01 /y» 01 

U/j -p 0/2 J \t^2 \ •*'4 / » •*'l •*'2 I **^3 •*'4 • 
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CORBELATION OF FUNCTIONS AND GROUPS. .- 31 

In general we perceive that to every group of;Btib8titution8 there 
belong an infinite number of functions. 

It may be observed however that we c^^ot obtain all functions 
belonging to a given group by the xdresent methods. Thus the 
function 

belongs to the group / ^^^ M^X.xO 

G = [l, {x,xM{xiXi), {x,x*) (a^j-a?*)], 

but cannot be obtained by these methods. More generally, if 
the functions <p', ^", tp"\ . . . belong respectively to the groups 
H\ jff", H''\ . . . , and if the substitutions common to these groups 
(C/. § 44, Theorem VII) form the given group G, then the function 

where the a's are arbitrary, belongs to the group G, 

§ 32. We now proceed to consider the case where the elements 
Xi,X2, . , ,x„ are no longer independent quantities. 

Theorem V. Even where any system of relations exists 
among the elements x^^Xi, ... x„, excluding only the case of the 
equality of two or more elements, we can still construct n\ -valued 
functions o/ a?i, a?2, . . . a?„. * 

Using the notation of the preceding Section, we start from the 
same linear function 

and form the product of the differences of the ^'s 

n{<p.—<Pr) 

this product being taken over the — V— 9 — possible combinations- 
of the ^'s in pairs. Expanding we have 

II {<p^ —<p^ ) = n la,{x^^ — Xr,) + a^ix^^ — Xr.)^^^aJ^X^i^ — Xr„)'] ^^^ 

In no one of these factors can all the parentheses vanish, since 
otherwise either the substitutions <r< and t^ must be identical, or else 
the a;'s are not all different. The product, regarded as a function of 
the a's , therefore cannot vanish identically (§ 2, D). Consequently, 

•C/. O. Cantor: Math. Annalem V, 133; Acta Math. I, 373-3. 
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32 THEOKY OF SUBSTITUTIONS. 

(§ 2), there are an infinite nnmber of systems of values of the a'» 
for which all the n\ values of ^ are different from one another. 

Corollary. The only relations among the x^s which can 
determine the equality of linear expressions of the form 

^ = aQ + a^Xi + a2X2+ . . . +a„x„ , 

independently of the values of the a^s, are the relations of equcctity 
of two or more x*s, 

§ 33. With the Theorems III and IV the foundation is laid for 
a classification of the integral functions of n variables. Every func- • 
tion belongs to a group of substitutions; to every group of substi- 
tutions correspond an infinite number of functions. This relation- 
ship is not the only connection between functions which are 
unchanged by the same substitutions; we shall find also a corres- 
^jifi ^/^Aponding algebraic relation, namely, that every function which 
' belongs to a group G can be rationally expressed in terms of every 
other function belonging to the same group. . 

It becomes then a fundamental problem of algebra to determine 
all the possible groups of substitutions of n elements. The general 
solution of this problem, however, presents difficulties as yet insup- Th 
erable. The existence of functions which possess ar prescribed 
number of values is discussed in one of the following Chapters. It 
will appear that there are narrow limits to the number of possible 
groups. For example, in the case of 7 elements, there is no function 
which possesses 3, 4, 5, or 6 values; and we shall deduce the general 
proposition that a function of n elements which has more than two 
values, will have at least n values, if n > 4 A series of other anal- 
ogous results will also be obtained. 

For the present we shall concern ourselves only with the con- 
struction and the properties of some of the simplest, and for our 
purpose, most important groups. * 

§ 34. First of all we have the group of order n\ , composed of 
all the substitutions. This group belongs to the symmetric func- 
tions, and is called the symmetric group. 

In Chapter I we have seen that every substitution is reducible 
to a series of transpositions. Accordingly, if a group contains all 

• Cf. Serret: Cours d'alg^bre sup^rieure. II, §8 416-429. Oauchy : loc. cit. 
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the transpositions^ it contains all the/possible substitutions and is 
identical with the symmetric group. ^ To secure this result it is how- 
ever sufficient that the group should contain all those transpositions 
which affect any one element, for example x^ , that is the transposi- 
tions 

yXyC^^ yxiX^^ (^1^4)) • • • (^i^n)* 

For every other transposition can be expressed as a combination 
of these n — 1 ; in fact every {Xapc^ is equivalent to a series of three 
of the system above, . "^t^ ^jffi^^^V 7) 

(XaXp) = {x,x^) {x,xp) {x,x:), iiV/tyVil P/fY) 

(where it is again to be noted that the order of the factors tS/w^^^^^ 
indifferent). We have then 

Theorem VI. A group of n elements x^/Xi, . , . x^ which 
contains the n — 1 transpositions 

[XaXiJ^ {XaX2)j . . . \XaXa — ijj (^a^a + ij) • • • Kp^a^H) 

is identical vnth the symmetric group. 

Corollary. A group which contains the transpositions 

{XaX^, {XaXy), . . . {x^X^) 

contains all the substitutions of the symmetric group of the elements 

•^a» »^^) •^vj • • • ^i>' 

§ 35. We know further a group composed of all those substitu- 
tions which are equivalent to an even number of transpositions. For 
all these substitutions, and only these, leave every two- valued func- 
tion unchanged, and they therefore form a group. We will call 
this group the alternating group. Its order r is as yet unknown, 
and we proceed to determine it. Let * 

I) Sj = 1, S2 , 83, . . . Sr 

be all the substitutions of the alternating group, and let 

II) *! 5 ^2 > ^3 ) • • • ^« 

be aU the substitutions which are not contained in I), and which are 
therefore composed of an odd number of transpositions. We select 
now any transposition <7, for example <r= {x^x^, and form the two 
series 

r) Slf , S2^, S^(T, ... S^<T, 

11') SiV, s/^T, S3V, . . . s/<r. 
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34 THEORY OF SUBSTITUTIONS. 

' Then every subsfcittition of I') is composed of an odd number of 
transpositions, and every substitution of II') of an even number. 
Consequently every substitution of I') is contained in II), and every 
one of 11') is contained in I) . Moreover, Sa<y == s^<r, and Sa(r^8p(r, 
for otherwise we should have 

Sa = 8a{<r'<T)=z (s^<r) (T = (Spff) (T =z 8p{(T . (t) = 8^, 

since <r . <r = (x^Xi) (xiXz) = 1. 

It follows from this that r^t and r^t, that isr = t. Again, 
since I) and II) contain all the substitutions, r+t = n\. Hence 

n\ 
' = Y' 

We will note here that there is no other group f of order ^ • 
For a function ^i belonging to such a group would be unchanged by 
^ substitutions, and would be changed by all others. It would 
therefore possess other values beside <Pi . Suppose ^2 to be one of 
these values, and let <r be a substitution which converts ^1 inta 
92 —9 (J* If Jiow 9x is unchanged by the group 

m) r=[i,<, 8.', ...8'j.!], 

then 9x niust be converted into ^2 ^^ &U the substitutions 
IV) <^,s^(!,8ia, ... s'j„!^; 

for 8)1 leaves ^1 unchanged and <s converts ^j into <p<i^ consequently 
8\o will also convert ^1 into ^^^ Again all the substitutions Sa'*^ of 
the series IV) are different from one another. For, if s^a = s^'tr, 
- it would follow that i^ = s^'. The substitutions Sa'<t are also 

^' different from the Sa"s^ for the latter have a different effect on <pi 
from the former. Consequently III) and IV) exhaust all the possi- 
ble substitutions, and ^1 is therefore a two-valued function, for there 
is no substitution remaining which could convert ^1 into a third 
value. The group F is therefore the alternating group. 

Theorem VII, For n element8 there is only one group of 
order ^ . This is the alternating group. It belongs to the two- 
valued functions. 

We can generalize this proposition. The proof, being exactly 
parallel to the preceding, may be omitted. 
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CORRELATION OF FUNCTIONS AND GROUPS. 35 

Theorem VIII, Either all, or exactly half of the substi- 
tutions of every group belong to the alternating group. 

Corollary. Those substitutions of any given group of order 
r which belong to the alternating group, form a group tvithin the 
given group, the order of which is either r or ~. 

The simplest substitutions belonging to the alternating group 
contain three elements in a single cycle, (XaX^Xy). They are equiv- 
alent to two transpositions, (XaXppCy) — {XaX^ ip^^^y)' '" 

A substitution containing only one cycle (a?<j, a?^, ... XiJ) we 
shall call a circular substitution of order m. 

Theorem IX. If a group of n elements contains the n — 2 
circular substitutions 

(XiXcfiC^j, {XiX^^), . , . {XiQ(^„), 

it is either the alternating or the symmetric group, / \ 

(XaXpXy) = {x^X^p) (XiX^^) (XiXiXy) (XiXzXa) (XiX^Xa) (XiX^p), !' 

it follows that the given group contains every circular substitution ^^ 
of the third order. And again, since 

it follows that all substitutions occur in the given group which are 
composed of two, and consequently of four, six, or any even num- 
ber of transpositions. The theorem is therefore proved. 

We add the following theorem: 

Theorem X. If a group contains all circular substitutions 
of order m-\-2, it will j^ontainj alsd) all those of order m, and con- 
sequently it will contain either the alternating or the symmetric 
group, according as m is odd or even. 

For we have 

{X1X2 , . ,Xn,X„Xi,) (aJiXa . . . X^X„Xb) {x„X„_i . . . X^tX^Xa) 
—- \X1X2 , , , Xm _ 1 X^j. 

Finally, we can now give the criterion for determining whether 
a given substitution, expressed in cycles, belongs to the alternating 
group, or not The proof is hardly necessary. 
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36 THEORY OF SUBSTITUTIONS. 

Tlieorem XI. If a substitution contains m elements in k 
cycles, it does or does not belong to the alternating group according 
as m — k is even w odd, 

§ 36. Any single substitation at once gives rise to a group, if we 
multiply it by itself i. e., if we form its successive powers. The 
meaning of the term "power" is already fully defined by the devel- 
opments of § 27. We must have 

= 5* • 8^ • sr~^~^ = 

The process of calculation of the powers of a substitution is also 
clear from the preceding Sections. If we wish to form the second, 
third, fourth, ... a*** power of a cycle, or of any substitution, we 
write after each element the second, third, fourth, ...«**» following 
element of the corresponding cycle, the first element of each 
cycle being regarded as following the last. Thus, from the cycle 
{x^x^^x^x^ . . . ) we obtain for the second power {x^x^Xr^ . . . )> ^^^ *^® 
third {xiX^Xi . . . ), for the fourth (x^Xrjx^ • . • )> ©to. It is obvious 
that in this process a cycle may break up into several. This will 
occur when and only when the number of elements of the cycle and 
the exponent of the power have a common divisor d > 1. The 
number of resulting cycles is then equal to d. 

For example, 

\X 1X^2,*^ ^pc^x^) = [x^x^x^j yx^x^x^j, 

\XiX^2fl^^X^XQ) ^^^ yp^V^'i) \p^2'^h) \p^'2p^^)l 

{XxX^X^X^Xf^Cf^j = (^Xj^j-Taj \X2X^X^J, 
\X\X^X^Xj^XrpCQf — \X\X^XrpC^X2pC2)' 

If the number of elements of a cycle be m, then the m"*, (2m)*^, 
(Sw)***, . . . powers of the cycle, and no others, will be equal to 1. 

Hi* g. \XiX<^'^X^X^Xq) ^= yXiX2X-^X^XyXf^j " ^= ... =1. 

If a substitution contains several cycles with m^, m2, m^,, , , 
elements respectively, the lowest power of the substitution which 
is equal to 1 is that of which the exponent r is the least common 
multiple of wii , mg, mj , ... Thus 

'^ l{XiX2X.,) (x^Xr^ {00eX^)J = 1. 

This same exponent r is also the order of the group formed by 
the powers of the given substitution. For if we calculate 

7 ^ * L 
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t 

a further continuatioa of the series gives merely a repetition of the 
same terms in the same order: 

8^ + ' = a, S*' + ' = S^ 8^ + ' = S', . . . 8'^-'=8*-\ 8'*' = 8''=!,,.. 

Moreover the powers of 8 from s* to w are different from one ^ i / 

another, for if , J 

gA_gA+M:=:gA . g^ (A + /2 < r), 

then we should have contrary to hypothesis 

5M. = 1 (^ < r). ^ 

The extension of the definition of a power te include the case of 
negative exponents is now easily accomplished. We write 

s-* = s*-* = s2*-*^= ... 
so that we have 

8*^8-*^ = !. 

The substitution s^ therefore cancels the effect of the substitu- 
tion 8~^^ and vice versa. The negative powers of a substitution are 
formed in the same way as the positive powers, only that in forming 
( — 1)^*, ( — 2)f*,( — 3)*^, . . . powers, we pass backward in each cycle 
1, 2, 3, . . . elements, the last element being regarded as next pre- 
ceding the first. 

It may be noted that {8()~^ — i~^ 8~\ For (s^"^ («0 =i » ^^^^^ 



t^ 



by multiplying the members of this equation first into t ^ aiid then 
into s" \ we obtain the result stated. ^'-^' f ^^ T 

>^/ u^^'^-'M The simplest function belonging to. the cycle (x^ a?2 . . . a?^) is , - 

y^_^^^^^i^ / ^ =^ X1X2 -[- OC2X3 -\- , . , ~t~i^»» — l^m ~r^m^l • ' f J 

' §37. Given two substitutions 8a and S/g , if we wish to deter- I 'U 

mine the group of lowest order which contains 8a and 8/3 > we have 
not only to form all the powers s/, 8^^ and to multiply these 
together, but we must form all the combinations 

1, 8a\ 8^-, 8a%^ S^'^aJ', Sa^'^S/, 8pf'8a%'', ... 

Of the substitutions thus formed we retain those which are dif- 
ferent from one another, and proceed with the construction until all 
substitutions which arise from a product of m factors are ©(jkfcaiflte^ 
among the preceding ones. For then every product of m + 1 f ac- 
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88 ' THEORY OP SUBSTITUTIONS. 

tors is obviously reducible to one of m factors, and is consequently 
also contained among those already found. The group is then 
complete. 

In case s^Sa = SaS^y the corresponding group is exhausted by all 
the substitutions of the farm Sa*s^^ For we have in this case 



,1- = s -2^^ ^ 



Sa = Sp'SaSpf^ = SpSa-Sp^ — oa 0/3 , 






— r 



Consequently any product of three factors is reducible to a product 
of two. Thus 

S/ Sp^ Sa^ = 8a(P + ^) S^'*^^, 
i-*^^> 8pPSarS^'' = Sa''8^t + P^f'% - T f (^. 

and the theorem is proved. 
For example, let 

Si ^^^ {XiX2XQX^Xt^j^ 82 ^^ \X2X2X^X^) 'j 

then 

The group of lowest order which contains «i and 82/ contains 
therefore at the most 5 • 4 = 20 substitutions. To determine whether 
the number is less than this, we examine whether it is possible that 

If this were the case, it would follow that 

But in the series of powers of Sg there is only one which is also a pow- 
er of 81 , and this is the zero power. Consequently we must have 
a = y and I3 = d, The group therefore actually contains 20 substi- 
tutions. These are the following, where for the sake of simplicity 
we write only the indices: 
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COBRELATION OF FUNCTIONS AND GROUPS. 39 

s,« = 1, 8, = (2354), 8,' = (25) (34), s/ = (2453), \ 

8,' = (12345), 8,8, = (1325), 8,8,^ = (15) (24), 8,8,' = (1435), / ^ .,^ ,,^ ./ 

si^ = (13524), 8X = (1534), s,V = (14) (23), 8,W = (1254), > ^^Z-^-—' 

s,^ = (14253), si^»2 = (1243), s^ V = (13) (45), 8iV = (1523), \ 

si* = (15432), s>2 = (1452), «, V = (12) (35), SiV = (1342).> 

Analogous results may be obtained, for example, for the case 

In ccL8e every 8p'^8a (a^ =1, 2, 3, . . .) can be reduced to the form 
Sa*S/3\ the gi'oup of loioe8t order which contains 8a and 8^ is exhausted 
by the substitutions of the form Sa''Sfi\ 

For by processes similar to those above we can bring every sub- 
stitution S/s'^s/ tp the form s/^p^- The proof is then reduced to the 
preceding. 

Furthermore if 8^^ is the lowest power in the series s^, s^, ... 
which occurs among the £2?^^^ ^a> ^^^'^ *^® group contains q times 
as many substitutions as the order J<Pot Sa. For in the first place, if 
0}hi it ^^® exponent" A in s/s^^ is greater than q — 1, we can replace s^^ by 
^^Saf^sp^ , where v ^ g — 1. There are therefore at the most q • k differ- 
ent substitutions s/s^^ A.g^n if 

SaV = «a'^«^' (>^,V<g — 1), 

then we must have, if we suppose ^ > v, 

8p^-- = Sa^-- (A — y<g— 1), (j^ 

and consequently X = v, /i =g^. There are therefore actually qk 
different substitutions. It is readily seen that g is a divisor of the 
order r of Sp. 

If three substitutions Sa, s^, Sy, are such that for every ii 

S^**- Sa = Sj 8^% 8/ Sa = sj 8^"^ 8y^ , S/ Sfi = S/ Sp" 8y\ 

and if k be the order of Sa, and s^^ the lowest power of s^ which is 
equal to a power of Sa, s/, finally if Sy is the lowest power of Sy 
which is equal to Sa^s^ then the group of lowest order which con- V^ - 
tains Sa, s^, Sy is of order kqt^ and its substitutions are of the form 

Sa^s^'Sy^ (5 = 0, 1, . . . fc— 1; e = 0, 1, . . . g— 1; C = 0, 1, . . . t—l\ 

The proof is simple and so clearly analogous to the preceding 
that we may omit it. 
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§ 38. With this set of propositions belongs also the following: 
If 

ff =[1, 1^2) ^31 . • • ^/] 

be two groups of substitutions between which the relation 

8atfi = tyS5 

holds for all values of a and /?, and if furthermore G and H have 
no substitution in common except identity, then all the combinations 
Satpy or tfiSa, (« = 1, 2, . . . r; /3 = 1, 2, . . . r') form a group of order 
rr' which contains G and H as subgroups. 

For since 

Sjp . Sy ffi = sJtpSy) fa = 8a{Se ' t^)ts = Sfjty, 

the substitutions Sa t^ form a group of, at the most, rr' substitutions. 
And we will show also that all of these are different from one an- 
other. For if, f(.u iJLiuii|p1l^) 

t 



■ we multiply both sides of this equation hj Sy~^ at the left 
and f/3~* at the right we obtain 

Sy~^8a^= tstp~^. 

But 8y~^Sais& substitution of G and t^t^'^ a substitution of H, and 
consequently they can only be equal if both are equal to 1. Hence 



. -.1- c 



h-t 



"^Sa=l, ^5*18 ^ = 1, 



'^f . Sa = Syy ts = tp. 

' The substitutions of the new group are then all different, and the 
order of the group is therefore rr\ We denote the group by 

K=\G,H\, 

We add without proof, the following generalization of the last 
theorem. 

Under the same assumption Sat^ = tySs, if the two groups G and 

rr^ 
H have X substitutions in common there is a group of order -y- which 

contains G and H as subgroups.* 

§ 39. In later developments a group will frequently be required 

• F. Giudice. Palermo Rend. I, pp. 222-223. 
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the order of which is a power of a prime number p. The exist- 
ence of such a group will be demonstrated by the proof of the fol- 
lowing proposition, from which the nature of the group will also be ^^ 
apparent. % A 

Theorem XIT. If p^ be the highest povoer of the prtme 
number p which is a divisor of the product w! = 1 • 2 • 3 . . . w, then' 
there is a group of degree n and of order pf ' 

In the first place suppose n < p\ so that n = a jp + & (a, 6 < p ). 

Then, of the numbers 1, 2, 3, . . . n, only p, 2p, 3p, . . . ap are 

divisible byp, so that/= a. We select now from the n elements 

uA a systems of p ^tters each, aidd form from each system a cycle, as 

y follows: ^ _ - - 

Then the group which arises from these is the group required: ^ 

K.I = [Si, Si , . . . 82,82 > . . . 8a, S« , . . . J =: {^i, 82? • • • ^oj* 

For every Sa with its various powers forms a subgroup of order p, *^ 
and since no two of these a subgroups have any element in common, 
it follows from Theorem II that 

Accordingly every possible combination of substitutions Si*, Sg^j • • • 
belonging to K can be brought to the form 

Si-s/V . . . . «/ (a,ftr,. .. ''' = 0,1,2,. ..p—1).^ 
The group K therefore contains at the most p" substitutions. And 
it actually contains this number, for all these p' epenrtton^we ^ -"^^ 




f erent from one another. For if 
it would follow that 

S -«'Si« = Si*-**' = s/'SgV . . . S/'s«-''Sa-r'' . . . Sf^S2-^ = §2^' - V "^ . . . '' 

and therefore, since Sj, has no element in common with Sg, Sg, . . . , 
we must have a = a', etc. 

Again, if n=pi\ we shall have/=p + l, since in the series 

•In the designation of a group- the brace, \ L as distinguished from the bracket, ^ ] » 
indicates that the group referred to is the smallest group which contains the included 
substitutions. The bracket contains oZUbe substitutions of the i^roup considered, while 
the brace contains only the gtn&raUng substitutions. The latter can generally be se- 
lected in many ways. CJf, the notation at the close of the last Section. 
3a 



^%. 
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42 THEORY OP SUBSTITUTIONS. 

1, 2, 3, . . .p^, the numbers p, 2p, 3p, . . . (p — l)p, p^ are divisible 
by p. We form now again the substitutions 

*i) *2> ^aj • • • *j>> 
as beforehand in addition to these the substitution Sp^, which affects 
all the p^ elements 

Sp + 1 = (Xi^Xj^Xi^ . . . x^Xi^'ie^ . • . Xf^Xf^ . . . Xt^ . . , Xf^ y 
Then the required group is 

For in the first place we can readily show that 

Si 8p^i =5^^182 » 8a. 8p^i =8p^^i 8a + i 5 *i> *J» + 1 ^^*i> + l^l J 

81 Sp + i =Sp + i 8a > *a *j> + l = 8p + i Sa + 2 ) ^i> ^i> + l ^^^JJ + l ^2 > 

s/8p + i'* = Sp + i'*S^ + l^, «/s^ + i'^=»p + i'*S„ + /, s/«P + l'*=«i> + l''«/- 

Accordingly every combination of the substitutions Si, «2j . • . «p + i 
can be brought, as in § 37, to the form 

8iW . . . V«i>+i'' (s /^.r, . . . «, 1 = 0, 1, 2, . . . p— 1). 

But we must also show in the present case that we need only take 
the powers of Sp + 1 as far as the (p — 1)*^. We find that 

«l^f/= (^h^h^is . . . a^<p) (i^ifci^*^ . . . a!*p) . . . (a?*,^?^ . . . a^y) 

= 8i ^2 . . . 8p , 
|p+l — «i 82 • • • *i> • 

Consequently, if A?>p, we can replace the highest power of «p+i^ 
which occurs in Sp+i* by ppwers of 81, 82) • • .^p? ^^^ these can then 
be written in the order above. 

The question then remains whether the 2^"^* =:p^ substitutions 
thus obtained are all distinct. If two of them were equal 

81 82*^ • * • 8j, Sp^i ^^^81 82" » * * 8p 8p^i , 

we should have 

Op + ] — 81 82 '^ . . . 8p 

But the substitution on the right does not affect the first subscripts 
i, A;, . . . , while that on the left does, unless / = fc\ The proof then 
proceeds as before. / 

If n>p^ but <p^ that is, if n = ap^ + bp + c (a, 6, c<p), 
we select from the n elements x\ any a systems of p^ elements each, 
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and any other b systems of p elements each. With the former we 
construct a groups JTg, and with the latter h groups K^ , The com- 
bination of these a + h groups gives the required group JBT,. For 
the product of the numbers 

(a-l)p' + 1, (a-l)p' + 2, . . . (a-l)p'+p, ... 
(a-l)p^+y, ia<p) 

is divisible hj only the same power of p as the prodnot of 
l,2,...p,...p'. 
Again, if n =p^, then, the exponent / of p^ is increased by 1 on 
aacoont of the last term of the series 

{P-1)p' + Up-1)p' + 2, . ... (p-l)p^+p, ... ^ 
(p-l)p'+p'=p\ ' • 

SO that in this case the multiplication of the p partial groups K2 is 
not sufficient. In this cEise, exactly as for n=p\ we add another 
substitution which contains all the p • p'^ elements in a single cycle, 
and the p*^ power of which breaks up into the p substitutions as in 
the case of s^ + 1 above. Then, as in that case, we can show that the 
new group satisfies all the requirements. At the same time it is 
clear that the method here fallowed is perfectly general, and accord- 
ingly the theorem at the beginning of the Section is proved. 

§ 40. Since.all the groups K^, K2, K^, . , . enter into the forma- 
tion of the group K, we have the following 

Corollary. If p^ is the highest power of p which is a divi- 
sor of n\ , then we can construct a series of groups of n elements 

1, Ki , K2^ . . . Ki^y Kx + 1 , ... Kf 

which are of order respectively 

Every group K}^ is contained as a subgroup in the next following 

-^A + 1 . 
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CHAPTER III. 



V 



THE DIFFERENT VALUES OF A MULTIPLE-VALUED FUNC- 
TION AND THEIR ALGEBRAIC RELATION 
TO ONE ANOTHER. 

§ 41. We have shown in the preceding Chapter; that to every 
function of n elements Xi, X2,x^, , . .x„ there belongs a group of 
substitutions, and that conversely to every group of substitutions 
there correspond an infinite number of functions of the elements. 
The examination of the relations between different functions which 
belong to the same group we reserve for a later Chapter. The 
problem which we have first to consider is the determination of the 
connection betweeif the several values of a multiple-valued function 
and the algebraic relations of these values to one another. 
^ If 9^ixi, a^g, . . . x„) is not a symmetric function, or, in 'other 

\V words, if the substitutions Si = 1, Sg', «8> . . . Sr of the group O be- 
longing to >^ do not exhaust all the possible substitutions (t. e. r < n!), 
then~^, on being operated upon by any one of the remaining substi- 
tutions tfgj will take a new value ^2 = ^<rg* 

We proceed to construct a table, the first line of which consists 
of the vttrious substitutions of the group G: 

The second line is obtained from the first by right hand multi- 
plication of all the substitutions Sx by ^2- This gives us 

<J'2, 82^21 83^2^ • • • ^r*^2i ^ • ^2'i ^2' 

We show then, as in Chapter II, § 35, 1) that all substitutions of 
this line convert ^1 into ^21 ^or since ^^^ = ^1, it follows that 
^satr2= 9ix^ — W'i 2) that no other substitutions except those of this 
line convert ^, into ^2» ^or if r W a substitution which has this 
effect, then we shall have -^ t^^ 



Digitized by 



Google 



MULTIPLE-VALUED FUNCTIONS ALGEBRAIC RELATIONS. 45 

(T2~^ leaves the function ^i unchanged; consequently 
'r^2~^ = S\ and T = {T(T2~^)(T2 = 8\(r2, and therefore r is contained in 
the second line; 3) that all substitutions of this line are distinct; for 
if Sa<J•2 = 5^^2> it follows that Sa = 8p] 4) that the substitutions of 
this line are all different from those of the first; for the latter all 
leave ^i unchanged, while the former all convert ^, into ^2 • 

If the 2r substitutions 8\ and S\(T2 do not yet exhaust all the pos- 
sible n\ substitutions, then any remaining substitution ^3 will con- 
vert ^1 into a new function ^ff^= ^s', for all the substitutions which 
produce ^i and ^2 are already contained in the first two lines. By 
the aid of fr^ we form the third line of our table 

The substitutions of this line have again the four properties just 
discussed. They are all the substitutions and the only ones that 
convert ^1 into ^3 , and they are all different fr6m one another and 
from those of the preceding lines. 

If these 3r substitutions do not exhaust all the possible w!, we 
proceed in the same way, until finally all the n\ substitutions are 
arranged in lines containing r each. 

We shall frequently have occasion to construct tables of this 
kind. All these tables will possess the properties: 1) that all the 
substitutions in any line will have a special character; 2) that only 
the substitutions of this line will have this character; 3) that all the 
substitutions of any line ar^ different , from on^-another; and fre- 
quently, but not?«d:w^, the fourth property will also appear: 4) 
that all the substitutions of any line are different from those of any 
other line. * 

Summarizing the preceding results we have the following 

Theorem I. If the multiple-valued function ^ (a?i, ajg, . . . x„) 
has in all p values ^1, s^2) ^3? . . . ^p «w<^ */ 9 *s converted successively 
into these values by certain substitutions, for example^^2i ^^j- - - ^p^ 
furthermore, if Q, the group of <p, is of order r and contains the 
substitutions Si = 1, Sg, Sg, . . .s„ t«e can arrange all the possible ri! 
substitutions as in the follounng table : 

*Such tables were given by Caucby: Exercices d'analyse et de physique matbemat- 
ique, III., p. 184. 
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<P29 *^29 *2<^2> ^3<^2> • • • 8^.(^2^ (^\ ' ^2 



in which every line contains all and only those substitutions which 
convert <p into the value <Pa prefixed to the line. 

Thje several values fi, ^2> . . • ^p of the fanction ^ are called con- 
jugate values. 

§ 42. From the circumstance that all the substitutions of this 
table are different from one another, and that the p lines of the 
table exhaust all the possible substitutions we deduce the following 
theorems: 

Theorem II. The order rof a group G of n elements is a 
divisor of n\ 

Theorem HI, The number p of the values of an integral 
function of n elements is a ditnsor of n\ 

Theorem IV. The product of the number p of the values 

of an integral function by the order r of the corresponding group 

is equal to nl 

■f/Z,^,^> Ti ; vo The third theorem imposes a considerable limitation on the pos 

,v;- fi^o sible number of values of a multiple valued function. Thus, for 

' 4/ : eicample, there can be no seven- or nine- valued functions of five 

' , \ elements. But the limits thus obtained are still far too great, as the 

investigations of Chapter V will show. 
yf fv § ^^- Precisely the same method as that of § 41 can be applied 

1^, \o to the more general case where all the substitutions of the group G 
^' ^ belonging to <p are contained in a group H belonging to another 
function 4'^ so that 6r is a part or subgroup of H^ just as in the 
special case above G was a subgroup of the entire or symmetric 
group. We see at once that all the substitutions of H can be 
arranged in a series of lines, each line containing r substitutions of 
the form sx <r^ (A = 1, 2, . . . r). And we pass directly from the pre- 
ceding to the present case by reading everywhere for "all possible 
substitutions" simply "all the r^ substitutions of W\ We have 
then 
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Theorem V, If all the r substitutions of the group G are 
contained among those of a group H of order r^ , then r is a divisor 
of r^^ 

Theorem VI. Given two functions v {x^^x^, ... x^ and 
4' {xi, X2, . . . x^), if (/' retains the same values for all substitutions 
which leave (f unchanged, the total number of values p of <p isa mul- 
tiple of the total number of valvss p^ of <f\. . i h, I » vavu^'^- ^ 
For^wehkve I ^ ,^ p^^,^^ j^ ^ .^t^:^ r 
n\ n\ p r. I ^ ' 
r r^ Pi r ' * 

Corollary, If a function 9> (ar,, ... x^) belongs to a subgroup 

G of the "group H, and if r ^the order of G and r^ that of H, ir 

then <p on being operated upon by the substitutions of U takes exactly 

r 

— valv.es, ^^ 
r 

§ 44. By a still further extension of the subject we may include 
the case where two groups G and H contain any substitutions 
in common. This case can be at once reduced to that of the prece- 
ding Section. For this purpose we employ the following proposi- 
tion: 

Theorem VII. The substitutions common to two groups 
form a new group, the order of which is accai'dingly a divisor of the 
orders of both the given groups. 

For if a and t bqlong to both G^ and G^ then a . t also belongs to 
both Gi and G2 and occurs among the common substitutions. The 
same result can also be obtained as follows. If <Pi and ^2 1>© func- 
tions belonging to Gx and G2 respectively, then the function 

where a and /? are arbitrary constants, remains unchanged for those 
substitutions which leave both <Pi and ^2 unchanged, that is, which 
are common to G^ and (tj. These, being all the substitutions which 
belong to 4'^ form a group. 

Corollary I. Tux) groups ivhose orders are prime to each 
other can have no substitutions in common except the identical sub- 
stitution. 
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Corollary II. The order of every group H which consists oK 
^11 or a part of the substitutions common to the tux) groups Gi and 
G2 is a divisor of both r, and r. 

§ 45. We proceed next to determine and tabulate the groups 
which belong to the various values ^, of <p, (i = 1, 2, 3, . . . p). 
The group G=Gi of fi contained thfe substitutions 

Sl = 1, 82? *3> • • • ®r« 

The value s^2 ^ ^ was obtained from <Pi by the substitution ff^-^ con- 
sequently ff2~^ converts ^2 hack into <Pi, If then we apply to s^2 suc- 
cessively the substitutions <r2~S ^aj ^2? ^^ first of these will convert 
<P2 into <Pi , the second will leave <Pi unchanged, and the third will con- 
vert <Pi back into ^2- It, appears therefore that <P2 is unchanged by 
every substitution of the form ^'T^Saf^ii (« = 1, 2, . . . r). For the 
second line of our table we take therefore 



^1^2 — 1> ^2 ^2^2 



^2 ^3 ^2 » 



Sr(T2 



We can then show that this line contains all the substitutions 
belonging to the group of s^2- For if r be any substitution which 
leaves <P2 unchanged, then nr^^ will convert ^2 iiito 9\^ that is 

Consequently the substitution <r2^^2~ ^ belongs to the group of 
^1, and we may write it equal to ««. But from the equation 
ff^Ta^^=:Sa follows T — ^^'^{(T^Tff^^)^^ — (^'T^ ^a'^2j ^s was asserted. 
Again it is easily seen that all the substitutions of the second 
line are different from each other. For if 






it follows that 



Sa (^1 = <^2 



8a = i 



We may note however that the substitutions of the second line 
are not necessarily different from those of the first. In fact the 
identical substitution is of course always common to both and other 
substitutions may also occur in common. (Cf. § 50). 

From the three properties of the second line obtained above, it 
follows that the r substitutions of this line form the group of ^2- 
We will denote this group by G2* That these substitutions "l&S^ a 
group can also be shown formally; for 
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SO that, if Sa, S/5, . . . form a group, as was assumed, the same is true 
of the new substitutions. 

Similar results hold for all the- other values, s^s? S^ai • • • ^p of 9^ 
and we have therefore 

Theorem VIII. If the values 9i, <P2, - * - <Ppof a p-valued 
function (f proceed from <p by the application of the substitutions 
<T^ = l,/r2, rxg, . . . <rp, then the groups (ti, G^gj . . • ^p of ^,, ^2» • • . ^^ 
respectively are 

Crj = L^i = 1, So , 83 , . . . s,.J , 

(t2 = [^^2" ^ ^i'''2 ^^ 1> ''"2" ^2'''2» ^2~ 58^2> • • • ^2~ ^r <''2j =^ ''"2" ^1 <''2 > 
^P = ['^P~*^1^P = 1> ^p'^S^fTf,^ ^p~^S^(Tp, . . . (Tp-^Sr(rp] = <rp^^(3^i tTp. 

§ 46. The functions s^i, s^2> • • • S^p are of precisely the same 
form and only differ in the order of arrangement of the X\s which 
enter into them. Such functions we have called (§ 3) similar or of 
the same type. Accordingly the corresponding groups G^, G2, ... 
must also be similar or of the same type, that is they produce the 
same system of rearrangement of the elements x^ and only differ 
in the order in which the elements are numbered. This is clear a 
priaiH, but we can also prove it from the manner of derivation of 
^r^Sa/Ti from Sa) and in fact we can show that not only the groups 
Gi, G2, . . ., but also the individual substitutions s^ and ff-^Sa.^i are 
similar; that is, these two substitutions have the same number of 
cycles, each containing the same number of elements. The process 
of deriving the substitutions (^r^s^^i from the Sa's is called trans- 
formation. The dubstitution (rr^s^iri is called the conjugate of s^. 
with respect to <r», and similarly the group Gi is the conjugate of 
Gi with respect to <?•,.. We shall denote this latter relation frequently, 
as above, by the equation ' ' 

G,^ar'G,<T„ 

To prove the similarity of Sa and (T~^Sa^i, let us suppose that 
(a?,, iCaj • • • ^a) is any one of the cycles of Sa and that <t, replaces 
Xi, X2, , , ,Xahj Xi^, £c,2, . . . Xi^, so that> in the notation A of § 22, 
^may be written 
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Then the factors of the substitation <yr^«a<^. will replace Xi^ success- 
ively by Xi,X2, Xi^', similarly Xi^ will be replaced by a^^^, Xi^ by £c,^, 
and finally aCia by x.^. Accordingly 'r-^g^fr,. contains the cycle 
(Xi^ Xi^, . , a?, J, and this is obtained from the corresponding cycle 
{xi 0^2 .. . X(^) of Sa by regarding this cycle, so to speak, as a function 
of the elements x^ and applying to it the substitution <r». In th« 
same way every cycle of (^r^Sa^i proceeds from the corresponding 
cycle of Sa. The two substitutions have therefore the same number 
of cycles, each containing the same number of elements, as was to 
be proved. 

Example: The function of four elements 

(pl ^^^ Xi X2 "T X^ X^ 

has, as we have seen, three values, and its group Gi is of order 
-g- = 8. The substitutions ^2 = (^2^3) and ^^ = {x2X^\ which are not 
contained in Gi, convert (pi into 

^2 = XlXs + XoX^, 

r ^^v^lx^/^ respectively. By transposition with respect to ^2 aiid tr^, we obtain 
/ ' from / 

G^ = [1,{X,X2), (X^X^), (X^X^) (X^X,), (x.Xs) {X^X,), (X^X,) (0^2X3), {XiX.,XoX^) 

{XiXiX2X3)'], Q/^ b .'^^. 
the two groups belonging respectively to <f2 and c^ , 

\\.,(XxX^, {x^^, {x^x^(x^;), (x^x.^(x^x^, (x^x^{x,x^, (ir,.T,a?3.r,), 

\XyC^X^X2)\ , 

[1,(^1^^*), (^2a?3), (x^X^(X2X^, (x^X^(x^X^, (a^l^2)(a^3^4), (X.X^X^X^, 
\XiX^^^)\, 

4"^ §47. CoroUarj I. // a gtroup of substitutions is trans- 

formed vnth respect to any substitution whatever^ the transformed 
substitutions form a group. 

Corollary II. Th^ tivo, generally different, substitutions 
SaSfi and s^Sa are similar. For SaSp =Sp~^{spSa)sp., 
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Corollary III. The substitution SaS^s^T^ is conjugate to Sp 
vnth respect to Sa~^ 

Corollary IV. If the substitution s^ is. of order r and if 8^ 
be such that its q^ and no lower power occurs among the powers of 
Sa , and if furthennore the conjugate of s^ with respect to Sa is a 
power of sp, then the smallest group containing Sa and s^ is of order 
Q r. {cf §§ 37, 38, Chapter II). 

Corollary V. All substitutions tvhich traiisform a given 
substitution s into its powers, 5", form a group. 

Corollary VI. All substitutions which transform a given 
group into itself form a group. 

Corollary VII. // two substitutions, or two groups, are 
similar, substitutioyis can always be found which transform the one 
into the other. In the case of two substitutions the traiisforming 
substitution is found at once from § 46. In the case^of groups, we 
have only to construct the correspondhig functions and detei^mine 
the substitution (Ti which converts the one into the other. 

Corollary VIII. Tivo powers s* and s^ of the same substi- 
tution are similar when, and only when, a and [i have the same 
greatest common divisor with the order of s. 

§ 47. We turn now to a series of developments relating to the ^ / 

existence of certain special types of groups analogous to those of 
§ 39, Chapter 11. . 

Given any group G of order g, let H^ of order h^ and K^ of order 
A;, be subgroups of G, and let (f^ and 4'\ be functions belonging to H^ 
and jBTj respectively. These functions, on being operated on by all 
the substitutions of G, take respectively -f-= h^Kadi—- = ko values 
in all (§ 43, Corollary) ; let these be denoted by 

fi, 9^2, . . . 9% and v\, v''2, . . . 9\,. 

.The group of any one of the fimctions </'a will be Ka= (TaT^K^ff^, 
where (^a is any substitution of G which converts (f'l into ({'a- 
We form now the entire system of vj^ues 

a^fx + b vV {)^ = 1, 2, . . . /i^; /. = 1, 2, . . . k,), 



Digitized by 



Google 



/ 



52 THEORY OF SUBSTITUTIONS. )^i 

J 

where a and h are arbitrary parameters, and divide these ^ func- 

tions into classes, such that al] the functions of each class proceed 
from any one among them by the operations of (r. • 

If av'i + ^^a be one of the values above, and if v^re apply to it 
all the substitutions of G, the resulting values are not necessarily all 
distinct. In particular some of them may coincide with the given 
value. The number of the latter is equal to the number of substi- 
tutions common to ifj and K^^ (t-^K^<t^. Let this number be d^. 
Then all the g values arising from a f j + ^ v''a will coincide in sets of 
da each, as is easily seen. The number of distinct values thus 

obtained is therefore -7- . 

"a 

If the se do not exhaust all the possible values a^^-^h v'v^ let 
a<p^'\-bj>r be any remaining value. Then in the same class with 
this belongs also 



From the latter value we can, as before, deduce a class contain- 
ing in this case -r- distinct values, where dp is the number of substi- 
tutions common to Hi and K^ = fff ^K^ <t^. 

Proceeding in this way, we must finally exhaust all the val- 

ues of the functions a ^a + 6 v^'^. Writing then the two numbers of 
values equal to each other, we have, after dividing through by gr , • 

where m denotes the number of classes of values of a ^^ + 6 ^^ with 
, respect to the group G, Since hi is a multiple of every da^ we may 



write -^=fa, and consequently 

da 

where the/'s are all integers. * 

§ 49. From Theorem V of § 43 it follows as a special case that 

if a group contains a substitution of prime order p, the order r of 

■ ~~~ * 

♦Formulas ul) and B) were obtained by G. Frobenius, Crelle 01. p. 281, as an 
extension of a result given by the Author, Math. Annalen XII F. 
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the group is a multiple of p, and if a group contains a subgroup of 
order p* where pis a prime number, the order of the group is a mul- 
tiple of p". By the aid of the results of the preceding Section we 
can now also prove the converse proposition: 

Theorem IX, If p°- he the highest power of the prime num- 
ber p which is a divisor of the order h of a group H, then H con- 
tains subgroups of order p\ * 

In the demonstration we take for the G of the preceding Sec- 
tion the symmetric group, so that g = n\. For H^ we take the pres- 
ent group H, and for K^ the group of order p^ of § 39, Chapter II, 
p^ being the highest power of p which is a divisor of n!. The 
formula 5) of § 48 then becomes 

n! 

~f ^^/i "r/a H~ ■ • • ijm' 
The left member of this equation is no longer divisible byp; con- 
sequently there must be at least one f^ = -r- which is also not di- 

d^ 

visible byp; that is d^ is divisible by p% and therefore H and K^^ 
the latter being a conjugate of JT, have exactly p* substitutions in 
common, f These form the required subgroup of H. 

Corollary. At the same time it appears that the group K con- 
tains among its subgroups every type of groups of order py. For 
we need only take any group of order py for H in the above demon- 
stration. 

§ 50, The last theorem admits of the following extension: 

Theorem X. If the order h of a group H is divisible by 
p^, then H contains subgroups of order p^. 

The proof follows at once from Theorem Xl, as soon as we have XX . 
proved ' 

Theorem XI. Every group H of order p* contains a sub- 
group of order p°^~^. 

The corollary of the preceding Section permits us to limit the 

♦Oauchy, loc. cU.j proved this theorem for the case a = 1. The extension to the 
case of any a was given by L. Sylow, Math. Annalen V, pp. 584-594. 

t For every subgroup of K, and consequently every subgroup of K^y has for its 
order a power of p. 
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proof to the case of groups of order p* which occur as subgroups in 
the group of § 39, Chapter II. The group K = Kf there obtained 
was constructed by the aid of a series of subgroups (§ 40) 

1, Ki,K2, . , . Kx, K\^i, . . , Kf^i, 
of orders 

1, p\ p\ ... p\ p^^\ ... P^-\ 
■ -oawy one of which is contained in the following one. If the group H 
occurs in this series, the theorem is already proved; if not, then let 
-STa+i be the lowest group which still contains H. K^ then does not 
contain all the substitutions of H. We apply now the formula B) 
of § 48 to the groups ^a+i » ^a, and H^ taking these in the place of 
6?, ^,,and^. We find 

P=/l+/2+ ...'+/m. 

This equation has two solutions, since the/'s, being divisors of 
h = p% are powers of p: either we must have /i =/2 = ... =1 and 
m =p, or else m = l and /i = p. In the former case it would follow 
that h = di, i, e., that ^ is a subgroup of Kx, which is contrary to 
hypothesis. . Consequently /i=p, i. e. ^ and -BTx have a common sub- 
group of order p*~\ This is the required group. * 

To Theorem X we can now add the following 

Corollary, Every group of order p*^ • pi^^i -p^^^ . . . can he con- 
structed by the combination of subgroups, one of each of the orders 

A smaller number of subgroups is of course generally sufficient. 

A further extension of the theory in this direction is not to be 
anticipated. Thus, for example, the alternating group of four ele- 
ments, which is composed of the twelve substitutions 

1, (^ii3?2) (,«^3'^4/> yp^V^i) (*^2«^4/J \p^^'^i) (♦^2*^3)> 
(i3?jCC2^3/j \*^1*^2*^4J> \*^1'^3*^4/J (,»^2*^3*^4/J 

\XyX^X2), \*^l*^4*^2y) \p^\*^4p^z)^ («^2*^4'^3/> 

has no subgroup of order 6. 

§ 51. We insert here another investigation based on the con- 
struction of tables as in § 41. 

LetiJbe a group of order h affecting the n elements x-^^x^, . . .x^. 

*G. Frobenius: CreUe CI. p. 383^. 
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From these n elements we arbitrarily select any k, as x^, x^, . , . Xj,^ 
and let H' be the subgroup of H which contains all the substitu- 
tions of the latter that do not afiFect x^, X2, . , . Xj^,, Suppose h' 
to be the order of jff', and fi = Ifg, . . . h' to be its several substitu- 
tions. We j)roceed then to tabulate the suBstitutions of "jETas fol- 
lows: J/j'iH- Uxi^^dLi „- ^ . !• ' ' • \ '^^'tjy . . '" /. v^ 

Given ^^^^y-rgy^^^^itution^y&jO suppose that this converts 

Xi,X2, , . ,Xj, int(j Xa, , x^^ . -^^y,^^^^^^ JH^^ ^^ 

the substitutions ^U M^c^^.^^^^ <k X/^ X^ , X, . w < ^l^ 

8ak 52^0* Ma J • • • ^^' ^a 

also convert a?i, a?2, ... x^^ into o^ai, ajag? • • • ^aj, respectively, and these 
are the only substitutions of H which have this effect. We take 
these various sets of /t substitutions for the lines of our table, which 
is accordingly of the form 



T) 



The substitutions of the table are obviously all different, and conse- 
quently fih' = h, . 

Again, suppose that v^ is any substitution of H which contains 
among its cycles one of order fc, say 

(1) Wi = (X^X^^ , . . Xj), 

Then all the (necessarily distinct) substitutions 

(2) t?i, ^2^1, Mi,...^vv, 

will contain the same cycle (1) and these will be the only substitu- 
tions of H which contain this cycle. We wish now to determine how 
many substitutions of H contain either the cycle (1) or any cycle 
obtainable from (1) by transformation with respect to the substitu- 
tions of IT, say 

(la) ">a = {Xa., ^au, 00a,... ^aj). 

Now since all the substitutions of the same line of T) convert 
the elements of the cycle (1) into one and the same system of ele^ 
ments, it follows that if we write 
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SoT'ViSa = Va (« = 1, 2, . . . /l), 

where each Sa is the same as that of the table T), then all the conju- 
gates of the cycle (1) which occur in the substitutions of H are con- 
tained in Vi,V2, ., ,Vfj,. Suppose the notation so chosen that oj^ is 
contained in Va. If now we denote the substitutions of H which do 
not affect Xai,Xa^, , . . Xa^, i. e. those of the group 8a~^H'8a = Ha by 

1 f (a) f (a) * ' (a) 

.. and by right hand multiplication by Va form the line 

(3) Va, «2^»>Va, tr^Va, ". . Tt^Va, 

then (3) contains all the substitutions of H which involve the cycle 
Wa. The [1 lines of the following table 

^2, f2^')V2, 4^'>t;2, ... h'^^'^'V,, 

therefore contain all the required substitutions. 
. The question then arises, how many of the lines of Tq) give the 

same cycle; for example, in how many lines ihe cycle (1) occur|. If 
this cycle occurs in Vr = 8r~\8r, then 8r must permute the elements 
Xi,X2, . . .Xj, cyclically, and must therefore contain a power of (1) 
as a cycle. Consequently we must have 8r equal to one of the sub- 
stitutions Vi, Vi,Vi^ , . .v^~^ ox one of these multiplied by some ty. 
But the substitutions v^, v^, . . ,v^~^ belong to difiFerent lines of the 
table To). It appears therefore that the At lines of Tq) coincide in 
sets of k each. We have then 

Theorem XII, Every individual cycle of order k which 
occur8 in (2), and consequently every one which occur8 in H, gives 
rise by transformation with respect to all the h substitutions of H, 

to — cycles. The h' distinct conjugate cycles of order k which occur 

curring in these cycles is therefore equal to h^ the order of H. From 
this it follows that the number of letters in all the cycles of order k 
is a multiple of the order of H. The multiplier is the number of 
sets of non- conjugate cycles of order k. 
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Corollary. The number of elements which remain un- 
changed in the several substitutions of H is a multiple of the order 
of H, If every element can be replaced by every other one by the "\ i,j^^^ 
substitutions of H, this number is exactly equal to the order of H,* -^ vT 

Example. Consider the alternating groups of four elements, 

{^i) (a?2) (a^a) (a^i), {^i^^ (a^ai^i), {^i^z) i^^^i)^ {^i^i) {^'f(^z\ 
(a?i) {x^x^x^, {x^ {x^x^x^, (a^a) {x^x^x^, {x^ {xiX^^\ 

\X\) \X^4,Xz)^ '•^2/ \*^l*^4'^8)j (•^3/ yJ^V^i'^i)^ \p^i) \X\X^X2)' 

Here the number of cycles with one element is 12, which is 
equal to the order of the group. The number of elements which 
•occur in cycles of the second order is also 12. But, for A; = 3, the 
number of elements is 24 = 2 • 12. Correspondingly it is readily 
shown that the group permits of replacing any element by any 
other one; that the cycles of order 2 are all conjugate; but that 
the cycles of order 3 divide into two sets of four each: 

[XiX^x^)^ {XiX^^x^)^ yXiX^pc^)^ \X2X4pc^jy 

\XiX2,X2)^ yXiX^X^)^ \XiX2X^)^ V«^2»^8*^4J> 

the second set being non-conjugate with the first. 

§ 52. We return now to the table constructed in § 45. This 
table did not possess the last of the four properties noted in § 41 ; the 
substitutions of one line were not necessarily all different from those 
of the other lines. For every, group certainly contains the identical 
substitution 1, which therefore occurs p times; and again in the 
example of § 46 three other substitutions 

(X1X2) (073X4), (XiX^ (^2^*)? (^1^4) (^2^3) 

occur in each of the three groups. We have now to determine in 
general when it is possible that one and the same substitution shall 
occur in all the groups 6ri,6r2, . . . Gp belonging respectively to the 
several values 9>i , ^2 > » - ' 9p of <p. We shall fijid that the example 
just cited is a remarkable exception, in that there is in general no 
substitution except 1 which leaves all the values of a function un- 
changed, f 

♦In connection with this Section C/. Frobenlus, Crelle 01. p. 273, followed by an 
Article by the Author, ib\A, CIII p. 321. 

t L. Kronecker: Monatsberichte d. Berl. Akad. 1879, 208. 
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If we apply to the series of functions ^i , ^^2? • • . ^p any arbitrary 
substitution ^, we obtain 

These values must coincide, apart from the order of succession, with 
the former set, for ^, , ^2> • • . 9p are all the possible values of ^, and 
the p values just obtained are all different from one another. The 
groups which belong to the latter 

(T~^Gi<T^ <T~*6r2^, (T~^Gs(T, , . , (T~^Gpff 

are therefore also, apart from the order of succession, identical with 
Gi, O2, Gs, . , . Gp, that is, the system of the G's, regarded as & whole, 
is unaltered by transformation with respect to any substitution 
whatever. If now we denote by H the group composed of those 
substitutions which are common to Gi,G2, . , . Gp^ thei^ if is also the 
group of those substitutions which are common to <t~*(ti<t, <T~^6r2<y, 
. . . (T~'^Gp<T, But the latter group is also of course expressed by 
^~^H(T', consequently we have 

that is, the group H is unaltered by transformation with respect to 
any substitution; it includes therefore all the substitutions which 
are similar to any one contained in it. 

We proceed now to examine the nature of a group H of this 
character. We consider in particular those substitutions of H 
which affect the least number of elements, the identical substitution 
excepted. It is clear that these can contain only cycles of the same 
number of elements, since otherwise some of their powers would 
contain fewer elements, without being identically 1. 

We prove with regard to these substitutions, first that no one of 
their cycles can contain more than three elements. For if H con- 
tains, for example, the substitution 

and if we take <r = (a^aa^i), then, since (r~^H(T = H, the substitution 

will also occur in H, Now Si only differs from s in the order of the 
two elements x^ and x^. Consequently their product, which must 
also occur in H, since if is a group, 
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will certainly not affect the element ajg^ut cannot be the identical 
substitution, because it contains at least the cycle {x^x^^ . . . ). This 
product therefore affects fewer elements than s^ which is contrary to 
hypothesis. 

Secondly we prove that, if w > 4, the substitution of H which 
affects the least number of elements cannot contain more than one 
cycle. For otherwise H would contain substitutions of the form 

Sa "^^ \p^v^2) {p^Z'^ij • • • > ^^ — - {XiX^X'ij [X^X^Xq) . . . , 

and therefore the corresponding conjugate substitutions with respect 
to <T = {x^x^) 

^a "^^ (X1X2) \Xz^^) . • • > Sp =^ {^XiX2X2) (X^X^Xq) . . .Q^ ^^^__ 

Consequently the corresponding products 

SoT ' So! - (x,) {X2) (0^3 ...)... , sp- %' = (x,) (x^) (Xg) {x,Xr,x^) . . . , 

which are not 1, but affect fewer elements than s, must also occur in 
H, which would again be contrary to hypothesis. 

If then n > 4, either H consists of the identicEil substitution 1, 
or H contains a substitution (a?^cc„), or a substitution {xf^x^Xy), In 
the second case H must contain all the transpositions, that is H is 
the symmetric group. In the third case H must contain all the cir- 
cular substitutions of the third order, that is H is the alternating 
group. (C/. §§ 34-35). 

Returning from the group H to the group G, it appears that if 
(?,, (t2, . . . Gp have any substitution, except 1, common to all, then 
either the second or the third case occurs. H, which is contained in 
(?, includes in either case the alternating group; G is therefore 
either the alternating or the symmetric group, and p = 2, or p = l. 

If, however, n = 4 we might have, beside Si = 1, another substi- 
tution 

in the group. With this its conjugates, of which there are only two, 

must also occur. The group H cannot contain any further substitu- 
tion without becoming either the alternating or the symmetric group. 
We have then the exceptional group 
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if = L^i = 1, 825 •'^3> ^*]^ 

and this actuEilly does transform into itself with respect to every sub- 
stitntion. Eetuming to the group G it follows from § 43, Theorem 
II, that the order of G is a multiple of that of H, that is, a multiple 
of 4; again from Theorem II the order of G must be a divisor of 
4! = 24. The choice is therefore restricted to the numbers 4, 8, 12, 
and 24. The last two numbers lead to the general case already dis- 
cussed where p=2, or 1. The first gives G = H, p = 6, and for 
example, 

^1 = (X1X2 + x^x^) — (a?,a?3 + X2X4), (P2 = {X1X2 + x^Xi) — {x^x^ + X2X3) 
^3 = (XjXq + x^x^) — {x^Xi + X^Xs), <p^ — {x^x^ + x.^^ — (x^Xo, + x^x^ 

J y' In the second case, r = 8, G contains Mas a subgroup. To obtain 
I / G we must add other substitutions to those of H, None of these 

<5an be cyclical of the third order, for in this case we should have 
r = 12 or 24. If we select any other substitution, we obtain the 
group of § 46, which is included among those treated in § 39. For 
this group jO = 3, and, for example, 

Vi — ^ OO1X2 "T" X^X^ , Y2~~ *^1*^8 \ *^2*^4 > T 3 — - XiX^ -J- X^^ . 

Theorem XI. // w ^ 4 there is no function, except the al- 
ternating and symmetric functions, of which all the p values are 
unchanged by the sam^ substitution (excluding the ca^e of the identi- 
cal substitution), Ifn = 4:, all the values of any function belong 
ing to the same group with 

<p = (x^X2 + X^X^ (X^X^ + ^^2^4) <^ ^ih </' = X1X2 + ^3^4 

<ire unchanged by the substitutions of the group 

iz = Li, \X1X2) {XqX^), yXiXs) (a72^4/> (^1^4) C*^2^3)J' 



/ 



§ 53. We have thus far examined the connection between the 
values of a /o-valued function from the point of view of the theory of 
substitutions. We turn now to the consideration of the algebraic 
relations of these values. 

We saw at the beginning of the preceding Section that the sys- 
tem of values <Pi,<P2^ . • . 9'p belonging to a function y is unchanged 
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as a whole by the application of any substitution, only the order of 
succession of the several values being altered. All integral symmet- 
ric functions of fi, ^2> • • • ^5/ are therefore unchanged by any substi- p 
tution, and are consequently symmetric not only in the ^'s but also 
in the .Ta's. They can therefore be expressed as rational integral 
functions of the elementary symmetric functions C;^ of the oja's. If 
we write then 

S(criS^2) =flS^2+^lf3+ ... = ^2(Ci,C2,...C„), 



the E's are the coefficients of an algebraic equation of which 
S^ij f2> . . . S^p ar© ^© roots. 

Theorem XII. The p values s^i, s^2> • . • ^p of a p-valued 
integral rational function <p are the roots of an equation of degree /> 

(fP—Riipf^-' + R^^p-^—,.. ±Rp = 
the coefficients of ivhich are rational integral functions of the ele- 
mentary symmetric functions c, , c., . . . c„ of the elements x^^x^^ ... x„. 

§ 5-1-. As an example we determine the equation of which the 
three roots are 

^1 = x^x^ + x^x^ , if^ ~ x^x^ + x.^x^ , <p^ = x^x^ + 0^20:3., 

where Xi,X2, x^, x^ are themselves the roots of the equation 

f{x) — X* — c^x^ + ^2^ - ^d^ + C4 = 0. 

We find at once 

<fl + 92 + f^8 = S (XiX2) = C2; *^' 

and again, by § 10, Chapter I, 

<Pi<P2 + UU + U'fx — S {x^x<fc^ — ac^ + ;-CiC3 + yc^^ ^ V ^' ^ . J, 

The numerical coefficients «, ,^, ^ are readily found ifhm sp e cial eji ^ /> y 

9i92 + ^^n + Vsr^l = CjCg — 40^.^^ 

Finally . 

H^\9irz = S{Xi^X2%^ + XiX2X^Xi 8(0?!^)*'^^ 

= Ci^C4 — 4c2C4 + 4^ ^ 
Accordingly the required equation is 
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We examine the discriminant of this equation, i. e., of its three 
roots. To determine this function it is not necessary to employ the 
the general formula obtained in § 10, Chapter I. We have at once 

f 1 — ^2 = i^i—^i) (^2 — a^a), 

92 — <Pz = (a?i — a?2) (x^—^di ^/^ 



(^ -- - .. 9^ — 9i = (x,—X^){Xj—X^ 



and consequently, if we denote the discriminant of the ^'s by J^ 

and that of the oja's by J, (^ (^^ ? ^ ^-ix^u^c^^x^^ 



= (o? 1 — a?2)^ {x^ — x^y (xi — x^^ (a;2 — ajs)-^ (^ — a;\)^ {x^ — a;^)'^ =^ J. 

We observe here therefore that the discriminant of an equation 
of the fourth degree can also be represented in the form of the dis- 
criminant of an equation of the third degree. A more important 
consideration is that the special theorem here obtained can be gen- 
eralized in another direction, to which we next turn our attention. 

§ 55 We start out from the table of § 41. If <p is not single- 
valued, the first line of this table, i. e., the group G^ belonging to ^1 
J does n ot .c ontain all the transpositions. If a transposition {XaX^ 
.-eeeSiS^ffi^the secAid line, it results from the construction of the 
table that {xaX^) (Converts 9^1 into ^2- I^ therefore a:a= iJ:^/3? then 
f 1 = 92 also, and consequently ^1 — ^ 2> since it vanishes for x„ — x^, 
is divisible by Xa — x^. 

If, then, any transposition (XaX^) does not occur in the group (^ d. 
of (fi , one of the differences (p^ — f a Q^ = 2, 3, . . . />) is divisible by 
a factor of the form x^ — x^. 

Now there are in all — ^-^ — - transpositions of n elements. If the 
first line of the table, i. e,, Gi, contains exactly gof these, then the 

other lines contain ^ -q. The product {<p^ — ?'2)(fi — 9^ • • • 

'fl,('n, 1 } 

{9\ — s^p) is therefore divisible by ^ — - — q different factors of 

the form x^ — x^^ and therefore by their product. 

Instead of starting out with the value (f-^^ , we might equally well 
have taken f 2. Since the group G2 — (^2~^(jr^^2 belonging to 9^2 = ^^r^ 
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is similar to the group Gi , it also contains q transpositions, and the 
product (^2 — ^i) {<p2 — 9z) . . . {<p2 — 9'p) is also divisible by -^^-^ q 

factors of the form Xa — Xp. The same reasoning holds if we start 
with ^8> S^4 • • • ^p- If we multiply the separate products together, 
we find that 

^0 = (— 1) 2 // \{<pK—<Pi){n—92)'''{¥>\—^\-i){n—<P\+i) 
r=i 

-^^ji — - — q I factors Xa — x^. But 

since J^ is symmetric in the x^s, the presence of a factor aja — 3Cp 
requires that of every other factor Xy — xs, and consequently of 
^= iJ {Xa — x^y, the discriminant of f{x). Suppose that A* is 

the highest power of J which is contained as a factor in J^, then, as 
J contains n{n — 1) factors Xa — xp, and consequently Ai contains 
n(n — 1)^ such factors, we must have 



nin-l)t>r[^^^-g], 



t>^- ^^ 



= 2 n(n — ly 

The number t can be only when q = — ^ -, that is, when all 

the transpositions occur in G^,. ^ is then symmetric and /r> = 1. 
Again q can be only when G contains no transposition. One of 
the cases in which this occurs is that where G is the alternating 
group or one of its subgroups. 

Theorem XII. // <p isjfj-valued function of the n elements ^ 

Xi,X2^ . , . x„, the group of which contains q transpositions, the dis- 
criminant Afp of the () values of <p is divisible by 

J''(*-S(5r3Tl). 

If (p is not symmetric, the exponent of J is not zero. If the group 
of <p is contained in the alternating group, q is zero. 

All multiple-valued functions therefore have some of their values 
coincident if two of the elements x^ become equal. 
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We perceive now why it was impossible (§ 32) to obtain n!- valued 

functions when any of the elements x^ were equal {Cf. also § 104). 

§ 56. Returning now to the equation (§ 53) of which the roots 

are 9",,^^,, ...fp, 

we endeavor to determine whether and under what circumstances 
this equation can become binomial, i, e,, whether there are any 
/>-valued functions whose p^^ powers are symmetric. For /? = 2, we 
already know that. <p= sj A satisfies this condition. In treating the 
general case we will assume that, if the required function ^ contains 
any factors of the form V Jj these factors are all removed at the 
outset. If the resulting quotient is v'', so that 

then, since ^p^^ and (\/*j)"^ are both symmetric, ^^^ is symmetric 
also. We write then 

If i\ be any root of this equation, and if w be a primitive (2/))'^ root 
of unity, then all the roots are 

01, ">0i, As, ...^'^"\S, 

and consequently 

J^ = ^^/("-») (l_a,)2(l_ 0,2)2 ^ ^ ^ (^2p_2_^2p-l)2^ 

From Theorem XIII this discriminant must be divisible by A^ unless 
v'' is itself symmetric. But the factors containing «> are constant 
and therefore not divisible by J, and by supposition vS does not con- 
tain V-^ as a factor. Consequently 0, is symmetric, and we have, 
according as « is odd or even. 

Theorem XI V, Ij the n elements Xy^^x^^ ... x^are inde- 
pendent, the only unsymmetric functions of which a power can be 
symmetric are the alternating functions, 

§ 57. On account of the importance of this last proposition we 
add in the present and following Sections other proofs based on 
entirely different grounds. 
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If w is a primitive p^^ root of unity, and if <pi is any root of the 
equation 

then all the roots of this equation are 

Since the <o's are constants, all the values of ^ have the same group. 
From Theorem XI, this must be, for w ^ 4, either the symmetric or 
the alternating group, or the identical operation 1. The first two 
cases give /> = 1 or 2. In the last case p = n\. All the values of a 
function are of the same type, and consequently there are substitu- 
tions which transform one into another. Suppose, in the case 
p = n\, that ff converts the value fi into fp2 = a^i] then t^ converts 
S^i into (o^ fi . Accordingly the series 

consists of distinct substitutions, which therefore include all the n I 
possible substitutions, (t must therefore be a substitution of degree 
n and order n\. Such a substitution does not exist if w > 2. 

The case w = 4 furnishes no excejption. In this case the group 
common to all the vEilues of <p might be the specied group (Theorem 

xin) 

G = [1, {X1X2) (x^x^), (x^x^) (x^x^), {x,Xi) (x^x^)] ; 

fp would then be a six-valued function, and there must be a substi- 
tution (T which converts ^1 into (o^i and which is of order 6. But 
there is no such substitution in the case of four elements. 

§ 58. Finally we give a proof which is based on the most ele- 
mentary considerations and which moreover leads to an important 
extension of the theorem under discussion. 

In the first place we may limit ourselves to the case where p ia & 
prime number. For, if p=p-q, where p is a prime number, it 
follows from 

that there is Edso a function ^^^of which a prime power, the p^^, is 
symmetric. 

If, accordingly, we denote by ^ a function of which a prime 
power, the p**^, is symmetric while ^ itself is unsymmetric, then, 
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since the group of <p cannot contain all the transpositions (§ 34), 
suppose that (^^{x^x^ converts s^i into f<r) where s^a+^i- Since 

it follows that 

where «* is a primitive 'p^^ root of unity. If we apply the substitu- 
tion (f again to the last equation, remembering that ^' = 1 and that 
consequently ^<r2 = 9'i j we obtain the new equation 

Multiplying these two equations together and dividing by s^, <p^ , we 

have 

<«= = !, 

and consequently, since p is a prime number, p = 2 and <p = S \/ J- 
Having shown that only the alternating functions have the prop- 
erty that their prime powers can be symmetric, we may next exam- 
ine whether there are any functions prime powers of which can be 
two-valued. 

Suppose that v'' is multiple-valued, while its q^^ power is two-val- 
ued, q being prime. Then there is some circular substitution of 
the third order (t = (xaX^Xy), which does not occur in the group of </', 
since, if this group contains all the substitutions of this form, it 
must be the alternating group (§ 35). Suppose, then, that <v4-v''i» 
but that _ 

irV = <;',' = s, + sW^, 

since <f'^, being a two-valued function, is unaltered by a circular sub- 
stitution of the third order. We must therefore have 

where o) is not 1 and must therefore be a primitive q^^ root of unity. 
If we apply to this last equation the substitutions <r and <r, and 
remember that ^ = 1, and that consequently 0cr^ = <r'\ , we obtain 



/> r* £,V -3 



.f/' 



Multiplying these three equations together and removing the func- 
tional values, we have 

a>^=l, g = 3. 
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If now we assume n > 4, then the group of 4' cannot contain all 
the circular substitutions of the fifth order, (Theorem X, Chapter 
II). If r is one of those not occurring in the group of 4\ then 
v\+0„ but 

0,«=0,« = 6^, + ^,V^", 
and consequently, if w be a g*^ root of unity different from 1, 

It follows from this, precisely as above, that, since t*^ = 1, 

and consequently w^ = 1, g = 5. 

But this is inconsistent with the first result. It follows there- 
fore that n is not greater than 4. 

Theorem XVII. // w > 4, there is no multiple-valued 
function a power of which is two-valued^ if the elements x are 
independent quantities. 

§ 59. We conclude these investigations by examining for n^4 
the possibility of the existence of functions having the property dis- 
cussed above. 

The case n = 2 requires no consideration. In the case n = 3 we 
undertake a systematic determination of the possible functions of 
the required kind. We begin with the type 

9\ — ox{ -f i3x{ -f rx{, 

and attempt to determine a, y^, y so as to satisfy the required condi- 
tions. For this purpose we make use of the circumstance that some 
(T = (jjCyX^.^ converts (f^ into oxp^ (w^ = 1) so that 

^^ = ax{ + ^x{ + r^i = iD(ax{ -f ?x^ -f rx{\ 
yzziwa^ [^•=. wYz=. m^Cy a = w/5 =r ut^ = w^a = a. 

The last three equations can be consistently satisfied for every value 
of a. We may take a = 1; and therefore 

is a function of the required type. 

This result is confirmed by actual calculation. We find 
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,3 



f r^.° 



±-^V^^{x;''-x,'-'-x,'*'x,*- + x,''x,^—x,''-x,'- + x 

If r = 1 the result beoomes simpler, in that the last parenthesis 
becomes eqnal to 

V^ — (^1—^2) (X2—X3) (a?i— a?3); 
] whereas, in general, this parenthesis is only a ration al fanction/ of 
V ^ • If we write, as u^al, 

Xi -p X2 "T" "^S""^! > X1X2 -y X<^^ -p ^2^3^] ■"" ^2 > i^i3!!'23!^3 ^^= Cg , 

we have, for r = 1, 



Suppose now that n = 4 

It is obvious that a function of the type ax{ + l^x^ + yx^ + ^0^4*', 
in which every term contains only one element, cannot satisfy the 
condition of being multiplied by w when operated on by <r = {x^x^^. 

We enquire then whether the required function can be of the 
type 

9^1 = ax{x{ + ?x{x{ + rx{x{ + x:{a^x{ + ?xX{ + r\X{\ 

where every term contains two of the four elements. If this type 
should also fail to satisfy the requirements we should have to pro- 
ceed to more complicated forms. We shall, however, obtain a posi- 
tive result in the present case, and in fact we may take ^ = 1, so that 

^<r = 'stiCa^a + ^X^X^ + yX^X^ + xJ^a^X^ + ^^x^ + y^x^. 
From the condition fPc^=^^<Pi, we have the series of equations 
Y = wa, ^•=,wy=- at^a^ a ■=■ wjS = <o^y = w^a = a , 
^j = wa^ , /?, = wy^ = (o^a^ , a^ = lofi^ = (o^y^ = w^a^ = a, . 

All of these equations are satisfied independently of * the values of a 
and «! , and we have 

^j = a{XiX2 + (O^X^z + tJ^X^Xi) + ai{XiXi + oj^X^i + (OX^Xi). 

But again, the substitution r = (a^jajgOJi) converts ^j into ^t, where 
<fr is equal to the product of ^1 by some cube root of unity, since 
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tp^ = ip^. Whether this cube root is 1, w, or w^ cannot be deter- 
mined beforehand. We find 

(p^ = ax<^^ + a^iii^x^pC^ + 0-1X^X2 + X^(oia-X^ + m^ax^ + wajO;,), 

and since the terms of ^Pi and <p^ which contain x^x^, are 

aypc^x^ and a^ui^x^x^^ 

the cube root of unity by which ^1 is multiplied must therefore be 
«>^ From the equation s^t = ^^H>\ it follows, by comparison of coef- 
ficients that 

These two equations are consistent, since w^ = 1. Putting a = 1, and 
arranging according to the powers of <^, we have then 

V^i = {X^X2 + X^X^ + Oi{x^X^ -f x^^) + uj^\x^x^ + x^x^. 

The function ^1 is therefore a combination of the three values of 
a function which we have already discussed. The group of fi is 

G = [l, {x^X2){x^x^, {xiX^){x^^, (x,x^{x^^\ 

That <pi^ is two- valued is also readily shown, if we write 

•^l*^2 1" •^3*^4 ~~ Vl > XiX^ -\- X2X^ = 2/2 > ^1^4 "T" •^2*^3 ~" J/s • 

For then fi coincides with the expression obtained above for the 
case n = 3; and since 2/1 9 ^29 ^39 ^^ i^he roots of the equation 

2/'— C22/^+(ciC3— 4c4)2/— (ci%— 4c2C^ + C3') = 0, 

where the c's are the coefficients of the equation of which the root^ ^^irt^ 
Xi, a^a, a?3, x^, (§ 54), we can translate the expression obtained for 
n = S directly into a two- valued function of the four elements 
a;,, iTg, a?3, a?4, since we have (§ 54) Jy = J^,. 
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CHAPTER IV. 



TRANSITIVITY AND PRIMITIVITY. SIMPLE AND COMPOUND 
GROUPS. ISOMORPHISM. 

§ 60. The two familiar functions 

differ from each other in the important particular that the group 
belonging to the former 

G = [1, (a^iiTj), (0:30:,), {X1X2) (x^^), (x,x^) {x.^^\ (xiX^) (x^.;), 

\X■^XQX2X^fJ \XlX^X^2fJ 

contains substitutions which replace x^ by X2, a?.,, or ic^, while in the 
group belonging to the latter 

G, = [1, (XiX^), (xgic,), {X1X2) (x^x,)] 

there is no substitution present which replaces x^ by x^ or x^. The 
general principle of which this is a particular instance is the basis 
of an important classification. We designate a group as transitive, 
if its substitutions permit us to replace any selected element Xi by 
every other element. Otherwise the group is intransitive. Thus O, 
above, is transitive, while (tj is intransitive. 

It follows directly from this definition that the substitutions of 
a transitive group permit of replacing every element Xi by every 
elem^it Xk- For a transitive group contains some substitution 
s = {XiXi, ..)... which replaces x^ by Xt, and also some substitu- 
tion t = (xiX)^ ...)... which replaces x^ by Xj^, Consequently the 
product 8~H, which also occurs in the group, replaces Xi by Xk. 

The same designations, transitive and intransitive, are applied to 
functions as to their corresponding groups. 

It appears at once that the elements of an intransitive group 
are distributed in systems of transitively connected elements. For 
example, in the group Gi above x^ and X2, and again, x^ and a;^, are 
transitively connected. Suppose that in a given intransitive group 
there are contained substitutions which connect Xi,X2, . , .x^ transi- 
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tively, others which connect aj^+i, a?„^2> • • ^«+6) and so on, but 
none which, for instance, replace x^ by Xa+\ (^ = 1)) ^^^ so on. The 
maximum possible number of substitutions within the several sys- 
tems is a!, &!,... , and consequently the maximum number in the 
given group, if a, 6, . . . are known, is al 6! . . . If only the sum 
a -\-b -}-... =7118 known, the maximum number of substitutions in 
an intransitive group of degree n is determined by the following 
equations: 

{n— 1)111 = ^-^(71— 2)\2\ >(n— 2)!2!, (n>3) 

(n — 2)!2l=^?=^(n— 3)!3! >(n— 3)! 3!, (n>5). 

Theorem !• The maximum orders of intransitive groups 
of degree n are 

(n— 1)!, J(n— 1)!, (n— 2)! 2!,(n— 2)1, (w— 3)!3!, (w— 3)!2!, . . . 

The first two orders here given correspond to the symmetric and 
the alternating groups of (n — 1) elements, so that in these cases one 
element is unaffected. The third corresponds to the combination 
of the symmetric group of (w — 2) elements with that of the re- 
maining two elements. The fourth belongs either to the combina- 
tion of the alternating group of (n — 2) with the symmetric group 
of the remaining two, or to the symmetric group of (n — 2) ele- 
ments Eilone, the other two elements remaining unchanged; and so 
on. 

The construction of intransitive from transitive groups will be 
treated later, (§ 99). 

§ 61. We proceed now to arrange the substitutions of a transi- 
tive group in a table. The first line of the table is to contain all 
those substitutions 

which leave the element x^ unchanged, each substitution occurring 
only once. From the definition of transitivity, there is in the given 
group a substitution ^2 which replaces x^ by X2* For the second line 
of the table we take 



^2 » ^2^2 > ^^2 » • • • ^m*^-2 • 



Digitized by 



Google 



72 THEORY OF SUBSTITUTIONS. 

We show then, 1) that all the substitutions of this line replace Xi by 
X2; for every 8\ leaves Xi unchanged and (t^ converts Xi into X2] 2) 
that all the substitutions which produce this effect are contained in 
this line; for if t replaces a?, by x^', t<t2~* leaves x^ unchanged and is 
therefore contained among the Sa's; but from 7^2"^ = ^a it follows 
that T = s\(T2\ 3) that all the substitutions of the line are distinct; 
for if 8a^2 = ^^'^2» we obtain by right hand multiplication by <t2~S 
Sa = sp', 4) that the substitutions of the second line are all different 
from those of the first; for the latter leave x^ unchanged, while the 
former do not. 

We select now any substitution <r.^ which converts Xi into x^ and 
form for the third line of the table 

The substitutions of this line may then be shown to possess proper- 
ties similar to those of the second. We continue in this way until 
all the substitutions of the group are arranged in n lines of m sub- 
stitutions each. We have then 

Theorem II. If the number of substitutions of a transi- 
tive group, which leave any element x^ unchanged, is m, the order r 
of the group is mn, i, e., always a multiple of n. 

The following extension of this theorem is readily obtained: 

Corollary. If x„, Xi„Xc, . . . are any arbitrary elements of 
the group G, and if m is the order of the subgroup of G which 
does not affect these elements, then the order of G is mn', where n' is 
the number of distinct systems of elements Xa, x^, Xy, , , . by which 
the substitutions of G can replace x^, Xi,Xc, . , . 

§ 62. A group is said to be k-fold transitive when its substitu- 
tions permit of replacing k given elements by any k arbitrary ones. 
It can be readily shown that any k arbitrary elements can then be 
replaced by any k others. The definition includes the case where 
any number of the k elements remain unchanged. A A?- fold transi- 
tive group must contain one or more substitutions involving any 
arbitrarily chosen cycle of the k^^ or any lower order. Thus in a 
four- fold transitive group there must be substitutions which leave 
Xi and X2 unchanged but interchange x^ and Xi, and which are there- 
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fore of the form (xi) {x^ (x^x^ . . . The same group must also 
contain a substitution which leaves ajj, a?2, x^^ x^ all unchanged; this 
may of course be the identical substitution. 

For an example of a three-fold transitive group we may take the 
alternating group of 5 elements. If, for instance, we require a sub- 
stitution which leaves x.2 unchanged and replaces x^ and x^ by x^ and 
073 respectively, the circular substitution S = {x^x^x^ satisfies these 
conditions, and, being equivalent to the two transpositions {x^Xr^ {xiX^^ 
belongs to the alternating group. This same alternating group can- 
not however, be four-fold transitive, for it must then contain a sub- 
stitution which converts cci, a?2, ojg, CC4 into cc,, ccg, ajg, x^ respectively; 
this could only be the transposition {x^x^^ tind this cannot occur in 
the alternating group. 

In general, we can show that the alternating group of n ele- 
ments is always (n — 2)- fold transitive. The requirement that any 
(n — 2) elements shall be replaced by (n — 2) others may take any 
one of three forms. In the first place it may be required that 
(n — 2) given elements shall be replaced by the same elements in a 
different order, so that two elements are not involved. Secondly, 
the requirement may involve (n — 1) elements, or, thirdly, all the n 
elements. 

In the first case suppose that <7 is a substitution which satisfies 
the conditions, and let r be the transposition of the two remaining 
elements. Then (tt also satisfies the conditions, and one of the two 
substitutions (t, <tt belongs to the alternating group. 

If (n — 1) elements are involved, suppose that the remaining 
element is a;„, so that neither the element which replaces a?„ nor that 
ivhich Xn replaces is assigned. The elements which are to replace 
iCi, 072? • • • ^n-i are all known with the exception of one. Suppose 
that it is not known which element replaces x„_^. Then from the 
elements cci, a?2, . . . a;«_i we can construct one substitution which 
satisfies the requirements, say tr^ (... a?a a?„_i cc^ ...).. . , and from 
the n elements a second one, only distinguished from the first in the 
fact that a?^i is followed by 0?^, thus r = (. . . a7„a;„_ia;„a?6 . . .) 
= (T . {xi,x„). Then either <r or r belongs to the alternating group. 

Finally, if all the n elements are involved, there are two elements 
for which the substituted elements are not assigned Suppose these 
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to be a7„_i and a*„. If now the elements are arranged in cycles in 
^he usual manner, there will be two cycles which are not closed, the 
one ending with x^'_i, the other with a?„. We can then construct 
two substitutions <t and r which satisfy the requirements, the one 
being obtained by simply closing the two incomplete cycles, the other 
by uniting the latter in a single parenthesis. From Chapter II, 
Theorem XI, it then follows that either *Torr belongs to the alterna- 
ting group. 

The alternating group of n elements is therefore at least (n — 2)- 
fold transitive. It cannot be (n — l)-fold transitive, since it contains 
no substitution which leaves ir,,a?2, . . . x„_2 unchanged, and con- 
verts x„_i into a?„. 

§ 63. If G^ is a A:-fold transitive group, the subgroup G' of G 
which does not affect Xi will be (k — l)-f old transitive; the subgroup 
G" of 6r' which does not affect X2 will be (A; — 2)-fold transitive, 
and so on. Finally the subgroup G^c*"*) which does not affect 
Xi, X2, . . . X]i,_i will be simply transitive. Applying Theorem II 
successively to G^^~^\ . . . G'\ 6r', G, we obtain 

Theorem III. The order r of a k-fold transitive group is 
equal to n{n — 1) (n — 2) . . . {n — A; + 1) m, where m is the order of 
any subgroup which leaves k elements unchanged, 

§ 64. A simply transitive group is called non-primitive whea 
its elements can be divided into systems, each including the sam& 
number, such that every substitution of the group replaces all the 
elements of any system either by the elements of the same system 
or by those of another system. The substitutions of the group can 
therefore be effected by first interchanging the several systems as 
units, and then interchanging the elements within each separate sys- 
tem. 

A simply transitive group which does not possess this property- 
is called primitive. 

For example, the groups 

Gi = |_1, QXiX2)y (XgOJ^), (a7iiK2) \X^X^), \XiX^) {X2X^), {XiX^} {x^^)y 

yXiX^^^Jy \.*^1»^4»^2*^3/Jj 
G2 = 1 1, (^i^2»^3/> {p^iP^b'^Q/l (.•^7*^8*^9/> {XiX^X^2*^Q*^l*^S'^4p^s) J 



Digitized by 



Google 



GENERAL CLASSIFICATION OF GROUPS. 75 

are both non-primitive. O^ has two systems of elements, x^, X2 and 
0-3, x^; O2 has three systems, cc,, a?2, a?8j ^4> ^5> ^6> ^^^ x-i^x^^x^. 

The powers of a circular substitution of prime order form a 
primitive group, e, g, G^3 = [1, (xiX^.s\ (aJiiCaaJa)]' 

The powers of a circular substitution of composite order 
form a non-primitive group. If the degree of the substitution is 
n =^1**! .j^a*** vPa^s . . . , where Pi, P2> Ps? • • • are the different prime 
factors of n, the corresponding systems of elements can be selected 
in [(<xi + 1) (aj + 1) («8 + 1) • • • — 2] different ways, as is readily seen. 
For example, in the case of the group 

ur^ = |_1, \XYX2XQXiX^XQ)y [XiXi^X^) {X2X^X(^)j \XiX^) yX2X^) [X^Xq)^ 

(^iXJjiXJsiJJaj {X2X(^x^)y \XiXqXqX^x^X2) jj 
we may take either two systems of three elements each, a?i , xL Xr^ and 
^2? i»4j ^6> or three systems of two elements each, Xi^Xi, X2, x^^ 
and a?3, x^, 

A theorem applies here, the proof which may be omitted on 
account of its obvious character: 

Theorem IV. //", for a non-primitive group, the division 
of the elements into systems is possible in two different ways such 
that one division is not merely a subdivision of the other, then a 
third mode of division can also be obtained by combining info a 
new system the elements common to a system of the first division 
and one of the second. 

It must be observed that a single element is not to be regarded 
as a "system'^ in the present sense. Thus the group (r^ above 
admits of only two kinds of systems. 

§ 65. The elements of a non-primitive group G can be ar- 
ranged in a table, as follows. The first line contains all and only 
those substitutions 

Sj = 1, S2, S3, . . , s^ 

which leave the several systems unchanged as units, and which 
accordingly only interchange the elements within the systems. (The 
line will of course vary with the particular distribution of the ele- 
ments in systems.) 

From the definition of transitivity, (for the names "primitive" 
and "non-primitive" apply only to simply transitive groups), there 
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must be in the given group a substitution a.^ which converts any ele- 
ment Xa of one system into an element Xj of another system, and 
which consequently interchanges the several systems in a certain 
way. For the second line of the table we take 

We show then, 1) that all the substitutions of this line produce the 
same rearrangement of the order of the systems as ^2] for every Sa 
leaves this order unchanged; 2) that all substitutions which produce 
the same rearrangement of the systems as (t^ are contained in this 
line; for if r is one of these, then T<y2~* = «A> so that t = 8;^(T2\ 3) 
that all the substitutions of the second line are different from one 
another; and 4) that they are all different from those of the first 
line. 

If there is then still another substitution (t^ which produces a 
new arrangement of the systems, this gives rise to a third line which 
* possesses similar properties, and so on. 

Theorem V. If a non-primitive group G contains a sub- 
group Gi of order m which does notsinterchange the several systems 
of elements, the order r of G is equal to mq, where q is a divisor of 
/jlI, IX being the number of systems. 

§ 66. If we denote the several systems, regarded, so to speak, 
as being themselves elements, by Ai, A2, . . . A^, then all the substi- 
tutions of any one line of the table above, and only these, produce 
the same rearrangement of the Ai, A2, . . . A^. To every line of the 
table corresponds therefore a substitution of the A's, the first line, 
for example, corresponding to the identical substitution, etc. These 
new substitutions we denote by §1 = 1, §2> • • • ^2- I^ is readily seen 
that they form a new group (S. For the successive application of 
§a and §/3 to the elements A produces the same rearrangement of 
these elements as if the corresponding (t^ and (t^ were successively 
applied to the elements x. Accordingly, since <y„<T|3 = /ry, we have 
also §a§^ = ^Yy where §y corresponds to the line of the table above 
which contains ffy. The system of §'s therefore possesses the char- 
acteristic property of a group. 

We perceive here a peculiar relation between the two groups G 
and ®. To every substitution s of the former corresponds one sub- 
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stitution § of the latter, and again to every § of @ corresponds either 
one substitution, or a certain constant number of substitutions 8 of O. 
And this correspondence is moreover of ffuch a nature that to the 
product of any two s's corresponds the product of the two corres- 
ponding §'s. 

If to every § there corresponds only one s, then there is only one 
substitution, identity, in @ which leaves the order of the systems A 
unchanged. The two following groups may serve as an example of 
this type. Suppose that 

G = [1, {X1X2) (X^X^) {x^Xq\ (XiX^) (x^Xq) (x^X^), (x^X^Xq) (XjiCsiTa), 
i^XiX^) {X2X^) y^s*^^)^ V*^i^e*^4/ (^2*^8*^5/ J» 

Here the systems Aj, A2, and A^ are composed respectively of Xi 
and X2, ojg and Xq, and aj^ and 075. The corresponding substitutions 
of the A^B form the group 

@ = [1, (A2A3), (A^O, (A^A.A,), (A,A,\ (AA^Aa)]. 

A § 67. We examine more closely the subgroup 

^l ^= L^l > ^2) ^35 • • • ^mj 

of the group G^ of § 65. Since Oi cannot replace any element of 
one system by an element of another system, it follows that Gi is 
intransitive. Any arbitrary substitution t of G transforms Gi into 
~^Git= G\. The latter is also a subgroup of G^; it is similar to Gi ; 
and it evidently does not interchange the systems of G, It follows 
that G\ = G,. 

Suppose that any system of a non-primitive group consists of the 
elements x\, x\^ aj'g, . . . The subgroup G, therefore permutes the 
elements x' among themselves. We proceed to examine whether 
these elements are transitively connected with one another by the 
group Gi, or whether this is the case only when substitutions of G 
are added which interchange the systems of elements. Suppose 
that cc'i,'a?'2, . . . Jc'a, and again x\^^^ , , ,x'^^ etc., are transitively 
connected by Gi* Then G contains a substitution of the form 
^ = (a;'ia:'a+i ...)•••? *^^ since t~^G^t= G^ it follows that t re- 
places all the elements a:'i, 0/3, . . . a^'a by a?'a_|_i'. : . o?'^! Further 
consideration then shows that x\, oj'g', . • . ^'a form a system of non* 
primitivity. 
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Accordingly if the systems of non-primitivity are chosen at the 
outset as small as possible, then the group O^ connects all thef ele- 
ments of every system transitively. 

Assuming the systems to be thus chosen, we direct our attention 
to those cycles of the several substitutions of G^ which interchange 
the elements x\^ ar-'g, ... of any one system of non-primitivity. 
These form a transitive group H', Similarly the components of the 
several substitutions of G^ which interchange the elements a?,(*\ x^^"-^. . . 
of any second system form a group H<^°-\ The groups H\ IT', . . . 
are similar, for if t = (x\xi^'^K ..)... is a substitution of G, then 
the transformation t~^Git=Gi will convert H' into jEr(*). The order 

fl TV 

of H' is a multiple of — and a divisor of — ! , where m is the number 
of systems of non-primitivity. 

§ 68. The following easily demonstrated theorems in regard to 
to primitive and non- primitive groups may be added here: 

Theorem VI. If from the elements x^^ x^, , , , x„ of a tran- 
sitive group G any system x\, x'2', . . . can be selected such that 
every substitution of G which replaces any x'a by an x'^ permutes 
the x'^s only among themselves^ then G is a non-primitive group. 

Theorem VII. If from the elements cc,, a^g, . . . a7„ of a 
transitive group G two systems x\, x\^ ... and x'\,x"2, . • . can be 
selected such that any substitution which replaces any element x'a 
by an x''p replaces all the x' 's by x" 's, th^n G is a non primitive 
group. 

Theorem VIII. Every primitive group G contains substi- 
tutions which replace an element x'aof any given system x\^ x\, , . , 
by an element of the same system, and which at the same time replace 
any second element of the system by some element not belonging to 
the system. * 

§ 69. The preceding discussion has led us to two general prop- 
erties of groups which, together with transitivity and primitivity, 
are of fundamental importance. 

In § 67 the subgroup G^ of G possessed the property of being 
reproduced by transformation with respect to every substitution t of 

♦Rudio: Ueber primitive Grup pen. Crelle CI. p. 1. 
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G, SO that for every t we have t~^Git=Gi, We may conveniently 
indicate this property of Gi by the equation 

G-'GiG=Gi or G,G=GG,. 

It is to be observed however that this notation must be cautiously 
employed. For example, if Gi is any subgroup of G, we have 
always Gi~'^GGi = G, and from this equation would apparently fol- 
low GGi = GiG, and consequently Gi = G~^ G^ G, Bat this last 
equation holds only for a special type of subgroup G^ . The reason 
for this apparent inconsistency lies in the fact, that in the equation 
G"' GiG=Gi the two 6r's represent the same substitution and the 
two Gi *s in general different substitutions, while in the equation 
G{~^ GGi= G the reverse is the case. 

We introduce here the following definitions. 

1) Two substitutions Si and Sa ci^e commutative * if 

0|02 — ^2^1 ' 

2) A substitution Si and a group H are commutative if 

s,H=H8,. 

3) Tivo groups H and G are commutative if 

HG=GH, 

The last equation is to be understood as indicating that the product 
of any substitution of H into any substitution of G is equal to the 
product of some substitution of G into some substitution of H^ so 
that, if the substitutions of G are denoted by s and those of H by f, 
then 

for every « and [i. 

Under 2) s^ may be a substitution of H\ for s^ and H are then 
always commutative. Under 3) a case of special importance is that, 
an instance of which we have just considered, for which If is a sub- 
group of G. In this case Sa and sg of the equation Sgt^ = tyS^ are 
always to be taken equal. 

A subgroup H of any group G, for which G~^HG = H, is called 
a self- conjugate subgroup of G, 

•German: " vertauschbar"; French : •*6changeaWe", retained as "interchangeable " 
by Bolza: Auier. Jour. MatU. XIII, p. 11. 
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The following may serve as examples: 

1) The substitutions Sj = {x^x^^ {x^x^x^^ 82 = {x^x^ {^^^ (^s^e) 
are commutative; for their product is (x^x^x^x^x^^^ independently 
of the order of the factors. 

Every power «* of any substitution 8 is commutative with every 
other power 8^ of the same substitution. 

Two substitutions which have no common element are commuta- 
tive. 

2) The group H = [1, (x^x.^) (0:3X4), (xiX^) (xgX^), {x^Xi) (x^^)'] is 
commutative with every substitution of the four elements a?i , a?2 , 

The alternating group of n elements is commutative with every 
substitution of the same elements. 

3) The group H of 2), being commutative with the symmetric 
group of the four elements Xi,X2,X3,x^,ia a self -conjugate sub- 
group of the latter. 

The alternating group of n elements is a self -con jugate sub- 
group of the corresponding symmetric group. 

Every group G of order r, which is not contained in the alterna- 
ting group A, contains as a self- conjugate subgroup the group H of 
order ^ composed of those substitutions of G which are contained 
in A (Theorem VIII, Chapter II). 

The identical substitution is, by itself, a self-conjugate sub- 
group of every group. 

§ 70. We may employ the principle of commutativity to further 
the solution of the problem of the construction of groups begun in 
Chapter II (§§ 33^0). 

All substitutions of n elements which are commutative with any 
given substitution of the same elements, form a group. 

For if f 1 , ^2 • • • are commutative with s, it follows from 

Cj oCj — o, J/2 ST2 — o, 

that 

(M,)-'8(<i<2)=8, 

s 

so that the product ^1^2 also occurs among the substitutions t 

All substitutions of n elements which are commutative with a 
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given group G of the same elements form a group which contains G 
as a self-conjugate subgroup. 

For froln 

tr'Gt,= G, t2-'Gt2=G, 
follows 

itA)-'0{t,t,)=G; 

and among the f s are included all the substitutions of G, 

If two commutative groups G and H have no substitution^ e^^^pt 

the identical substitution, in common, then the order of the smallest 

group 

K=\0,H\ 

is equal to the product of the orders of G and H, 

§ 71. If a group G of order 2r contains a subgroup H of 
of order r, then H is a self-conjugate subgroup of G, 

For if the substitutions of H are denoted by 1, Sa, Sg, . . . s^, and 
if t is any substitution of G which is not contained in H, then 
t, ts2, ts3, , , , tSr are the remaining r substitutions of G. But in the 
same way, t, Szt, s^t, . , .sjt are also these remaining substitutions. 
Consequently every substitution Sat is equal to some f s^, that is, Wf 
have in every case t~^s^t = Sa, and therefore G~^ H G = H, 

If a group G contains a self-conjugate subgroup H and any 

other subgroup K, then the greatest subgroup L common to H and 

K is a self-conjugate subgroup of K, If the orders of G, H, K, L 

Q k 

are respectively g, h, k, Z, then —■ is a multiple of — . 

For if s is any substitution of K, then s~^Ls is contained in K, 
since all the separate factors s"\ A s are contained in K. But 
8~^Ls is also contained in H, for L is a subgroup of H and 
s~^Hs = II. Consequently s~^Ls is contained in L, and, as these 
two groups have the same number of substitutions, we must have 
s~^Ls = L, and L is a self- conjugate subgroup of K. 

The relation between the orders of the four groups follows at 
once from the formula of Frobenius (§ 48). We have only to take 
for the K of this formula the present group H, and to put all the 

d, , da, . . . d^ equal to I, We have then ~r = — . 
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A self-conjugate subgroup of a trcmsitive group either affects 
every element of the latter, or else it consists of the identical substi- 
tution alone. 

For if H= 0~^H0 is a self -conjugate subgroup of the transi- 
tive group Gj and if Hdoes not affect the element a?i, then, since O 
contains a substitution Sa which replaces x^ by Xx, it would follow 
that Sf,~^Hsi, = H would also not affect o^a, that is, that ff would 
not affect any element. 

If a self-conjugate subgroup of a transitive group G is intransi- 
tive^ then G is non-primitive and H only interchanges the elements 
within the several systems of non-primitivity. 

. For suppose that Xi and x\ belong to two different systems of 
intransitivity with respect to H, Then G contains a substitution Sa 
which replaces Xi by Xa, and since Sk~^Hsk = H, it follows that 
S\~^HS)^ must replace cca only by elements transitively connected 
with X\ with respect to H. But Sa~^ replaces X\ by Xi and H re- 
places Xi by every element of the same system of intransitivity with 
a?!. Consequently the remaining factor Sa must replace every ele- 
ment of the system containing a?, by an element of the system con- 
taining Xx. The systems of intransitivity of H are therefore the 
systems of non primitivity of G. 

§ 72. Another important property is that of the correspond- 
ence of two groups, of which an instance haa already been met 
vnth in § 66. The two groups G and @ of this Section were so 
related that to every substitution s of G corresponded one substitu- 
tion § of ®, and to every § corresponded a certain number of s's. 
The correspondence was moreover such that to the product of any 
two s's corresponded the product of two corresponding §'s. 

We may consider at once the more general type of correspond- 
ence,* where to every substitution of either group correspond a 
certain number of substitutions of the other, and to every pro- 
duct SaSp corresponds every product §a§/3 of corresponding §'s and 
vice versa. We may then readily show that to every substitution of 
the one group correspond the same number of substitutions of the 
other. For if to 1 of the group G correspond 1, §2» §3? • • • §« of ®, 

* A. Capelli : Battagliui Gior. 1878, p. 32 seq. 
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then, if g corresponds to s, all the substitutions §, §§2, ^§3, . . . §§g 
correspond to s, by definition. Conversely, if any substitution §' 
corresponds to «, then §"*§' corresponds tos~*s=l, and therefore 
§~^§' is contained in the series 1, §2, §3, ... S^. Consequently the 
series §, §§2> ^^3> • . . ^^q contains all the substitutions of @ which cor- 
respond to 8, and the number q is constant for every s. Similarly 
to every § correspond the same number p of the substitutions s. 

It is evident at once that 

the substitutions of G (@) which correspond to the identical substi- 
tution of @ (G) form a group U (©) which is a self- conjugate sub- 
group ofG (©). 

The correspondence of two groups as just defined is called iso- 
morphism. If to every substitution of G correspond q substitutions 
of @, and to every substitution of ® p substitutions of G, then G 
and ® are said to be (p-qyfold isomorphic^ or if p and q are not 
specified, manifold isomorphic. If p = g = 1, the groups are said 
to be simply isomorphic, * 

Examples. 

I. The groups 

G- = |_J, \X1X2) (pCz^r^) (^^40^5), {X\X2) \X2X^) {x^x^jy {x^jc^) \X2X^^) (x^pc^), 

{XiX^X^J V*^2'^3*^4/> \p^V^Q*^b) \»^2*^4'^3/J> 
-' ^^ L-'-J (^1^2)> (^1^3)) (^2^3/? (^1^2^3)) (^1^3^2)J 

are simply isomorphic, the substitutions corresponding in the order 
as written. For if any two substitutions of (r, and the corres- 
ponding substitutions of 1\ are multiplied together, the resulting 
products again occupy the same positions in their respective groups. 

II. The groups 

G = l1, (iCia?2)J, i = [1, \-»Y^2) (^S"-*)? (^l-»3) (^2^4) J (^1^4) (^'i'-S/J 

are (I -2) -fold isomorphic. Correaponding to 1 of G we may take, 
beside 1, any other arbitrary substitution of V, It follows that F is 
simply isomorphic with itself in different ways. 

* ('/. Camille Jordan : Traits etc., § 07-74, where the luimi-s *' holordrlc " and 'merl- 
iedric" isomorphism are employed. These have been retainetl by ijolza: Amer. Jour, 
Vol.XIII. The "simply, manifold, (p-g)-f old isomorphic " sibove represent the "eln- 
stuflg, mehrstullg, (p-g)-stuflg isomorph " of the German edition. 
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m. The groups 

6J^ = [1, (x^x^) (x^x,), (xiX^) (x^i), (xix^) (ajjajg)], 

r=[i, (e,e^), (^,^3^,), (e,e,), (e.^a), (^^^3)] 

are(2-3)-fold isomorphic. To the substitution 1 of G correspond 
1> {^A^z)y (^i^s^a) of r, and conversely to 1 of T correspond 
1, {X1X2) (x^Xi) of G. 

§ 73. If O and F are {m-n)'fold isomorphic^ then their orders 
are in the ratio of m: n. 

If Lis a self-conjugate subgroup of 6r, and if A is the corres- 
ponding subgroup of T, then A is a self-conjv^ate subgroup of F. 

For from G~^LQ = L follows at once F-^A F= A, In the case 
of (2>-l)-fold isomorphism, it may however happen that the group 
A consists of the identical substitution alone. 

§ 74 Having now discussed the more elementary properties of 
groups in reference to transitivity, primitivity, commutativity, and 
isomorphism, we turn next to certain more elaborate investigations 
devoted to the same subjects. 

The m substitutions of a transitive group O which do not affect 
the element x^ form a subgroup Gi of 6r. Similarly the substitutions 
of O which do not affect X2 from a second subgroup O2, and so on 
to the subgroup G„ which does not affect x^. All these subgroups 
are similar; for if tr^ is any substitution of G which replaces Xi by 
Xa, we have <r^~*(?i<ra= 0^2- The groups Ga are therefore all of 
order m. 

If now we denote by [g] the number of those substitutions of Gi 
which affect exactly g elements but leave the remaining {n — q — 1) 
unchanged, then [g] is also the corresponding number for each 
of the other groups G2, G^, , . . Gn- It follows then from the mean- 
ing of the symbol [g] that 

m=[«-l] + [n-2]+...+[3]+...+[2] + [e]i 

where the symbol [1] does not of course occur, and [0] = 1. 
Gi, G2, . . , Gn therefore possess together n[n — 1] substitutions 
which affect exactly (n — 1) elements. These are all different, for 
any substitution which leaves only Xa unchanged occurs in Ga, but 
cannot also occur in Gp, But this is not the case with substitutions 
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which affect exactly (n — 2) elements; for if any one of these leaves 
both Xa and Xf^ unchanged, it will occur in both (j« and G/s. Accord- 
ingly every one of these v\n — 2] substitutions is counted twice, 
and 6r therefore contains ^n[n — 2] substitutions which affect 
exactly (w — 2) elements. Similarly every one of the n[g] substitu- 
tions of q elements which occur in (tj, Gj? • • • ^» is counted (n — q) 

times, and there are therefore only [g] different substitutions 

in Q which affect exactly q elements. We have then for the total 
number of substitutions in G, which affect less than n elements 

If this number is subtracted from that of All the substitutions in G, 
the remainder gives the number of substitutions in G which affect 
exactly n elements. But from Theorem 11 

r = mw = n\n — 1] + n\n — 2] + . • • + ^M + • . . + w[0], 

and consequently the required difference N is 

»(i[»-2] + |[n-3]+ . . . + 2^M + . . . +!^[0]). 
No term in the parenthesis is negative. The last one is equal to 
since [0] = 1. Consequently N>^ (n — 1). 

Theorem IX. Every trandiiive gromp contains at least 
(n — 1) substitutions which affect all the n elements. If there are 
mare than {n — 1) of these, then the group also contains substitu- 
tions which affect less than (n — 1) elements,* 

Corollary. A k-fold transitive group contains substitutions 
which affect exactly n elements, and others which affect exactly 
(^ — 1), (n — 2), . . . {n — A; + l) elements. 

Those substitutions which affect exactly k elements we shall call 
substitutions of the 1^^ class. We have just demonstrated the 
existence of substitutions of the n^^ , or highest class. 

If we consider a non-primitive group G, there is (§ 66) a second 
group ® isomorphic with G, the substitutions of which interchange 

•C. Jordan: Liouville Jour. (2). XVII. p 361. 
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the elements Ai^ A^^ , , , A^ exactly as the corresponding substitu- 
tions of' G interchange the several systems of non-primitivity. 
Since G is transitive, @ is also transitive. From Theorem IX fol- 
lows therefore 

Theorem X. Every non-primitive group G contains aubsti- 
tutions which interchange all the systems of non-prxmitivity, 

§ 75. We construct within the transitive group G the subgroup 
H of lowest order, which contains all the substitutions of the high- 
est class in G, and prove that this group H is also transitive. 

H is evidently a self-conjugate subgroup oi G. U H were 
intran3itive, G ocmst then be non-primitive (Theorem VI). If this 
is the case, let @ be the group of § 66 which afPeots the systems 
Ai, Azj . , . Aft, regarded as elements. @ is transitive. To substitu- 
tions of the highest class in @ correspond substitutions of the high- 
est class in G. (The converse is not necessarily true). Suppose that 
^ is the subgroup of the lowest order which contains all the substi- 
tutions of the highest class in @. To ^ then corresponds either Hor 
a subgroup of JET. If § is transitive in the A% H is transitive in the 
oifs. The question therefore reduces to the consideration of the 
groups @ and ^. ^ can be intransitive only if @ is non- primitive 
and G^ accordingly contains more comprehensive systems of non- 
primitivity. If this were the case, we should again start out in the 
same way from @ and $, and continue until we arrive at a primitive 
group. The proof is then complete. 

Theorem XI. In every transitive group the substitutions of 
the highest class form by themselves a transitive system. 

§ 76. Suppose a second transitive group G' to have all its sub- 
stitutions of the highest class in common with G of the preceding 
Section. If then we construct the subgroup JET' for G', correspond- 
ing to the subgroup H of G, we have H' = H. 

Moreover the number Ni of the substitutions of the highest class 
in If is 

-G[«-2H-|[«-3]. + . .+^^=?=iM.+ . . +^[0]),). 

where [q]i has the same relation to -HT as [g] to G, But the number 
-^1 is, as we have just seen equal to the ^ of § 74 Consequently 
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»H([«-2]-[n-2].) + |([n-'3]-[«-3],)+ . • • 

Bat, since H is entirely contained in G, it follows that [^]=[^]i, 
and therefore the left hand member of the equation above can only 
vanish if each parenthesis is 0. Consequently O and & can only 
differ in respect to substitutions of the (n — 1)*^ class. 

Theorem XII. If two transitive groups have all their sub- 
stitutions of the highest class in common^ they can only differ in 
those substitutions which leave only one element unchanged. 

§ 77. Let O be any transitive group and Oi, G2, . : . On those 
subgroups of G which do not affect a;,,a;2, . . . a;« respectively. 
These groups are, as we have seen, all similar. If now G, , and con- 
sequently G2, , , . G„^ are A;-fold transitive, then G is at least (A?+ 1)- 
f old transitive. For if it be required that the {k -\- 1) elements 
a?!, o^a, . . . ajfc+i shall be replaced by a;,j, Xi^, . , .Xi,^^^ respectively, we 
can find in G some substitution s which replaces iCi, cca? ^> • • • ^fc+i 
by Xi^,Xj^,XH^,...Xj,j^^^, where Xj^^Xj,^,,,. may be any elements 
whatever. Again (r^j contains some substitution t which replaces 
^^2? ^^85 • • • ^y ^h^ ^<8> • • • Consequently the substitution sf of 
G satisfies the requirement. 

From this follows the more general 

Theorem XIII, If a group G is at least k-fold transi- 
tive, and if the subgroup of G which leaves k given elements un- 
changed is still h-fold transitive, then G is at least {k + hyfold tran- 
sitive,^ 

§ 78. Suppose that those substitutions of a A;-fold transitive 
group Gy which, excluding the identical substitution, affect the 
smallest number of elements, are of the q^^ class, i, e., that they 
affect exactly q elements. The question arises whether there is any 
connection between the numbers k and q. 

In the first place suppose fc^g, and let one of the substitu- 
tions of the q^^ class contained in G^ be s = (x^Xi ...)...(... cc^- 1 x^). 
Then, on account of its A:- fold transitivity, G also contains a substitu- 

*G. Frobenius: Ueberdie Congruenz nacb einem aus zwei endlichen Gruppen geb- 
ildeten Doppelmodul. Crelle CI. p. 290. 
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tion er, which replaces a^i, iC2^. ..iCg-i, x^hyx^, aJa,... a?j_i, ir^c (x>q), 
and which is therefore of the form 

ff = (a?,) (aJa) . . . (ajj^i) {x^^ . . .). 
We have then 

(tT-'8tT)8-^ = l(xix<i ...)...(... i»,_,aj«)]«-' = (x^-iX^x^), 

and since this substitution affects only 3 elements, it follows that 

Secondly, suppose k<q. The substitutions of the ^ class may 
then be of either of the f omis 

«1 = {^iX^ ...)•• •(• • • ^k-iXt ...)•••(•. •««)> 
8^z=(x,x^ ...).. .(. . . a?;t_i) (aji ...)...(• . .a?,). 
In the first case we take 

^i = (xi){x2) . . . {xj,.,){XiX^ . . .) (k + l)<x<q, 
and in the second 

^2 = (a?i) (aJa) . . . (a^*_i) (aJ^iTA . . . ) ^ > g.' 
It is evident that both are possible, if in the latter case it is 
remembered that n > g. We obtain then 

^r\*fi = (aJjiCa ...)...(... x„^,x^ . . .), 
ff2-\(T2 = (xiX2 ...)•.(... aJfc_i)(a;A . . .)> 
and if we form now (<yi~*Si<yi)«i~S the first (A; — 2) elements are 
removed, and there remain, at the most, q-{-(.Q — ^) — Qc — 2) 
= 2q — 2A: + 2. Similarly, if we form (<T2~^Sa'^2H"~S^© first (^ + 1) 
elements are removed, and there remain, at the most, q + {q — k + 1) 
— (A; — l) = 2q — 2A: + 2. By hypothesis, this number cannot be 
less than g. Consequently 

g>2A:— 2. 

Theorem XIV. If a k-fold transitive group contains any 
substitution, except the identical substitution, which affects less 
than {2k — 2) elements, it contains also substitutions which affect at 
the most only three elements. 

This theorem gives a positive result only if A: > 2. In this case, 
by anticipating the conclusions of the next Section, we can add the 
following 
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Corollary. If a k-fold transitive group k>2 contains sub- 
stitutions, different from identity, which affect not mm * o ' than 
{2k — 2) elements, it is either the alternating or the symmetric group. 

We may now combine this result with the corollary of Theorem 
IX. If G is k-io\d transitive, it contains substitutions of the class 
(n — A; + l)- Accordingly q^{n — fc + 1)- If G is neither the 
alternating nor the symmetric group, q>{2k — 2). Consequently 

(n— A:+l) > (2fc— 2) and A;<^^4^. 

Theorem XV. If a group of degree n is neither the alter- 
nating nor the symmetric group, it is, at the most, I -^r- + 1 \-fold tran- 
sitive. 

That the upper limit of transitivity here assigned may actually » 
occur is demonstrated by the five-fold transitive group of twelve 
elements discovered by Matthieu, 

\T ^^^ ^ ypcdCiX^x^) ypc^ocKpCi^Xif, ypcijc^oc^oci) yoCiOC^pc^pc^), 

(y^x) (x^x^) (x^x^) (x^x^), (y^y,) (x^x^) {x^x^) {x^x^), 
(yzyi) (^1^5) (^s^^t) (^'4^6), {ViVz) (^1^3) (^^4^5) (^6^7) ( • 

§ 79. Theorem XVI. // a k-fold transitive group {k>l) 
contains a circular substitution of three elements, it contains ihe 
alternating group. 

Suppose that s — (x^x.;fC'^ occurs in the given group G. Then, 
since G is at least two- fold transitive, it must contain a substitution 
ij — (iTg) {x^x^Xx ...)... and consequently also 

r r= (T - 's<7 = {X^X^X^, T ~ ^ S r = {x^X^^^. 

In the same way it appears that G contains 

{XylC^X^, \X\X<fC^, ... 

Consequently (§ 35) G contains the alternating group. 

Theorem XVII. If a kfold transitive group {k> 1) con- 
tains a transposition, the group is symmetric. 

The proof is exactly analogous to the preceding. 
For simply transitive groups the l^^st two theorems bold only 
6a 
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under certain limitations, as appear from the following instances 

(?l = [1, (X^X^), (X^^), (X^^) (X^X^), (XiXs) (X^i), (XiX^) (x^), 
(XiX^^;), (XiX^X^^)'], 

IT2 = ^ Ij \XiX^^)j V*^i*^5*^6J9 '•^7*^8*^9/> \*^1*^5»^9«^2^6*^7*^8*^**^8/ J * 

Both of these are transitive. Bnt the former contains a substi- 
tution of two elements, without being symmetric, and the latter a 
substitution of three elements without being the alternating group. 

§ 80. An explanation of this exception in the case of simply 
transitive groups is obtained from the following considerations. 

If we arbitrarily select two or more substitutions of n elements, 
it is to be regarded as extremely probable that the group of lowest 
order which contains these is the symmetric group, or at least the 
, alternating group. In the case of two substitutions the probability 
in favor of the symmetric group may be taken as about |, and in 
favor of the alternating, but not symmetric, group as about 4* 
In order that any given substitutions may generate a group which 
is only a part of the n\ possible substitutions, very special relations 
are necessary, and it is highly improbable that arbitrarily chosen 

(oc Of* or '\ 

XX- X ) s^o^^ satisfy these conditions. The 

exception most likely to occur would be that all the given substitu- 
tions were severally equivalent to an even number of transposi- 
tions and would consequently generate the alternating group. 

1 i Xtx general, therefore, we must regard every transitive group 

which is neither symmetric nor alternating, and every intransitive 
group which is not made up of symmetric or alternating parts, as de- 
cidedly exceptional. And we shall expect to find in such cases 
special relations among the substitutions of the group, of such a 
nature as to limit the number of their distinct combinations. 

Such relations occur in the case of the two groups cited above. 
Both of them belong to the groups which we have designated as 
non-primitive. In Gy^ the elements x^ , x^, form one system, and 
X3, x^ another; it is therefore impossible that G^ should include, for 
example, the transposition (x^x^. In G^ there are three systems of 
non-primitivity x^^x^^x^^ x^yX^yX^, and x^jX^^x^^ Cr^ therefore 
cannot contain the substitution (xiX^Xt). 
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It is, then, eyidently of importance to examine the influence of 
primitivity on the character of a transitive group, and we turn our 
attention now in this direction. 

§ 81. With the last two theorems belongs naturally 

Theorem XVIII. If a primitive group contains either of 
the two substitutionB 

it contains in the former case the alternating^ in the latter the sym- 
metric group. 

The proofs in the two cases are of the same character. We give 
only that for the latter case. 

From Theorem VIII, the given group must contain a substitu- 
tion which leaves x^ unchanged and replaces X2 by a new element 
a?3, or which leaves X2 unchanged and replaces x^ by a new element 
u?8, or which replaces x^ by X2 or X2 by x^ and the latter element in 
either case by a new element x^. If then we transform r with 
respect to this substitution, we obtain a transposition r' connecting 
either x, or X2 with x^, ioi example r' = {x^x^. The presence of r 
and r' in the group shows that the latter must contain the symmet- 
ric group of the three elements Xi^X2^x^, From Theorem VIII 
there must also be in the given group a second substitution which 
replaces one of these three elements by either itself or a second one 
among them, and which also replaces one of them by a new element 
x^. Suppose this substitution to be, for instance, 

s=(. . ,x^^ . . . x^x^, ..)... 
We obtain then 

r"= 8-^ {X^^ S = {x^X^, 

and it follows that the given group contains the symmetric group of 
the four elements aj,, arj, a^g, a;^; and so on. 

§ 82. We can generalize the last theorem as follows: 

Theorem XIX. If a primitive group G with the elements 
Xi, X2 , . . Xn contains a primitive subgroup H of degree k<n, then 
O contains a series of primitive subgroups similar to H, 

Hi, H2, H^j . . . IIj,^jt+ 
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8iu:h that every H\ affects the elements a7i,a72v^*-i, ^jt-f a-u 
wh^ere a?i, Xa, . . . a:*., may he selected arbitrarily. 

We take Hi = H and transform H with respect to all the substi- 
tutions of Ginto Hi,H\, H'\, , . . Now let H\ be that one of the 
transformed groups which connects the k elements x^jXo, . . ,Xj, of 
Hi with other elements, but with the smallest number of these. 
We maintain that this smallest number is one. For if several new 
elements $i, ^2> • • • occurred in H\, then from Theorem VIII there 
must be in the primitive group H\ a substitution which replaces 
one ^ by another ^ and at the same time replaces a second ^ by one 
of the elements Xi^Xz, . . .x^. Suppose that 

^=(^a^^...Cya78.. .)... 

is such a substitution, the case where i3 = y being included. Then 
H'\ = tH{t~ ^ will still contain ^y but will not contain ^a- -H"] , there- 
fore contains fewer new elements c than H\, Consequently if H\ 
is properly chosen, it will contain only one new element, say a-*.^! 
It will therefore not contain some one of the elements of H^ , say x^. 
We select then from H^ a substitution tt = ( . . . XaXj^ ...)... and 
form the group u~^H\u = H^. This group contains 

XijX^ . . . Xje_i^Xie^\^ 

but not Xjc. In the same way we can form a group H^ which affects 
only a?!, 072 • • • ^*-i> ^^+25 ^^^ so on. 

It remains to be shown that cCi, ir2» • • • ^*r-i can be taken arbitra- 
rily, that is, ihat the assumption H = H^ is always allowable. Sup- 
pose that Hi contains Xi,X2^. . .Xj,_a' Then in the series Hi, H2,... 
there is a group Hq which also contains Hifc-a + i . Proceeding from 
HQsaid the elements Xi,X2,, . ,Xk--a+i, we construct a series of 
groups, as before, arriving finally at the group H. 

§ 83. Theorem XX. If a primitive group G of degree n 
contains a primitive subgroup H of degree k then G is at least 
{n — k-\'l)-fold transitive. 

From the preceding theorem Hi affects the elements Xi,X2, . . .a;*; 
\Hi,Ho\ the elements a?,, a72,.-^i>^*r+r, \Hi,H2,Hs\ the ele- 
ments a^i, ajg, . . .X]i,,Xk^i, Xk^2i ^T^^ so on. All these groups are 
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transitive; consequently, from Theorem XIII, \Hi, Hz} is two -fold 
transitive, ^ ITi , IT^ , B3 J three-fold transitive, and finally 

is at least (n — A; + l)-fold transitive. Therefore G, which includes 
r, is also at least (n — /; + l)-fold transitive. * 

Corollary I. If a primitive group of degree n contains a 
circular substitution of the prime order p, the group is at least 
(n — p + l)-fold transitive. 

For the powers of the circular substitution form a group H of 
degree p. 

Corollary II. If a transitive group of degree n contains a 

2n 
circular substitution of prime order p < -5-, then, if the group 

o 

does not contain the alternating group, it is non-primitive. 

From Theorem XV, every group which is more than I -^ + 1 I- 

fold transitive is either alternating or symmetric. And since the 
presence of a circular substitution of a prime order p in a primitive 
group would require the latter to be at least (w — p + l)-fold tran- 

sitive, it would follow, if p < -o-, that the group would be more than 

( -H- + 1 J -fold transitive and must therefore be either alternating or 

symmetric. As these alternatives are excluded, the group must be 
non-primitive. 

§ 84. In the proof of Theorem XIX the primitivity of the 
group H was only employed to demonstrate the presence of . substi- 
tutions which contained two successions of elements of a certain 
kind. The presence of such substitutions would also evidently be 
assured if H were two-fold or many-fold transitive. Theorems XIX 
and XX would therefore still be valid in this case. The latter then 
takes the form: 

Theorem XXI. If a primitive group G of degree n con- 

* Another proof of this theorem is given by Radio: Ueber primitive Gruppen, 
Crelle CII, p. 1. 
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tains a k-fold transitive subgroup (k ^2) of degree q, then G is at 
least (n — g + 2) transitive. 

§ 85. If the reqnirement that the snbgroup H of the preceding 
Section shall be primitive or multiply transitive is not fulfilled, the 
the theory becomes at once far more complicated. * We give here 
only a few of the simpler results. 

Theorem XXIT. If a primitive group G of degree n con- 
tains a subgroup H of degree ii < n, then G also contains a subgroup 
whose degree is exactly n — 1; or in other words: A transitive group 
G of n elements^ which has no subgroup of exactly n — 1 elements, 
but has a subgroup of lower degree, is non-primitive. 

Suppose that the subgroup H of degree X<n affects the ele- 

n 
ments Xi,X2, , . . a?A. In the first place if A < -^then the group G, 

on account of its primitivity, contains a substitution s^ which replaces 

one element of o^i , Xg , . . . Xx by another element of the same system 

and at the same time replaces a second element of x^,X2, , . .Xxhj 

some new element. Then ff=s{~^Hs^ contains beside some of the 

old elements, also certain new ones, so that Hi=\H,H'] affects 

more than X elements, but less than n, since H and H^ together 

n 
affect at the most (2 A — 1) < n. If the degree l^ of H^^ is still < -^, 

n 
we repeat the same process, until /l, is equal to or greater than -«-. 

Suppose that the elements of the last H^ are x^,x.i, . . .Xx* Then 
the primitive group G must again contain a substitution s^ which 
replaces two elements not belonging to ^i by two elements, one of 
which does, while the other does not, belong to H^ . Then the group 
H'l = «2-S^i«2~^ will connect new elements with those of H^; but, 
from the way in which s^ was taken, one new element is still not con- 
tained in H\ . That some of the old elements actually occur in H\ 
follows from the fact that ^i ^ Jn. Accordingly fl^g = l-^i > ^'\ \ coi^- 
tains more elements than H^ but less than G, * Proceeding in this 
wayj we must finally arrive at a group K which contains exactly 
(n — 1) elements. ^ 

*C. Jordan: Ltoaville Jour. (2) XVI. B. Marggrnf: Ueber primitive Gru^penmit 
transitlven Untergruppen geringeren Grades; Giessen Dissertatiou» 1890. 
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If H is transitive, then H', and consequently Hi= |H', H\, and 
so on to K, are also transitive. From Theorem XIII, G must 
therefore in this case be at least two- fold transitive. We have 
then the following 

Corollary. If a primitive group G contains a transitive 
subgroup of lower degree, then G is at least two-fold transitive. 

§ 86. We turn now to a series of properties based on the the- 
ory of self-conjugate subgroups. 

Let if = [1, SgjSs) • • '^m] be a self -conjugate subgroup of a 
group G of order n = km. The substitutions of G can be arranged 
(§ 41) in a table, the first line of which contains the substitutions 
of H. 

Sj = 1, 83 > ^3> • • • ^»»> 

^2J ^2*^2> *3^2) • • • ^m^29 



From the definition of a self-conjugate subgroup we have then 

that is, the line of the table in which the product {sx<r^ {^h-*^^ occurs 
depends only on (t^ and a^ , or in other words, if every substitution 
of the aS^ line is multiplied into every substitution of the /5*^ line, 
the resulting products all belong to one and the same line. 

If we denote the several lines, regarded as units, by 2:1, s^jj • • -^fc? 
then the line containing the product of the substitutions of Za into 
those of z^ may be denoted by ZaZ^, This symbol has then a defi- 
nite, unambiguous meaning. Moreover, ZaZ^ cannot be equal to 
ZaZy or to z^^. For then we should have from the last paragraph 
(T^(T^ = ff^ffy or <^a^^ — Oy<f^, that is, o^^a^ox a^:=i(Ty, Conse- 
quently 



, __ fZx, Z2, » ' 'Zi, ' * *^ 



denotes a substitution among the 2;'s, and this substitution corres- 
ponds to all the substitutions Sx^Ta (>^ = 1, 2, . . . m) of the oP^ line 
of the table. The fs therefore form a group T, which is (1-m)- 
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fold isomorphic with the given group G, The degree and order of 
T are equal, and -both are equal to k (Cf. § 97). To the identical 
substitution of T corresponds the self-conjugate subgroup H of G. 

We shall designate T as the quotient of G and if , and write 
accordingly T=G:H, 

§ 87. A group G which contains a self -con jugate subgroup H, 
different from identity, is called a oompound group; otherwise G is 
a simple group. If G contains no other self -conjugate subgroup K 
which includes H, then Hib s, maximal self-conjugate subgroup. 

If G is a compound group, and if the series of groups 

G, Gu (?2, ... G^, 1 

is so taken that every G\ is a maximal self-conjugate subgroup of 
the preceding one, then this series is called the series belonging to 
the compound group G, or the series of composition of G, or, 
still more briefly, the series of G. 

If the numbers 
r, ri = r:ei, r^^r^ie^, ... r^ = r^_i:e^, r^+^ = r^:e^^i = l 

are the orders of the successive groups of the series of composition 
of G, then Cj, Cg? • • • ^a*+i ^® called the factors of composition of 
6r; and we have r = 6162^3- • • ^^+i- 

If, in accordance with the netation of § 86, we write, 

G:G, = r„ G^:G, = r,, ... G^_,:G^ = r^, G^:l = r, 

the order and the degree of every F^ is equal to e^ (« = 1, 2, . . . /x + 1). 
All the groups 1\ are simple. For F^ is (l-ra)-fold isomorphic 
with Ga-i, and to the identical substitution in F^ corresponds Ga in 
Ga-i' Consequently, if Fa contains a self-conjugate subgroup dif- 
ferent from identity, then the corresponding self- conjugate sub- 
group of Ga-i (§ 73) contains and is greater than Ga- The latter 
would therefore not be a maximal self-conjugate subgroup of G^a-i* 
The groups T, which define the transition from every Ga to the 
following one in the series of composition, are called the factor 
groups of G. * 

* O. Holder; Math. Ann. XXXIV, p. 30 flf. 
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§ 88. Given a compound group G, it is quite possible that the 
corresponding series of composition is not fully determinate. It is 
Conceivable that, if a series of composition 

O, Gi, (t2j . • . G^jl 
has been found to exist, there may also be a second series 
(t, G'l, G'2, . . . G'y,l 

in which every 6r' is contained as a maximal self- conjugate subgroup 
in the preceding one. We shall find however that, in whatever 
way the series of composition may be chosen, the number of groups 
G is constant, and moreover the factors of composition are always 
the same, apart from their order of succession. 

Suppose the substitutions of Gi and G\ to be denoted by «« and 
«'a respectively. Let rj = r : Cj be the order of Gi , and r\=r : e\ 
that of G\ . The substitutions common to Gx and G\ form a group 
r(§44), the order x of which is a factor of both r^ and r\. We 
write 

r^=xy^ r\ = xy'. 

The substitutions of F we denote by ^r^. All the substitutions of Gi 
may then be arranged in a table, the first line of which consists of 
the substitutions ^r^ of T. We obtain 

<ri = l, (72, 0-3, ... <T^; I\ 



Vi> Vs) Vaj • • • V«; ^y^J 

where the § belonging to any line is any substitution of Gi not con- 
tained in the preceding lines. The group G\ can be treated in the 
same way. We will suppose that in this case, in place of §i, §2» • • • > 
we have §'i, §'2, . . • Every substitution of G' or G\ can, then, be 
written in the form 

Again, the product 

8a-'s'p-'8^s'^ = 8'a-Vr'SaS'p) = (««" V^->8a>'^ 

belongs to G,. For, since G~^GiG=Gj, it follows that s'/j-^SaS'/j, 
which occurs in the second form of the product, is equal to Sy, and 
the product itself is equal to 8a~\, But, from the third form, this 
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same product belongs to (z', since G~^G'G= G'y and therefore 
Sa~V/5~*8a = s'y, SO that the product is equal to s'ys'p. Conse- 
quently the product belongs to the group F which is common to Gi 
andG'i. Hence 

In particular, since the <r's belong to both the s's and thes"s, we 
obtain 

From this it follows that the substitutions of the form §a§'^^y form 
a group @. For, by repeated applications of the equation B\ we 
obtain 

The group ® is commutatiye with G\ for we have 

The group ® is more extensive than 6r, or G'; it is contained in G; 
consequently, from the assumption as to Gi and G' , @ must be 
identical with G. 

The order of © is equal to xy - y\ For, if ^J'pffy = §„§'6§^, it is 
easily seen that a = a,h = 1^^ c = y. Consequently the order of G 
is also xyy\ and since we have 

r = TiBi = xye^ , r = r^^e'i = xy'€\ 
it follows that 

y'=ei, y = e\. 

This last result gives us for the order of /', x = — -= -7- = — . 

liVe can show, further, that T is a maximal self- conjugate subgroup 
of Gi and of G\ , and consequently occurs in one of the series of 
composition of either of these groups. For in the first place T, as 
a part of G\ , is commutative with Gi , and, as a part of Gj , is com- 
mutative with G\j so that we have 

Gr TG, = G\ , G\- 'rG\ = Gi . 

But since the left member of the first equation belongs entirely to 
. Gi , the same is true for the right member, and a similar result holds 
for the second equation. Consequently 
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G{- TG^ = r, G\- 'rG\ = r. 

Again there is no self-conjugate subgroup of Gj intermediate be- 
tween Gi and F which contains the latter. For if there were such a 
group H with substitutions ^a* then it would follow from A) that 

that is, H is also commutative with G'l, And since Gi and G\ 
together generate G, it appears that H must be commutative with 
G, If now we add to the tds the §'2) ^'a? • • • > tl^Qi^ the substitu- 
tions §'a^^ form a group. , For since F is contained in H and in Gi , 
we have from. A) 

This group is commutative with G, since this is true of its compo- 
nent groups H and G\, It contains G'l, which consists of the sub- 
stitutions §'a(Tp. It is contained in G, which consists of the substitu- 
tions §'a§^^Y• But this is contrary to the assumption that G\ is a 
maximal self -conjugate subgroup of G. We have therefore the fol- 
lowing preliminary result: 

If in two series of composition of the group G, the groups next 
succeeding G are respectively Gi and G'u then in both series we may 
take for the group next succeeding Gi or G\ one and the same max- 
imal self-conjugate subgroup T, which is composed of all the substi^ 
tutions common to Gi and G\ . If e^ and e\ are the factors of 
composition belonging to Gi and G'l respectively, then F has for its 
factors of composition, in the first series e\, in the second e^. 

§ 89. We can now easily obtain the final result. 
Let one series of composition for G be 

1) G, Gi, G2, (t3, . . . , 

r, ri = r:ei, ^2^^^i'^2> ^3^^^2*^3> • • • > 
and let a second series be * 

2) G, G\, G\, G\, . . . , 

r, r'i = r:e'i, r'2 = r'i:e'2, r\ = r\:e\, . . . 

Then from the result just obtained, we can construct two more 
series belonging to G: 
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3) G, G„l\ A,H,... 4) .G, Q\, I\ J. H, . . . , 

r, r, = r ; 6i , ^2 ^^ ^i • ^ i > • • • > ^> ^ 1 ^^ ^ • ^ 1 > r 2 = r^i 1 6, . . . , 

and apply the same proof for the constancy of the factors of com- 
position to the -series 1) and 8), and again 2) and 4), as was employed 
above in the case of the series 1) and 2). The series 8) and 4) 
have obviously the same factors of composition. 

The problem is now reduced, for while the series 1) and 2) agree 
only in their first terms, the series 1) and 8), and again 2) and 4), 
agree to two terms each. The proof can then be carried another 
step by constructing from 1) and 2) as before two new series, both 
of which now begin with G, G^ : 

r) G^, ^1,^2,®, 0,3,..., 

^, ^1 , ^2 -^ ^1 ^ ^2 , ^ 3 ^^ ^2 • ^ 2 , • • • 

3') G,Q„ r,®,^,%..., 

These series have again the same factors of composition, and 1') and 
1) and again 3') and 3) agree to three terms, and so on. 
We have then finally 

Theorem XXIII. If a compound group G admits of two 
different aeries of composition^ the factors of composition in the two 
cases are identical^ apart from their order ^ and the number of 
groups in the two series is therefore the same, 

§ 90. From § 88 we deduce another result. Since G~^rG 

belongs to 6?,, because G~^GiG= G^y and also to G\ because 

G~^G\G=: G'lj it appears that G~^rG, as a common subgroup of 

Gi and G\ , must be identical with T, so that /' is a self- conjugate 

subgroup of G. From § 86 it follows that it is possible to con- 

r 
struct a group ii of order e,e'i which is (1 ^)-fold isomorphic 

^1^ 1 

with G, in such a way that the same substitution of Q corresponds 
to all the substitutions of G which only differ in a factor ^r. We will 
take now, to correspond to the substitutions 1, §2, §3, ... 5/ ^ of Gi, 
the substitutions l,oj2,aj^,,.,w/^ of Q, and, to correspond to the 
1, ^'2, ^'3, . • . ^\ of (r'l, the substitutions 1, w'^, oj\, . , , w'^ of fl. In 
no case is §'a = ^/3§y, for the <7's form the common subgroup of Gi 
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and G\ . Consequently the w's are different from the to' 's. Both 
classes of substitutions give rise to groups: 

i2l = [1, ^2, £^3, . . . W, J, k = [1, W'2, <^'3, . . . ^'J, 

and, since §a§'|8=.§'^§aS> ^^ follows that QiQ\ = Q\Qi. Moreover 
every s in G is equal to ^a^'p(Ty,,th£Li is i2 = Q^Q^, 

We obtain ^ therefore, by multiplying every substitution of ^i 
by every one of Q\ . 

§ 91. We consider now two successive groups of a series of 
composition, or, what is the same thing, a group G and one of its 
maximal self-conjugate subgroups H. Suppose that s\ is a substi- 
tution of G which does not occur in H, and let s\*^ be the lowest 
power of 8\ which does occur in H (m is either the order of s\ or 
a factor of the order). ' If m is a composite number and equal to 
pq, we put sV = Si> aiid obtain thus a substitution s, which does not 
occur in H, and of which a prime power Sj^ is the first to occur in H. 
We then transform s^ with respect to all the substitutions of 6r, and 
obtain in this way a series of substitutions 8,, Sg, . . . «a. No one of 
these can occur in H. For if this were the case with Sa = <^~^Si<t, 
then (F8a(r~^ = Si, being the transformed of a substitution 5a of H 
with respect to a substitution <r-* of G, would also occur in H. 

We consider then the group 

r=\H,8i,82,..,8x\. 

This group contains H and is contained in G, If t is any arbitrary 
substitution of G, we have 

t-'rt = t-'{H8,''8/,.. \t = t-'Htt-'sHt-\H . . . 

r is therefore commutative with G. These three properties of F 
are inconsistent with the assumption that H ie a maximal self-con- 
jugate subgroup of G, unless F and H are identical. 

If we remember further that all substitutions, as «i,S2, . . . Sa, 
which are obtained from one another by transformation, are similar, 
we have 

Theorem XXIV. Every group of the series of composition 
of any group G, is obtainable from the next follounng {or, every 
group is obtainable from any one of its maximal self-conjugate 
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subgroups) by the addition of a series of substitutions, 1) which are 
similar to one another, and 2) a prime power of which belongs to 
the smaller group. The last actual group of a series of composi- 
tion consists entirely of similar substitutions of prime order. 

§ 92. The following theorem. is of great importance for the 
theory of equations: 

Theorem XXV. The series of composition of the symmet- 
ric group of n elements, consists, if n>4^,of the alternating group 
and the identical substitution. The corresponding factors of com- 
position are therefore 2 and Jnl The alternating group of more 
than four elements is simple. 

We have already seen that the alternating group is a maximal 
self-conjugate subgroup of the symmetric group. It only remains 
to be shown that, for n > 4, the alternating group is simple. The 
proof is perfectly analogous to that* of § 52, and the theorem there 
obtained, when expressed in the nomenclature of the present Chap- 
ter, becomes: a group which is commutatiye with the symmetric 
group is, for « > 4, either the alternating group or the identical sub- 
stitution. It will be necessary therefore to give only a brief sketch 
of the proof. 

Suppose that ifj is a maximal self-conjugate subgroup of the 
alternating group H, and consider the substitutions of H^ which affect 
the smallest number of elements. All the cycles of any one of these 
substitutions must contain the same number of elements (§ 52). 
The substitutions cannot contain more than three elements in any 
cycle. For if H contains the substitution 

S ^^ {JJCiXqPC^X^ ... ^ ... , 

and if we transform s with respect to <t = (XiX^x^), which of course 
occurs in H, then s~^(t^^S(t contains fewer elements than s. 

Again the substitutions of Hi with the least number of the ele- 
ments cannot contain more than one cycle. For if either 

8a = (a^iOJa) (x^x^) ...,Sp = (x^x^i) (x^x^Xq) . . . , 
occurs in H, and if we transform with respect to er = {xiX2X^), the 
products 

Sa^~^Saff, Sfi(r~^Sp(T, 

will contain fewer elements than Sa, sp respectively. 
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Thd substitutions wbich affect the smallest number of elements 
are therefore of one or the other of the forms 

The first case is impossible, since the alternating group cannot con- 
tain a transformation. The second case leads to the alternating 
group itself. 

If n = 4, we obtain the following series of composition: 1) the 
symmetric group; 2) the alternating group; 8) (t2 = [1, (xiXi) (x^x^), 
(xix^) (x^x^), {x,x^) (ojai^a)]; 3) ^3 = [1, (aJi^Ja) ioCzX^)^, 5) G^ = 1. The 
exceptional group G2 is already familiar to us. 

§ 93. We may add here the following theorems: 

Theorem XXVI. Every group G, which is not contained 
in the alternating group is compound. One of its factors of com- 
position is 2, The corresponding factor group is [(1, ^i^f^ir)^ C^^^^/'^iJ] / 

The proof is based on § 35, Theorem VIII. The substitutions ' 

of G which belong to the alternating group form the first self-con- 
jugate subgroup of G. 

Theorem XXVII, If a group G is of order p% p being a 
prime number, the factors of composition of G are all equal to p. 

The group K of order p^ obtained in § 30 is obviously, from the 
method of its construction, compound. It contains a self-conjugate 
subgroup L of order p-^~^ and this again contains a self- conjugate 
subgroup -Jf of order p-^~\ and so on. The series of composition 
of K consists therefore of the groups 

K, Zr, M, . . . ©, Rf , , , S, 1, 
of orders 

The last corollary of § 49 shows that we need prove the present theo- 
rem only for the subgroups of ^^ If (r occurs among these and is 
one of the series above, the proof is already complete. If G does 
not occur in this series, suppose that jR is the first group of the 
series which does not contain G, while (r is a subgroup of Q. We 
apply then to G the second proposition of § 71. Suppose that H is 
the common subgroup of R and G. Then -H" is a self-conjugate 
subgroup of (t, and its order is a multiple of p*~* and is conse- 
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quently either p*~^ or p\ The latter case is impossible since then 
G would be contained in R, Consequently H is of order p*~\ and 
the theorem is proved. 

Theorem XXVIII. If a group G of order r contains a 

r 
self-conjugate subgroup H of order — then no substitution of Gi 

e 

which does iwt occur in H can be of an order prime to e. * 

We construct the factor group r= G:H of the order e. No one 
of the substitutions of /', except the identical substitution, is of an 
order prime to e. To any substitution s ot G which does not occur 
in fir corresponds a <f which is different from 1. On account of the 
isomorphism of G and F, there corresponds to every power ^ ot s 
the same power <r* of <r. If x is the lowest power of s for which 
8* = 1, then at the same time <r* = 1. z isto therefore a multiple of 
the order of (t and consequently is not prime to e. 

If, in particular, e is a prime number, then the order of every 
substitution of G which is not contained in H is divisible by e. 

§ 94 Among the various series of composition of a group G, 
the principal series of composition, or briefly, the principal series, 
is of special importance in the algebraic solution of equations. This 
principal series is obtained from any series of composition by re- 
taining only those groups of the series which are themselves self- 
conjugate subgroups of G, Suppose the resulting series to be 

G,H,J,... K, L, M, 1. 

The series of G may itself be the principal series. This vnll be 
the case, for example, as we shall immediately show, if all the fac- 
tors of composition of the series are prime numbers. 

Assuming that the principal series is not identical with the given 
series, suppose that the latter contains, for instance between H and 
J, other groups, as 

^li -^a* • • • -^i'— !• 
Hi is therefore commutative vnth H, but not with G, Consequently 
H-'H^H = H„ G-'H, G^H, . 

* A. Eneser: Ueber die algebraische UQauflosbarkeit hoherer Gleichungen. Grelle 
OVI., pp. 59-«). 
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Accordingly, if we transform Hi with respect to all the substitutions 
of G, we shall obtain a series of groups Hi,H\, ir\, . . . All of 
these are contained as self-conjugate subgroups in H, for if <t is any 
substitution of G, then a~^Hi(T = H\ is contained in ff~^H<f=^H. 
Moreover 

H-'H\H = H-' {(t-'Hi(t) H= {(t~'H-'<t) {a-^H,n) {<t-'H(t) 
= (T-\H-'HiH)<r = (T-'H,(T = H\] 

for if T is any substitution of iJ, then from <r-*T<r = j/ follows 
<r-'T-'(T = v'' (c/. §86). 

Again J is contained in every one of the groups H^ , H\ , H'\,, . . 
Por J is contained in Hi, and consequently ff-^Jtr = J is contained 
in <r~ ^Hi(T = H\ , and so on. Finally -ff'j , like H^ , is a maximal self- 
con jugate subgroup of H. For if there were any sfelf -conjugate sub- 
group between H and H\, then the same would be true of H and 
Hi, In fact if H\ is obtained from Hi by transformation with 
respect to <t, then the intermediate group between H and Hi would 
proceed from that between H and H\, by transformation with 
respect to <r-\ In the series of G, the group H may therefore be 
any one of the several groups of the same type Hi,H\, , . . All 
of these belong to the same factor e of composition, s being the 
quotient of the orders of H and if i . In accordance with, the pre- 
liminary result of § 88, we can then continue the series of G by 
taking for the group next succeeding Hi the substitutions common 
to Hi and H\y or to Hi and if"i, or to Hi and If"'i, and so on. 
From the same result the new groups all belong to the same factor 
of composition e. Every one of them contains J. We need of 
course consider only the different groups among them. If there is 
only one, this must coincide with J, For the entire system of groups 

and consequently the group common to all of them, is unaltered by 
transformation with respect to G. The order of J is therefore 
obtained by dividing that of H by el 

But if there are several different groups, we can then proceed 
in the same way. The substitutions common to Hu H\, H'\, for 
example, form a group which in the series of G can succeed the 
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group composed of the sabstitntions common to Hi and H\, The 
corresponding factor of composition is again e. 

After V repetitions of this process we arrive at the group J. The 
order of J is therefore obtained by dividing that of H by e*'. The 
last system before J consists of v groups H^_i, H\^i . . . which are 
all similar and all belong to the factor e, and which give 

H= {Hy_l, H'y_i,H''v^i, ... J. 

Theorem XXIX. If a series of composition of G does 
not coincide with a principal series, hut if between tux) groups H 
and J of the latter^ v — 1 groups H, , Ha, . . . Hy_i of the former are 
inserted, then to H^^H^, , . .J belong the same factors of composition 
e, and the order r' of Qis therefore equal to the order r" of J mul- 
tiplied by e^ H can be obtained from J by combining tvith J a 
series of v groups Hy_i, H\_i, . . . , which are all similar, and of 
the order r"e . 

Corollary I. If the factors of composition of a group are 
not all equal, the group has a principal series. 

Corollary II. Every non-primitive group is compound if 
it contains any substitittion except identity which leaves the several 
systems of non-primitivity unchanged as units. If the group con- 
tains greater (including) and lesser (included) systems of non-prim- 
itivity, it has a principal series. 

The instance of the group 

G = [1, (X^X^) (X^X^) (it'siTe), (x^Xs) (X^^) (X^X^), (XiX^) (x^^) (oi^x^), 

(XiX^x^) {x^2^q), (XiX^x^) yXQXQXi)] 

shows that non-primitivity may occur in a simple group. In this 
case the only substitution which leaves the systems a^i, ajg, a^sj ^5> 
and x^, Xq unchanged is the identical substitution. 

Corollary III. The groups Hy_i,H\_i,H'\_i, ... are 
commutative, i, e,, the equations hold 

For in the series preceding J we may assume the sequence' 
Hy_-S'^\ |lf„_i(*), Hy_l<P^, . . . to occur. Accordingly we must have 
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or 

Corollary IV. The last actiuil group M of the principal 
series ofGis composed of one or more groups similar to one another^ 
which have no substitutions except identity in common^ and which 
are commutative with one another. 

§95. We have now to consider the important special case* 
where e is a prime number p. 

Instead of if'„_i, IZ^"v_i, ... we employ now the more conven- 
ient notation 

Then if' is obtained from J by adding to the latter a substitu- 
tion ^1 , the p^^ power of which is the first to occur in J, We may 
write (§ 91) 

H'=:t,<'J, H"=tj^J, jEZ-'"= V*^, . . . (a = 0,l,...p— 1). 
Since J is a self- conjugate subgroup of every one of the groups 
if', If ",..., we have 

t,-''Jti'' = j, tc,-''jt^^ = j, tr''Jt^''=j,,.. 

and, if we denote the substitutions of J by »i, *2, *3, . . . , 

Cj "^1 t J = Igj *2 ^1 ^2 -— ^ J ^8 H *8 ~~~ ^4 > • • • J 

that is, the substitutions of if', of H'\ of if'", and so on, are com- 
mutative among themselves, apart from a factor belonging to «7. 

Since we can return from J to if by combining the substitutions 
of i?' and H'\ for example, into a single group (§ 88), we have from 
§ 94, Corollary III 

and consequently, by combination of these two results, 

tl ^2 ^1^2 ^ '2^^2 ~~ ^2 ^ > 

. t,--\ = t/+H,. 
The left member of the last equation is a substitution of £r', the 
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right member a substitution of H'\ Since these two groups have 
only the substitutions of J in common, the powers of t^ and ^2 niust 
disappear. Consequently a = 1, i? = — 1, and 

{t,-i,){t/i,) = {t,H,)(t,H,)i,. 

The substitutions of the group formed from J, fj, and-^a ^^^ 
therefore commutative among themselves, apart from A factor be- 
longing to J. The same is true of the group formed from J, t^ , 
and ^3, or from J, t2, and %, and consequently/ of the group 
}«/, <i, <2> 4h ^"^^ so o^» ^ ^^® group H itself. (It is to be noted 
that Corollary III of § 94 involves much less than this. There it 
was a question of the commutativity of groups, here of the single 
substitutions.) 

Every two substitutions of H are, then, commutative apart from 
a factor belonging to J, We will prove now the converse proposi- 
tion: If two substitutions of H are commutative apart from a fac- 
tor belonging to J, then e is a prime number. In fact this will be 
the case, if the substitutions of H' have this property. For, this 
being assumed, if s were a composite number, suppose its prime fac- 
tors to be q, g', g", . . . We select from H\, in accordance with 
Theorem XXIV, § 91, a substitution t which is not contained in J. 
The lowest power of t which occurs in J will then be, for example, 
P. Transforming, we have 

and, since by assumption, t^H' = H'f^J, 

The group \ t, J\ is therefore a self-conjugate subgroup of H\ which 
contains J and is larger than J, Moreover, it is contained in H\ 
and is smaller than H\ For, if t is commutative with J, then from 
§§ 37-8 the order of \t,J\ is r"g<r"e. This is contrary to the 
assumption that t7* is the group immediately following H' in the 
series of G. 
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Theorem XXX. If, in the principal series of composi- 
tion of G, the order r' of H is obtained from the order r" of J by 
multiplication by p"", where the prime number p is the factor of com- 
position for the intervening groups in the series of G, then the 
substitutions of H are commutative among themselves apart from 
factors belonging to J, Conversely, if this is the case, the factors 
of composition of the groups between H and J are all equal to 
the same prime number p. 

§ 96. We turn finally to certain properties of groups in rela- 
tion to isomorphism. 

If L is a maximal self- conjugate subgroup of G, and A the 
corresponding group of T, then li is also a maximdl self conjugate 
subgroup of F, 

For if r contained a self-conjugate subgroup 0, which con- 
tained A, then the corresponding group Toi G would contain L, 

The series of composition of G corresponds to that of F. If 
G and F are simply isomorphic, all the factors of the one group are 
equal to the corresponding factors of the other. But if G is mul- 
tiply isomorphic to F, then there occur in the series for G, besides 
the factors of F, also a factor belonging to the group S which cor- 
responds to the identical substitution of F. 

The proof is readily found. 

If G is multiply isomorphic to F, then G is compound, and S is a 
group of the series of composition of G. 

§ 97. Suppose that G is any transitive group of order r, affect- 
ing the n elements Xi,X2, . . . x^. We construct any arbitrary n\- 
valued function ^ of x^, X2,, . . , x^, denote its different values by 
^15 ^2> • • • ^«!) and apply to any one of these, as ^1, all the substitu- 
tions of G, Let the values obtained from ^j in this way be 

The r substitutions of G will not change this system of functions as 
a whole, but will merely interchange its individual members, produ- 
cing r rearrangements of these, which we may also regard as sub- 
stitutions. These substitutions of the Ts, as we have seen, form 
a new group F. The group F is transitive, for G contains substi- 
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tutions which convert $i into any one of the values ^i, ^2> • • • ^r> 
and therefore the substitutions of F replace $i by any element 
^1,^2, ., .^r- Again every substitution of G alters the order of 
^1, ^2> . • . ^r, for c is a n! -valued function. Consequently every sub- 
stitution of Talso rearranges the ^1,^2,... ^r- The order of F is 
therefore equal to its degree, and both are equal to r. 

O and r are simply isomorphic. For to every substitution of G 
corresponds one substitution of T, and conversely to every substitu- 
tion of r at least one substitution of G. And in the latter case it 
can be only one substitution of G, since G and F are of the same 
order. 

Theorem XXXI. To any transitive group of order r cor- 
responds^ a simply isomorphic transitive group, the degree and order 
of which are both equal to r. Such groups are called regular, 

§ 98. ' Theorem XXXII. Every substitution of a regular 
group, except the identical substitution, affects all the elements. A 
regular group contains only one substitution which replaces a given 
element by a prescribed element. Every one of its substitutions 
consists of cycles of the same order. If two regular groups of the 
same degree are {necessarily simply) isomorphic, they are similar 
i. e., they differ only in respect to the designation of the elements. 
Every regular group is non-primitive. * 

The greater part of the the theorem is already proved in the 
preceding Section, and the remainder presents no difficulty. We 
need consider in particular only the last two statements. 

Suppose that F, with elements ^1,^2^ - - -^n ai^d substitutions 
(Ti,(T2, . . .(Tn is isomorphic to G with elements Xi,X2, . . .x„ and 
substitutions 5i, Sg? • • • ^nj the isomorphism being such that to every 
<Tx corresponds S\. Then we arrange the elements Xa and ^^ in pairs 
as follows. Any two of them, .Tj and ^1, form the first pair. If 
then Sa converts Xi into X\, and if the corresponding (Tx converts ^1 
into $A, then Xf, and ^a form a second pair. No inconsistency can 
arise in this way, for there is only one substitution which converts 
a?, into Xa- We have now to prove that, if &a contains the succes- 
sion Xa Xi, then <ta contains the succession ^^ $j. 

* A regular group of prime degree is cyclical. 
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We have 

8a ^^ • • • ^l^a • • • J 56=... XiXf, ... J 8a Sj == ,, , . X^Xf, . . . , 
tfa = • . . ^l^a . • • ) <Tj,= , , , $j$j . . . , (Ta~^(Tj, = . . . ^^^j . . . , 

and since there is only one substitution which replaces Xa by Xj,, it 
follows that 

8a~\ = 8K, (Ta-\=(T)„ 

If therefore dx contains a cycle composed of a given number of ele- 
ments Xa, then <rx contains an equal cycle composed of the corres- 
ponding elements $«• Therefore S\ and erx? and consequently G 
and r are of the same type. 

The last part of the theorem is proved as follows, tt a regular 
group G contains a substitution 8 = {X1X2 . . . x^) (aj^+i 07^+2. ..)... 
then it cannot also contain t = {xiX^ . . .) (aj^aj^+a. ..)... For we 
should then have 8t~^={xi) {x„+iXi ...)..., and G would not be a 
regular group. Consequently Xi,X2, . , .x„, i, e,, the elements of any 
arbitrary cycle, form a system of non-primitivi£y. (The remaining 
systems however are not necessarily formed from the remaining 
cycles of the same substitution). 

§ 99. If the groups G and F are isomorphic, and if G is intran- 
sitive, then, if in every substitution of G we suppress all elements 
which are not transitively connected with any one among them, as 
Xi, the remaining portions of the several substitutions form a new 
transitive group Gi also isomorphic with F. It may however hap- 
pen that the order of isomorphism of F to Gi is increased. Again, 
if X2 is any new element, not transitively connected with Xi , we can 
then form a second transitive group G2, isomorphic to F and con- 
taining OJa, and so on. 

The intransitive group G can therefore be decomposed into a 
system of transitive groups isomorphic with F, and conversely every 
intransitive group can be compounded from transitive groups 
6ri, 6r2, . . . In the case of simple isomorphism it is only neces- 
sary to multiply the several constituents directly together. 

§ 100. Suppose that G is a transitive group of degree m and 
order r = wmi, which is A;- fold isomorphic with a second group 
F, Let the elements of 6r be aui, ajg, . . . o?^, and let Gi be the sub- 
group of G which does not affect x^. The order of Gi is therefore 
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mj. If 82,8s, ... are substitutions of G which convert x^ into 
X2,X'i,.,. then 0.1-82, Gi-s^, , . . comprise in each case all and only 
the substitutions which produce the same effects. 

Suppose that to Gi in G corresponds I\ in T, the order of 
Tj being mj k. The order of T is rk. Consequently, if the func- 

rk 
tion ^i belongs to r^ , then ^i takes exactly — - = m values under the 

operation of all the substitutions of T. Suppose that the substitu- 
tion (T2 of r which corresponds to Sa of G converts ^i into ^2* Then 
r. ^2 contains all the substitutions which convert Vi into ^2* Simi- 
lar considerations hold for (t^ and fa, (t^ and ^^, and so on to (t^ and 
^^. If we apply all the substitutions of T to the system of values 

we obtain rearrangements which can be regarded as substitutions of 
the new elements ^. The order of the new group H is equal to the 
quotient of kr by the number of substitutions of F which leave all 
the <p^s unchanged. These correspond to the substitutions of G 
which leave all the x^s unchanged, i, e., to the identical substitu- 
tion. To this correspond k substitutions of /', and consequently the 
order of IZ^ is r. 

G and H are, then, the same degree m^ , of the same order r, and 
they are isomorphic and, in fact, similar. For if s is a substitution 
of G which replaces x^ by Xa, then s belongs to the system 8a~^GiSp, 
The corresponding substitution of H is obtained by applying a sub- 
stitution <T-^r^<T^ to the system 9'i> ?'2j • • • ^m- Every one of these 
substitutions replaces ^a by <p^, Apcordingly the substitutions of H 
only differ from those of G in the fact that the latter contain x's 
where the former contain the corresponding s^'s. 

We can therefore construct all groups G (or H) isomorphic to F 
by applying all the substitutions of F to any function (p belonging to 
any arbitrary subgroup A of T, and noting the resulting group of 
substitutions of the elements 9u 92^ * - * 9m' 

If Tj is a self-conjugate subgroup of T, the resulting isomorphic 
group H will be regular, as is easily seen. 

§ 101. In conclusion we deduce the following 

Theorem XXXIII. Given any number of mutually mul- 
tiply i8omorphic groups, in which the elements of any one are 
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all different from those of any other one, if we multiply every sub- 
titution of the one group by every corresponding substitution of 
every other group and form all the possible products, the result 
is an intransitive group, and conversely every intransitive group 
can be constructed in this way. 

The first part of the theorem is sufficiently obvious. For the 
second part we consider the special case of an intransitive group 
the elements of which break up into two transitive systems. The 
general proof is obtained in a perfectly similar way. 

Suppose that the substitutions s^ of the intrtinsitive group G 
divide into two components 

where ^\ affects only the elements Xi,X2, . , .x,^, and tx only 
Ci, ^2j • • • ^ft- It is possible that <rx occurs also in other combina- 
tions 

<^\'^\, ^K^\, ^k'^'\, . . . 

Similarly r^ may occur in other combinations 

^A^Aj ^Vaj ^^'Va . . . 

We coordinate now with ^r^ all the r^, t\, t"x, . . . , and with r^ all 
the <Txj <^'a, ^"a, . . . , and proceed in the same way with all the sub- 
stitutions sx of G. The tx's form a group - and the rx's a group 
T. Suppose that ^\, ^,j, are coordinated with ^a,^^. Then there 
are substitutions Sx, s^^jSvj such that 

S\ = ^A^A» Sfj, = <^^'C^, 
^A^fi = S,/ = (TpTj, J 

and consequently <rx''"/* = ^v is coordinated with ^xt^ = t^. 
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ALGEBRAIC RELATIONS BETWEEN FUNCTIONS BELONGING 
TO THE SAME GROUP. FAMILIES OF MULTIPLE- 
VALUED FUNCTIONS. 

§ 102. It has been shown that to every multiple-valued func- 
tion there beloiigs a group composed of all those substitutions and 
bnly^thoseWhich leave the value of the given function unchanged. 
Conversely, we have seen that to every group there correspond an 
infinite number of functions. The question now to be considered 
is whether the property of belonging to the same group is a funda- 
mentally important relation among functions; in particular, whether 
this property implies corresponding algebraic relations. 

An instance in point is that of the discriminant ^^ of the values 
of a function ^, considered in Chapter III, § 55. It was there shown 
simply from the consideration of the group belonging to s^, that J^, 
and therefore the corresponding discriminant of any function 
belonging to the same group, is divisible by a certain power of the 
discriminant of the elements Xi,X2y . . . x„. 

§ 103. We shall prove now another mutual relation of great 
importance. 

Theorem I. Two functions belonging to the same group 
-can be rationally expressed one in terms of the other. 

Suppose <Pi and v''i to be two functions belonging to the same 
group of order r and degree n 

(?j = [sj = 1,82,83, . ..s,.]. 

If <T2 is any substitution not belonging to G, , and if ^2 and 4>^ are the 
values which proceed from ^1 and (l\ by the application of <t2j then 
all the substitutions 

^2'i ^2*^2^ ^Z^2^ • • • ^r^2 

:also convert Vi and ^2 ii^to ^^'i and 4'^ respectively, and these are the 
^nly substitutions which produce this effect. The values ^2 and 4'2 
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therefore again belong to one and the same group 6r2 = ^2~^G^i''2- 
Proceeding in the same way, we obtain all the p pairs of values of 
^ and vS together with the /> corresponding groups. 
For every integral value of / , the function 

is therefore, like s^i + <^'2 + . • • + S^p or ^^'i + ^'2 + . . . + v''p> a^^ ii^*©- 
gral symmetric function of the elements x^^x.^^ , , , x^. For this 
function is merelj^the sum of all the values which fiH'x can assume 
and is accordingly unchanged by any substitution, only the order 
of the several terms being affected. Accordingly, if 9?, and ({\ are 
integral rational functions of the elements x^, then Aa is an integral 
rational function of c, , c^ , . . . c„ . 

Taking successively A = 0, 1, 2, . . ./> — 1, we write the corres- 
ponding equations: 

4\+ <',+ ^''3+...+ 4',^ An 

<fi<!'i + 9i4\ + ^3^S + . . . + 9p4'p ~ A , 
S) <fS\ + f 2%''2 + <f,'4', + . . . + <F,'4', = A,, 



<Pl'-'<!\ + <f2'-'4'2 + 9B'-\''H+ . . . +^p^-V'p = ^p-l. 

If these equations are solved for ^'',, vS, • . • <!'p, every i/'x is obtained 
as a rational function of <pi, ^'21 - - - ^p- 

§ 104. We multiply the first /> — 2 equations of the system S) 
successively by the undetermined quantities 2/o5 I/m 2/2 • • • yp-2> and 
the last equation by y^_^ = l^ and add the resulting products, wri- 
ting for brevity 

2/p-if'*"'+2/p-2s^^"' + 2^p-3SP^"'+ • . • +yi9+yo=%{9)- 

We obtain then 

(1) 4'i X M + 4'2 X {92) + "'4'pX {<Pp) - AoVo + A,y, + A^y., + . . . 

• • • +-^p-22/p-2 +-^p-l2/p-l' 

From this equation we can eliminate v''2> ^''3? • • - 4'p and obtain 4\' 
For this purpose we need only select the t/'s so that we have simul- 
taneously 
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In Chapter III, § 53, we have shown that s^i, ^2> • • • ^p satisfy an 
equation of degree p 

X{<p) = 0, 

the coefficients of which are rational in ^],C2, . . . c,,. Again, the 
quotient 

_1-Z. = (^ — ^2) {ip—ip^ . . . (f — fp) 

vanishes if ^ = cr, , ^2j . • • ^p. But, if s^ = v'l , W© have 

(fi — ^2)(^i — S^a) . . . {fi — 9p) = -X"(^i). 
The derivative X\<p^ is not zero, for if x^^x^^ , . ,x^ are independ- 
ent, the values f 1 , f 2 > • • • S^p are all different. 

We can therefore satisfy the requirements above by taking 

that is, 

yp-2 = — i%y 2/p-3=A, 2/p-4 = — .^4, ... 2/0= ±/5p. 
Or, if we write 

X{(f) = (fP — a^(pp-' + a,csP-'— ,.. ± ./p, 



we have 

X(<P) 



<f^~'+l<Pi — ''i]<f^~'' + l<Pi' — ^^i<ri + '^2]<f^'^ + 



<P — <Pi 

and consequently 

By substitution in (1) we obtain then 

(2) ,'.,rfe) = ■«(?.), ^". = J^)- 

The value of v^', thus obtained can be reduced to a simpler form 
as follows. The product 

x:{^,)x\<p,)..,x'{<f,) 

is a symmetric function of the s^'s, and in fact, as appears from the 
expression for X\<pi) above, only differs from the discriminant J^ 
in algebraic sign. Moreover, the product 

(3) x\<p,)x\^,).,.r(<f,) 

is a symmetric function of the roots of the equation 
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9 — <P\ 
and can therefore be rationally expressed in terms of the coefficients 
of this equation, that is, in terms of «i, «2» • • • «p> aiid s^i, and con- 
sequently in terms of Ci,C2, . . .c« and <p^. If now we multiply 
numerator and denominator of the expression for 4\ in (2) by the 
product (3), we obtain 



(4) . V'. = ^ 



The denominator of this last fraction is rational and integral in 
Ci, Ca, . . . c„; the numerator is rational and integral in Cj, Cg, . . . c„ 
and ifx . 

If the numerator i?i(?'i) is of a degree higher than p — 1 with 
respect to s^i, a still further reduction is possible. For suppose 
that 

where Q(<p) and Rii^p) are the quotient and remainder obtained by 
dividing Iii{fp) by X(^). The degree of R'i{<p) then does not exceed 
p — 1. Now if ^ = s^i, ^2» . . • 9'p, -X'(sp) = 0. Consequently 

^,(<P^ = Rl<P^ (A =1,2, 3,...^), 
and therefore 



4\ 



A^ 



Similar considerations hold for the values (}'2i4'z^ • • • V^'p- ^® 
have therefore 

Theorem II. If two p valued functions (pK and 4'k belong to 
the same group Gk, then 4'\ can be expressed as a rational function 
of which the denominator is the discriminant A^ and is therefore 
rational and integral in Ci, C2, . . , c„, while the numerator is an 
integral rational function of ^\, of a degree not exceeding p — 1, 
with coefficients which are integral and rational m Ci, Cg, . . . c„* 

§ 105. The converse of Theorem I is proved at once; 

Theorem III. If two functions can be rationally ex- 
pressed one in tei^ms of the other, they belong to the same group. 

*Cf. Kronecker: Crelle9l, p. 307. 
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In fact, given the two equations 

<P = RM^, <^ = R2{<p), 
it appears from the former that ^ is unchanged by all substitutions 
which leave ^ unchanged, so that the group of (p contains that of ^, 
while from the latter equation it appears in the same way that the 
group of </' contains that of <p. The two groups are therefore iden- 
tical. 

Eemabk. Apparently the proof of this theorem does not involve 
the requirement that <p and (p shall be rational functions. It must 
however be distinctly understood that this requirement must always 
be fulfilled. For example, in the irrational functions 



^^ iCj ^~"~ 00^X2 "T~ **/2 , " ^^ iJC-i ~~~" ^X-^X2 "7~ *^2 > ^w **^i "T~ ^vC^X^ ~\ •t'2 J 

the expressions under the square root sign are all unchanged by 
the transposition «t = {x^x^. But it remains entirely uncertain 
whether the algebraic signs of the irrationalities are afPected by this 
substitution. Considerations from the theory of substitutions alone 
cannot determine this question, and accordingly the sphere of appli- 
cation of this theory is restricted to the case of rational functions. 
If, in the last two irrationalities above, the roots are actually 
extracted and written in rational form 

±{x^ — x^, ±{x^ + X2\ 
it appears at once that the transposition (t changes the sign of 
the former expression but leaves that of the latter unchanged, 
while in the case of the first irrationality this matter is entirely 
undecided. 

§ 106. Theorems I and III furnish the basis for an algebraic 
classification of functions resting on the theory of groups. All 
rational integral functions which can be rationally expressed one 
in terms of another, that is, which belong to the same group, are 
regarded as forming a family of algebraic functions. The number 
P of the values of the individual functions of a family is called the 
order of the family. The several families to which the different 
values of any one of the functions belong are called conjiigate 
families,* 



•L. Kronespker: Monatsl)er. d. Berl. Akad., 1879, p. 212. 
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• 

The product of the order of a family by the order of the cor- 
responding group is equal to n!, where n is the degree of the group. 

Every function of a family of order p is a root of an equation 
of degree p, the coefficients of which are rational in Ci, Cg, . . . c^^ 
The remaining p — 1 roots of this equation are the conjugate func- 
tions. 

The gxoups which belong to conjugate families have, if p > 2, 
n>4^, no common substitution except the identical substitution. 

Far p=^2 the two conjugate families are identical. 

For p = Q, n = 4: there is a family which is identical with its 
five conjugate families, 

§ 107. In the demonstration of § 104 the condition that (p and 
fl' should belong to the same family was not wholly necessary. It is 
only essential that (p shall remain unchanged for all those substitu- 
tions which leave the value of <p unaltered. The demonstration 
would therefore still be valid if some of the values of (p should 
coincide; but the values of <p must all be different, as appears, for 
example, from the presence of the discriminant J^ in the denomi- 
nator of (p. Under the more general condition that the group of 
^ includes that of (p we have then the following 

Theorem IV. // a function (p is unchanged by all the sub- 
stitutions of the group of a second function (p, while the converse is 
not necessarily true, then (p can be expressed as a rational function 
of ^, as in Theorem II, 

Under these circumstances the family of the function (p is said 
to be included in the family of the function (p, (p can be rationally 
expressed in terms of <p, but <p cannot in general be thus expressed 
in terms of 0. An including group corresponds to an included fam- 
ily and vice versa. The larger the group the smaller the family, 
the same inverse relation holding here as between the orders r 
and p. 

From the preceding considerations we further deduce the fol- 
lowing theorems: 
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Theorem V. It is always possible to find a function in 
terms of which any number of given functions can be rationally 
expressed. This function can be constructed as a linear combina- 
tion of the given functions. Its family includes all the families 
of the given functions. 

Thus any given functions s^, ^, /, . . . can be rationally expressed 
in terms of 

where a, jS^y, , , , are arbitrary parameters. For the group of oj is 
composed of those substitutions which leave 9,<r'^%, - - - all un- 
changed, and which are therefore common to the groups of 
f? , ^ , / , . . . The group of «> is therefore contained in that of 
every function ^, 0,/, . . . , and the theorem follows at once. 

A special case occurs when the group of oj reduces to the 
identical operation, a* being accordingly a n! -valued function. In 
this case every function of the n elements Xi,X2, . . .x^ can be 
rationally expressed in terms of «>, and every family is contained 
in that of w. The family of «> is then called the Oalois family. 

Theorem VI. Every rational function of n independent 
elements XiyX2, . . .x^ can be rationally expressed in terms of every 
nUvalued function of the same elements; in particular, in terms 
of any linear function 

^ = aiXi+a2X2. .. +a„x„, 
where «i , «2 > • • • «n otre arbitrary parameters. 

§ 108. We attempt now to find a means of expressing a mul- 
tiple-valued function <p in terms of a less valued function </>, the 
group of the former being included in that of the latter. A rational 
solution of this problem is, from the preceding developments, im- 
possible. The problem is an analogue and a generalization of that 
treated in Chapter III, § 53, where a /> -valued function was 
expressed in terms of a symmetric function by the aid of an equa- 
tion with symmetric coefficients of which the former was a root. 

From the analogy of the two cases we can state at once the 
present result: 
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Theorem VII. If the group of a mp-valiied function <p is 
contained in that of a p-valued function (/', and if 

are the m values which (p takes under the application of all the 
substitutions which leave (p unchanged^ then these m values of <p are 
the roots of an equation of degree m, the coefficients of which are 
rational functions of </'. 

In fact, the substitutions of the group 

Cti = [8i = 1, Sj , S3 , . . . Srj r = 

of (/'i are applied to any symmetric function of <Pi, <P2i - - - ^m, the 
value of this function is unchanged, only the order of the several 
terms being altered. In particular we have for the elementary 
functions 

9'l + 9^2 + . . . + ^m = ^1 (^1), 



where the A's are rational, but in general not integral functions of 
^1 i We obtain therefore the equation 

(A) ^-_A,(0Os^"*-' + ^2(0i)r-''+ . . . ± A^(0O = O, 

of which the roots are s^i, ^2) • • • S^m? and in general the equation 

of which the roots are the m values of ^ which correspond to the 
value 4'K of 4'- 

The denominators of the A;^'s and, in fact, their least common 
denominator is always a divisor of the discriminant J^, as appears 
from the proof of Theorem II. If 4' is a symmetric function, there 
is no longer a discriminant, and the denominator is removed, as we 
have seen in Chapt^er III, § 53. 

§ 109. One special case deserves particular notice. If the 
included group H of the function ^ is commutative with the inclu- 
ding group (t of then, if a single root of the equation {A^ is 
known, the other roots are all rationally determined. For if 

9U 921 ^8, . . . 9fn 
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are the roots of the equation (-4.,), and if , 

if,, 1^2,^8) • • • H^ 

aj:e the groups belonging to these values, finally, if 

<T| = 1, 'J"2j *^S • • • ^m 

are any arbitrary substitutions of G which convert ^^ into s^i , s^2 » • • • ^-i 
respectively, then we have (Chapter III, § 45) 

But by supposition if is a self conjugate subgroup of G, and there- 
fore 

G-'H,G = H,, 
that is, 

^2~ Hi(T2 = Hi , <r3~ ifi^^s = Hi , . . . 'T^" ifj'J"^ = Hi , 
and consequently 

if 1 = if 2 ^ if 3 ^ . . . ^= Hfn • 

The ??z different values 9'i, s^2» • • • S^m therefore belong to one and the 
same group H, and can consequently all be rationally expressed in 
terms of any one among them, in accordance with Theorem I. 

The family of (I'l is included in that of <pi ', When, as in the 
present case, the group Hi of ^, is not merely contained in the 
group G of il'i but is a self -conjugate subgroup of . G, the family of 
01 is called a self- conjugate subfamily of the family of <Pi . 

Theorem VIII. In order that all the roots of the equation 
(^1) should he rationally eocpressible in terms of any one among 
them, as <pi, it is necessary and sufficient that the family of 4\ 
should he a self-conjugate suhfamily of that of <pi, i. e., that the 
group of (pi should he a self-conjugate suhgroup of that of 4'i- The 
groups of (pi, <p2, . . . <pfn a^« t^''^ coincident. 

We consider in particular the case where m is a prime number. 
Suppose Gi to be the group of (Pi and Hi that of (Pi . Since every 
substitution of Gi produces a corresponding substitution of the val- 
ues s^i, s^2> • • . S^m, the group Gi is isomorphic with a group of the 
^'s. The latter group is transitive and of degree w. From The- 
orem II, Chapter IV, its order is divisible by m, and from Theorem 
X, Chapter III, it therefore contains a substitution of order m. 
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For m elements, where m is prime, there is only one type of such 
substitutions 

The corresponding substitution r of 65^1 therefore permutes- 
^1) ^2) . . • S^m cyclically. Moreover, since t"* corresponds to t"*, it fol- 
lows that t"" leaves all the functions <pi, <p2j » * - <pm unchanged. Ac- 
cordingly t"*, and no lower power of t, is contained among the sub- 
stitutions of ff 1 . 

Furthermore we readily show thai 

For the substitutions H^jH^r, . , , HiT"*'^ are all different and, since 

Hi is of order — , there are m — = — of them. They are all nec- 
mp mp p 

n\ 
essacily contained in 6ri, which, being itself of order — ^, cannot 

contain aHy other substitutions. From this it appears again that r 
is commutative with H^ . 

Theorem IX. If the equation (Aj) is of prime degree m, 
and if the group H^ of <Pi is a self- conjugate subgroup of the 
group Gi of <Pi, then Gi contains a substitution r tvhich permutes 
9\'»92^ • • • S^p cyclically. This substitution is commutative unth 
Hi ; its m^\ and no lower, power is contained in Hi ; together unth 
Hi it generates the group Gi . 

§ 110. We examine now under what circumstances {A^ can 
become a binomial equation, again assuming the degree m to be a 
prime- number. If {A^ is binomial, its roots, s^i, «>s^i, "'Vu . . .ft'"*" Vi 
evidently all belong to the same group. It is therefore necessary 
that Gi should be a self conjugate subgroup of Gi, 

We proceed now to show conversely that, if the group Hi is a 
self-conjugate subgroup of Gi , then a function /, belonging to Hi 
can be found, the m*^ power of which belongs to G,. 

Denoting any primitive m^^ root of unity by «>, we write 

If we apply to this expression the successive powers of t or r, we» 
obtain 
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X2 — 92 + ^92 + '^^n+ ... H-'^"*~Vi = «'~^/n 

consequently 

/l — /2 —.••—/»« • 

We have now to prove 1) that Zi belongs to the group H^ , and 
2) that /i"* belongs to the group G^ . 

In the first place, since ^i, v'a* - * * 9m are unchanged by all the 
substitutions of ifj, the same is true of xi- Moreover if there were 
any other substitutions which left /, unchanged we should have, for 
example, 

9l+(^<P2+ ... + ^*"~Wm = 9i,+*^9u,+ ...•+^*""V.,„» 

and therefore 

^'"-'{<Pn, — 90 + *^""%<Pm-i — 9,^_,)+ . . .+{<Pi — 9i,) = 0, 

The lattel* equation would then have one of its roots, and conse- 
quently all its roots, in common with the irreducible equation 

and we must therefore have 

9i — <Pii = 92 — 9ii= ... =^9m — 9i^' 

But we may assume the function ^i to have been constructed by the 

n\ 
method of § 31 as a sum of — ^ terms of the form x^^^Xo^ . . . with 
^ mp 

undetermined exponents. The systems of exponents in 9i,<p2i - • -fm 
will then all be different, and therefore, since the x^s are independ- 
ent variables, the equation 

<Pi + 9i2=92 + 9h 

can hold only if ^i = ^.^ and ^2 = ^.2 identically. The functi6n /i 
therefore belongs to Hi. 

It follows at once that /i"* belongs to Gi . For this function is 
unchanged by Hi and r, and consequently by 

Gi={Hi,t\. 

No other substitutions can leave /j"* unchanged. For otherwise 
j(i*" would take less than p values, and its m^^ root Xi less than mp 
values, which would be contrary to the result just obtained. 
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Theorem X. In order that the family belonging to a group 
H may contain functions the m^^ power of which belongs to the 
family of a group G, it is necessary and sufficient that H should be 
a self-conjugate subgroup of G, or^ in other words, that the family 
of G should be a self- conjugate subfamily of that of H. 

From Theorems IX and X the following special case of the lat- 
ter is readily deduced: ^ *- 

Tlieorem XI. ^n order that the prime power <p^ of a pp- 
valued function <p may have /> values, it is necessary and sufficient 
that there should be a substitution r, commutative tvith the group H 
^f 9^ o/ ^hich the p^^ power is the first to occur in H, 

Finally an extension of the last theorem furnishes the following 
important result: 

Theorem XII. If the series of groups 

(r, (ti, (t2, G^, . , , Gv 

is so connected that every Ga-i can be obtained from the following 
Ga by the addition to the latter of a substitution t„ commutative 
tvith Ga, of which a prime power, the pj^j is the first to occur in Gay 
then and only then it is possible to obtain a /' Pi ^2 • • • Pyvalued 
function belonging to Gy from a (> valued function belonging to G by 
the solution of a series of binomial equations. The latter are then 
of degree Pi^Pi^Pi, - - -Pv, respectively, 

§ 111. In the expression of a given function in terms of 
another belonging to the same family, we have met with rational 
fractional forms the denominators of which were factors of the dis- 
criminant of the given function. If we regard the elements 
Xi,x.y, . . . Xn as independent quantities, as we have thus far done, 
the discriminant of any function <p is different from zero, for the 
various conjugate values of <p have different forms. But if any 
relations exist among the elements x, it is no longer true that a dif- 
ference in form necessarily involves a difference in value. It is 
therefore quite possible that if the coefficients in the equations 

f{x)=x"'—CiX''-' + C2X''-'^—... ±c„ = 

are assigned special values, the discriminant 
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J^ = ie(c,,C2,...C„) 

may become zero. If this were the case, <f could not be employed 
in the expression of other functions of the same family. And it is 
conceivable that the discriminant of every function of a family 
might vanish. It is therefore necessary, in order to remove this 
uncertainty, to prove 

Theorem XIII. If only no two x'a are equals then whatever 
other relations may exist among the x^a, there are in every family 
Junctions the discriminants of which do not vanish, 

A proof might be given similar to that of § 30. It is however 
more convenient to make us^ of the result there obtained, that 
under the given conditions there are still nl-valued functions of the 
form 

9" = «o + 'h^i + ^^2 + . . . + a„x,„ 

We suppose the a's and the x^s to be free to assume imagin- 
ary (complex) as well as real values. This being the case, if the . 
n! values of <p are all different, we can select the coefficient Oq, so 
that the moduli of the values of ^ are also all different. For if 

<f\ = wiA + /^A V— 1 (A = 1, 2, . . . n), 
then we can take 

in such a way that all the n\ quantities 

<J'K = f A + «'= (m^ +P) + (/^-A + g) V="l (''' = 1, 2, . . . n) 
shall have different moduli. For from 

K +P)^+ (/^A + qf = K + Pf+if'^ + qY 
it would follow, if p and q are entirely arbitrary, that 

m^ = m^, /iK = fJK' 
In fact we can, for example, take p = q^ and q so large that even 
special values of q satisfy the conditions. 

Suppose then that the ^''a's are arranged in order of the magni- 
tudes of their moduli 

</'i , ^''2 , ^''3 , . . . V'n! (mod. (/^ > mod. 0a + 1) . 
We take then the integer e so great that 

9V>(9\+/ + V^'A+/+ . . . +<!'.0 (^ = 1,2, .. . (n!— 1)). 
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From every equation of the form 

^•) ^'/ + vV + V'/+ . . . =^V+9V + ^V+ • • • 

t 
it follows accordingly that a = a,6 = /?,c = ?',... If now we apply 

the r substitutions of G to i{>i% and add the results, the sum 

is a function of the required kind. For in the first place «> is evi- 
dently unchanged by G, And in the second place the properties of 
the equation *P) show that o) has /> distinct values, and consequently 
J„ is not zero. 
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CHAPTER VI. 



THE NUMBER OF VALUES OF INTEGRAL FUNCTIONS. 

§ 112. Thus far we have obtained only ocasional theorems in 
regard to the existence of classes of multiple- valued functions. We^ 
are familiar with the one- and two-valued functions on the one side 
and the n! -valued functions on the other. But the possible classes 
lying between these limits have not as yet been systematically exam- 
ined. An important negative result was obtained in Chapter III, 
§ 42, where it was shown that ft cannot take any value which is not 
a divisor of n!. Otherwise no general theorems are as yet known 
to us. We can, however, easily obtain a great number of special 
results by the construction of intransitive and non-primitive groups. 
But these are all positive, while it is the negative results, those 
which assert the non-existence of classes of functions, that are pre- 
cisely of the greatest interest. 

The general theory of the construction of intransitive groups- 
would require as we have seen in § 101, a systematic study of iso- 
morphism in its broadest sense. We shall content ourselves there- 
fore with noting some of the simplest constructions. 

Thus, if there are n = a + 64~^H~-- ©lenients present, and 
if we form the symmetric or the alternating group of a of them, 
the symmetric or alternating group of h others, and so on, then on 
multiplying all these groups together, we obtain an intransitive 
group of degree n and of order 

r = e a\h\c\ . . ., 

where ^=1, iji,^*.-) according as the number of alternating 
groups employed in the construction is 0, 1, 2, 3, ... , the rest being 
all symmetric. For the number of values of the corresponding: 
functions we have then 

n! 



:a!6!c!. 
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By distributing n in different ways between a, 6, e, . . . , we can 
obtain a large number of classes of functions. For example, if 
w = 5, we may take 

a = 5; e = l, ^= 1; ^1 = aJiOJgXs^i^s- ' 

a = 5; e = J, ^= 2; 92 = {^i—^2){^i—^)'A^i—x^ 

a = 4, 6=1; e = l, ^= 5; 9z = ^i^^^Xhs^i' 

a = 4, 6=1; 6 = ^,^ = 10; <Pi = {xi — x^{Xy^ — a?s)(^i — i^i) 

{x<,—x^) {x^—x,) {oih—x^ . 
a = 8, 6 = 2; ' e = 1, /> = 10; <p^ = x^x^c^ + x^x^. 

a = 3,6 = 2; e = J, ^ = 20; n = {x^—x^{x^—x^{x^^x^ 

-\- x^x^ 

^T = XiX^^ + X^ — Xf^. 

a = 3, 6 = 2; s = J, ^ = 40; f^g = (xi—x^) {x,—x^) (x^—Xj,) 

+ x^—x^. 
a = 3, 6 = 1, c = l; e = l, iO = 20; <Pq = x^X2X^ 

The imprimitive groups give rise in a similar way to the con- 
struction of functions with certain values. For example, for n = 6, 
we may take any two systems of non-primitivity of three elements 
each, or any three systems of two elements each, and with these 
construct various groups, the theory of which depends only on that 
of groups of degrees two and three. 

§ 113. General and fundamental results are not however to be 
obtained in this way. We approach the problem therefore from a 
different side, which permits us to give it a new form of statement. 

Given a jo-valued function ^i with a group 6ri, we construct again, 
the familiar table of § 41: 



<P1\ 


s,= 


1, S2, 


«8, .. 


.«r ; 


Gi 


9%\ 


(Tj, 


«2^2> 


«8^2, . . 


. 8,.(T2', 


G^<T, 


n\ 


'^3, 


«2^3, 


«3^3, . . 


. S..T3; 


G,<T, 


n\ 


<rp. 


»2^p, 


Sz^p, . . 


. Syffp', 


O.fT, 



We proceed then to examine the distribution of the substitutions of 
a given type among the lines of this table. 

A) There are n — 1 transpositions {x^x^)^ (a = 2, 3, . . . n). If 
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then ^ < n, and if the group 6^1 of <Pi does not oontain any trans- 
position of the form (aj,a;«), these (n — 1) transpositions are distribu- 
ted among, at the most, (n — 2) lines of the table. Accordingly some 
line after the .first must contain at least two of them. Suppose these 
two are 

Sa<yx = (x^Xa) , 8^<Tx = (a7,a?j) . 

Then it appears that a combination of the two 

{XyXaXj^ = {X^X^ {X^X^) — 8a^\(8fiffK)~^ = ^a^^X^^A" *«^~ ^ = ««S|8~* = 8y 

<x!curs in Oi . Consequently, if /} < n, Gi contains either a transpo- 
dsition or a circular substitution of the third order, including in 
•either case a prescribed element x^ . The same is obviously true of 
any prescribed element Xx . 
fi(fi 1 1 

B) There are ^ ^ — ^ transpositions of the form (aJaOJ^), («=f^ 

n(fi — 1) 
= 1, 2, . . . n). If therefore p <_ ^ — ^ , and if the first line of the 

table does not contain any transposition, then some other line con^ 
tains at least two. If these have one element in common, as (XaXfi), 
{XaX^^ then, as we have seen in A), their product {XaXfi,x^ occurs in 
Q^ . If they have no element in common, as (a?«a?^), (x^t)y then 
their product (XaXfi) (XyXs) also occurs in 6ri. In either case Q^ 
therefore contains a substitution of not more than four elements. 

C) There are (n — 1) (n — 2) substitutions of the form {x^x^pc^, 
(a=|=/9 = 2, 3, . . . n). If therefore p <{n — 1) (w — 2), and if Gi con- 
tains no substitution of this form, some other line of the table con- 
tains at least two of them. A combination of these shows that Gx 
contains substitutions which afiPect three, four, or five elements. 

Proceeding in this way, we obtain a series of results, certain 
of which we present here in the following 

Theorem !• 1) if the number /> of the valtie8 of a function 
18 not greater than n — 1, the group of the function contains a «m6- 
atitution of, at the most, three element8y including any prescribed 

element 2) If p is not greater than -^^-^ — -, the group of the 

function contains a substitution of, at the most, four elements, 8) 

If p is not greater than -^ ^ -, the group of the function 
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contains a substitution of^at the most, six elements. 4^ If pis not 

* ^u n{n—l){n—2)...{n—k + \) ^^ ^ ^^ ^ 

greater than — — j- ^^ ■ — -, the group of the func- 

rC 

turn contains a substitution of, at the most, 2k elements, b) If p is 
not greater than {n — 1) {n — 2) . . . (w — A? + l), the group of the 
function contains a substitution of, at the most, 2k — 1 elements, 
including any prescribed element, so that the group contains at least 
n 



2k— 1 



such substitutions. 



By the aid of these results the question of the number of values 
of functions is reduced to that of the existence of groups contain- 
ing substitutions with a certain minimum number of elements. 

§ 114 In combination with earlier theorems, the first of the 
results above leads to an important conclusion. 

From Chapter IV, Theorem I, we know that the order of an 
intransitive group is at the most (n — 1) ! . Consequently, the num- 
ber of values of a function with an intransitive group is at least 

7 — \., = n. For such a function therefore p cannot be less than n. 
(w— 1)! 

Again, the order of a non-primitive group is, at the most, 2! I -^! j , 

so that the number of values of a function with a non-primitive 

n! 
group is at least . For n = 4, this number is less than n; 

but for n > 4, it is greater than n. For such a function then, if 
n>4, P cannot be less than n. Again for the primitive groups it 
follows from Chapter IV, Theorem XVIII, in combination with the 
first result of Theorem I, § 113, that if p<n, the corresponding 
group is either alternating or symmetric, that is, p = 2 or 1. The 
non-primitive group for which w = 4, /? = 4, r = 8 is already known 
to us, (§ 46). We have then 

Theorem II. If the number p of the values of a function is 
less than n, then either p=zl or p = 2, and the group of the func- 
tion is either symmetric or alternating. An exception occurs only 
for n = 4, /o = 3, ?• = 8, the corresponding group being that belong- 
ing to XiXi + X^X^, 
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§ 115. On acconnt of the importance of the last theorem we 
add another proof based on different grounds. * 
Suppose ^ to be a function with the p <n yalues 

If we apply any substitution whatever to this series, the effect will 

be simply to interchange the p values among themselves. If in 

particular the substitutions applied belong to the group O^ of ^i, 

then the p values will be so interchanged that ^^ retains its place. 

n! 
All the r = — > (w — 1) ! substitutions of Ox therefore rearrange only 

the p — 1 values ^^21 ^3? • • • ^p- Since /> < w, there are at the most, 
only {p — 1 ) ! <. (w — 2) ! such rearrangements. Consequently among 
the r> (n — 1)! substitutions of Gi there must be at least two, (t and 
r, which produce the same rearrangement of 9'2> S^a? • • • s^p* Then 
<yr~* is a substitution different from identity, which leaves all the 
S^'s unchanged, that is, which occurs in all the conjugate groups 
Oi, G2, . . . Gp. But if w > 4 there is no such substitution (Chapter 
III, Theorem XIII). Consequently p^n, 

§ 116. Passing to the more general question of the determina- 
tion of all functions whose number of values does not exceed a given 
limit dependent on n, we can dispose once for all of the less impor- 
tant cases of the intransitive and the non- primitive groups. For 
the purpose we have only to employ the results already obtained in 
Chapter IV. 

In the case of intransitive groups we have found for the maxi- 
mum orders : 

1) r=(w — 1)!. Symmetric group of n — 1 elements. p = n. 

2) r= - — ~^ . Alternating group of n — 1 elements. p = 2n. 

3) r = 2 ! (n — 2) ! . Combination of the symmetric group of n — 2 

n(n — 1) 
elements with that of the two remaining elements, p — ^ • 

4) r = {n — 2) ! . Either the combination of the alternating group 
of n — 2 elements with the symmetric group of the two remaining 
elements; or the symmetric group of n — 2 elements. In both cases 
p = n{n — 1). Etc. ^_^___ 

*L. Kronecker: Monatsber. d. Berl. Akad.. 1889, p. 211. 



Digitized by 



Google 



THE NUMBEB OF VALUES OF INTEGRAL FUNOTIONS. 133 

For the non-primitiye groups we have 

1) r = 2 1 ( -Q- M . Two systems of non-primitivity containing each 

n 

^ elements. The group is a combination of the symmetric groups 

of both systems with the two substitutions of the systems them« 

selves, p = — — -^. For n = 4, 6, 8, . . . we have ^o = 8, 10, 85, . . . 

2) *• = 8 1 ( -Q- 1) . Three systems of non-primitivity. The group 

is a combination of the synunetric groups of the three systems with 

' nl 

the 3! substitutions of the systems themselves, p = — - — --. For 

n = 6, 9, 12, . . . we have p = 15, 280, 5770, . . . ^\T V 

3) r = 8 ( -H-I J . As in 2), except that only the alternating group 

nl 
of the three systems is employed, p = — - — — * For n = 6, 9, 12,. . . 

we have p = 80, 560, 11540, ... ""v 3 V 

The values of p increase, as is seen, with great rapidity. 

§ 117. In extension of the results of § 113 we proceed now to 
examine the primitive groups which contain substitutions of four, 
but none of two or of three elements. 

Such a group O must contain substitutions of one of the two 
types 

The presence of «2 requires that of 82'' = {x^Xc) {xj,x^^ which belongs 
to the former type. Disregarding the particular order in which the 
elements are numbered, we may therefore assume that the substitu- 
tion 

occurs in the group O. 

We transform a^^ with respect to all the substitutions of O and 
obtain in this way a series of substitutions of the same type which 
connect x^yX^^x^^ x^ with all the remaining elements (Chapter lY, 
Theorem XIX). The group Q therefore includes substitutions 
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similar to 8^ which contain besides some of the old elements 
Xi, X2, a?8, a?4 other new elements 075, x^, Xj, , . , 

This can happen in three different ways, according as one, two, 
or three of the old elements are retained. Noting again that it is 
only the nature of the connection of the old elements with the new, 
not the order of designation of the elements that is of importance, 
we recognize that there are only five typical cases: 

(XiX^) (aJaOJe), (XiX^) (x^X^), 
(XiXji) {XqX-j). 

In the first case, for example, it is indifferent whether we take 

and in the last we may replace x^ by X2,x^, or a?^, etc. 

The first and fifth cases are to be rejected, since their presence 
is at once found to be inconsistent with the assumed character of 
the group. Thus we have 

(x^x^) (x^x^) . (x,X2) (x^x^) = {x^x,x^\ 
[(ajiflffa) (x^) . (x^x^) (^x^Xt)J = (xix^x^), 

the resulting substitutions in each case being inadmissible. 

There remain therefore only three cases to be examined, accord- 
ing as G contains, beside s,, one or the other of the substitutions 

A) (X^X^) (XaOJj), 

C) {xix^)\x^x^), 

the first case involving one new element, the last two cases two 
new elements each. 

§ 118. A) The primitive group G contains the substitutions 

*5 ^ (•*'l«*'2) (^8^4)? ^i ^ (•*'1**'8) y^^b)^ 

tmd consequently also 

t = ^6^4 ^ \XiX^X^^^)y 81 ^ t8^t ^ yX^f^) yX^X^), 

Since Ms a circular substitution of prime order 5, it follows from 
§ 83, Corollary I, that if n^7, is at least three-fold transitive. 
Then G must contain a substitution u, which does not affect x^ but 
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replaces X2 by x^ and x^ by x^. If we transform 8^ with respect to 
this substitution, we obtain 

If Xa is contained among x^^x^^x^^x^, then a' and s^ have only 
one element in common and if x^ is contained among a?g, a?9, . . • 
then 8^ and 8^ have only one element in common. Both. alternatives 
therefore lead to the rejected fifth case of the preceding Section. 

If n>l^ G becomes either the alternating or the symmetric 
group. There is in this case no group of the required kind. 

For w = 4 it is readily seen that there are two types of groups 
with substitutions of not less than four elements, both of which are 
however non-primitive. 

Groups of the type A) therefore occur only for n = 5 or n = Q. 

For «i = 5 we have first the group of order 10, 

If we add to (?i the substitution <r = (XiX^x^x^), we obtain a second 
group of order 20 

G2=\8^,t,<T\ = \t,(T\, . 

The latter group is that given on p. 39. G^ and G^ exhaust all the 
types for n = 5. 

For n = 6 we obtain a group (r^ of the required type by adding 
to G2 the subi^titution {x^x^ {x^^. Since G^ is of order 10, the 
transitive group G4 must be at least of order 60 (Theorem II, 
Chapter IV). And again, since {x^x^ {x^tr = t = {xiX^pi^x^^x^^ 
we may write G4 = |f, <?•, t}. . We find then that 

rt = <rV, r<T = f <^r^ 
Consequently from § 37, it follows [that G^ is of order 120. 

The 60 substitutions of G^ which belong to the alternating group 
from another group of the required type 

Gs= \G,, (x^x^) {x<iX^)\, 

§ 1 19. B) In this case G contains 

«6 = (i»ii»2) (oi^bX,) t = {x,x,) (xgaJe), 

and consequently the combination 
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These three substitutions are not sufficient to connect the six ele- 
ments a?!, o^s, . . . o^e transitiyely, there being no connection between 
o^, X4, and a?!, a?a, a?5, a?e. The group must therefore (§ 83) contain 
another substitution of the type {XaXp) {xyXs) which connects 
XiyX2,x^, x^ with other elements. If this substitution should con- 
tain three of the elements XiyX2,x^,x^ and only one new one, it 
would have three elements in common with v. This would lead 
either to to the type A) or to the rejected first case of § 117. If 
the new substitutions contained only one of the new elements 
^19 ^39 ^59 ^6 Ai^d three new ones, then we should have the fifth case 
of § 117, and this is also to be rejected. 

There remains only the case where the new substitution connects 
two of the elements x^^x^^x^, a;« with two others. It must then be 
of one of the forms 

(x^Xa) (x^Xj), (XiX^) .(x^Xj,), {x^Xa) {Xf,X^\ 
{x^Xa) (X^X^), (XaOJe,) (x^Xt), {x^Xa) (Xf^X^). 

Of these the first, third, fourth and sixth stand in the relation 
defined by C) to r, while the first, second, fifth and sixth stand in 
the same relation to v. 

All the groups B) therefore occur under either A) or C7), and 
we may pass at once to the last case. 

§ 120. C). In this case the required group contains 

<ri = {X1X2) (XqX^) (T2 = (X^X^) (x^Xfi), ^3 = (Tj- ^(F^tTi = (XjX^) (x^Xf^), 

We consider first the case n = 6. 

The elements a?i, Xg, a?5 are not yet connected with x^^x^yX^. 
There must be a connecting substitution in the group of the type 
(XaXfi) {XyXn), where we may assume that Xa is contained among the 
the three elements a?,, Xj, ajg. If Xa were X2 or x^, then we should 
obtain, by transformation with respect to (TiOT(T2, b. substitution 
(XiXi) (x^Xa), SO that we may assume a = 1. The possible cases are 
then 

(a) {X1X2) Ki»m), (ocix^) (oc^m), {XiXf^) (x^x^) m = 3, 4, 6. 

(fi) (xix^) {XnX^\ m,n,p = 3, 4, 6. 

(r) (oc^^fn) {x2Xn\ {xix„) K^n), m, ti = 3, 4, 6. 
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The substitutions of the first and second lines are to be rejected^ 
since their products with <ri, ctj, cr, lead to the first case in §r 117, or 
directly to substitutions wtth only three elements. There remain, 
for the different values of m and n, only the following cases: 

{x,x,) (ataaJe), (xiX^) {x^\ 

yXiX^ (^2^6/9 (^i^e) (^2^4)) 
(a?ia?,) {x^x^, {x^x^ (x^x^), 

(XiXt) {x^Xi)y (XiX^) (x^Xj^), 

(xix;) (aJjiTe), (x^x^) (x^x^). 

The second and fourth lines and the third and sixth must be rejected, 
since their substitutions have three elements in common, the former 
with <Ti , the latter with <r,. The first line stands in the same relation 
to <ri as the fifth to ^^j. We need therefore consider only the first 
line. The product of either of its substitutions by tr^ gives the 
other. The required group therefore contains beside <ri, (Tj, (t, also 

(T^z=(xix;){x^,y 

The group generated by these four substitutions 

Q' = {(T^, tr^, <r„ (T^\ = I^Ti, (Ta, er^ 

is of order 24 It is non-primitive, the systems of non-primitivity 
being a?i,a?g; X2,x^', and x^^Xf^. It can also be readily shown 
that there is no primitive group G5 of the required type which con- 
tains o\ 

Far n = 6 there are only two groups of the required type. These 
are the groups O^ (r = 60) and G, (r = 120) of § 118. 

§ 121. If the degree of the required group is greater than 6, 
the indices m, n, p of the lines a), /?), y) in the preceding Section 
have a correspondingly larger range of values. It is again readily 
seen, however, that the three cases a) are inadmissible. But (/?) 
(y) both give rise to groups which satisfy the required conditions. 
The actual calculation shows that in every case a proper combina- 
tion of the resulting substitutions gives a circular substitution of 
seven elements. Consequently the group O is at least (n — 6)-fold 
transitive (§ 83). 



Digitized by 



Google 



138 THEOBT OF SUBSTITUTIONS. 

If then n^9, O is at least three-fold transitive, and therefore 
contains a substitution which does not affect a?i, but interchanges X2 
and 0^. If we transform er, with respect to this substitution, we 
obtain 

and since <rj has three elements in common with <r, either we have 
the case A), or x^ = a?4 and ff^ is equal to the t^ of the preceding 
Section. 

In the latter case the subgroup which affects a?!,^,, . . . o^e is 
itself at least simply transitive* Combining with this group the cir- 
cular substitution of seven elements we obtain a two-fold transitive 
group. Consequently (§84) O is at least (n — 5)-fold, and for 
n>^9, at least 4-fold transitive. G contains therefore the sub- 
stitutions 

r = {x,){x^;){x,x^.,,), 

r-'iTiT=z(x,Qi^)(x^;), 

SO that we return in every case to the type A), For n>_9 there is 
therefore no group of the required type. 

Theorem III. If the degree of a group, which contains 
substitutions of four, but none of three or of two elements, exceeds 
8, the group is either intransitive or non-primitive. 

Combining this result with those of § 113 and § 116, we have 

Theorem IV. If the number p of the values of a function 
is not greater than in{n — 1), then if n>8, either 1) p = in{n — ^1), 
and the function is symmetric in n — 2 elements on the one hand 
and in the two remaining elements on the other, or 2) p = 2n, and 
the function is alternating in n — 1 elements, or S)p = n,and 
the function is symmetric in n — I elements, or 4) /t> = 1 or 2, and the 
function is symmetric or alternating in all the n elements* 

§ 122. We insert here a lemma which we shall need in the 
proof of a more general theorem, f 

From § 83, Corollary EL, a primitive group, which does not 
include the alternating group, cannot contain a circular substitution 

*Cauchy: Joarn. de I'Ecole Polytech. X Gahier; Bertrand: IMd. XXX Oahier; Abel: 
Oeuvres completes I, pp. 13-21; J. A. Serret: Journ. dei'Ec<»le Polytech. XXXn Cabler; 
C. Jordan: Traits etc., pp. 67-76. 

t G. Jordan : Traits etc .. p . 664. Note G. 
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of a prime degree less than -^ . If p is any prime number less 

than -Q-, and if p^ is the highest power of p which is contained in 

nl, then the order of a primitive group O is not divisible byp^. 

For otherwise O would contain a subgroup which would be similar 

to the group K of degree n and order p^ (§ 39). But the latter 

group by construction contains a circular substitution of degree p, 

n\ 
and the same must therefore be true of G, Consequently /> = — 

must contain the factor p at least once. 

What has been proven for p is true of any prime number lesa 

2n 
than -^ and consequently for their product. We have then 
o 

Theorem V. If the group of a function with more than 

two values is primitive, the number of values of the function is a 

multiple of the product of all the prime numbers which are less 

2n 
than -H-. 

§ 123. By the aid of this result we can prove the following 

Theorem VI. If k is any constant number, a function of 
n elements which is symmetric &r alternating with respect to n — k 
of them has fewer values than those functions which have not this 
property. For small values of n exceptions occur, but if n exceeds 
a certain limit dependent on k, the theorem is rigidly trus,^ 

If <p is an alternating function with respect to n — k elements, 
the order of the corresponding group is a multiple of i(n — A:)!, and 
the number of values of the function is therefore at the most 

A) 2n(n— 1) (w- 2) . . . (n—k + l). 

If ^ is a function which is neither symmetric nor alternating in 
n — k elements, it may be transitive with respect to n — A: or more 
elements. But in the last ease (p must not be symmetric or alterna- 
ting in the transitively connected elements. 

We proceed to determine for both cases a minimum number of 



•C. Jordan: Traits etc., p. 67. 
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values of <p, and to show that if n is sufficiently large, this mini 
mum is greater than the maximum number of values A) of f>. 

§ 124. Suppose at first that ^|f is transitive in less than n — k 
elements. Then the order of the corresponding group is a divisor 

of 

^i! Ajl Agl . . . whereAi + Aj-f-^4- . . . =n (Aa<ri — k). 

This product is a maximum when one of the A's is as large as pos- 
sible, i, 6., equal to n — k — 1, and a second X is then also as large 
as possible, i. e., equal to A^ + l* It is further necessary that 
A?+*l > n — k i, e., n> 2fc + l. The maximum order of the group 
is consequently 

(n—k—X)l{k + l\, 

and the minimum number of valties of ^ is 

. n I n(n— 1) (n— 2) . . . (n—k) 

^) (n—k—l)\{k + l\)^ 1.2.3....(A: + 1) " 

It appears at once that the minimum B) exceeds the maximum A), 
as soon as 

n>A? + 2(A:+l)I 

This is therefore the limit above which, in the fiirst case, the theo- 
orem admits of no exception. 

§ 125. In the second case <p is transitive in n — x elements 
{x>^k), but it is neither alternating nor symmetric in these ele- 
ments. The group 6r of ^ is intransitive, and its substitutions 
are therefore products each of two others, of which the one set 
'*^i9^2i ' ' ' connect transitively only the elements a?i,a?2, . . . a?^_ic, 
while the other set ^1,^2,... connect only the remaining elements 

The substitutions of the group G of <fi have, then, the product 

forms 

(TiTi , ffa'^a, (TgTa, . . . (T^t^, . . . <r^r^, . . . 

where, however, one and the same (t may occur in combination with 
different r's. It is easily seen that all the <r's occur the same num- 
ber of times, so that the order of the group G is a multiple of that 
of the group S = [<ri, <r2> • • • ]• 

We will show that 2 is neither alternating nor symmetric; oth- 
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erwise G would be alternating or symmetric in n — x elements^ 
whioh is contrary to assumption* If the group ^ were alternating, 
it would be of order ^{n — x)!. This exceeds the maximum num- 
ber x! of the order of the group 2'=[ri,r2, . . ,] of x elements, 
as soon as n>2k. Consequently 6? contains substitutions ^oT^^ 
<r/3T|5, in which Ta = ^/3 but ^a^*^^^ and therefore substitutions 
<^tt^a (<^^^^)~^ = ^a^p~^ which affect only the elements a?,, a?2, . . .a?n-r 
of the first set. The entire complex of these substitutions forms a 
self-conjugate subgroup H of G. This subgroup is unchanged by 
transformation with respect to either G or 2, since r^, r^, ... have 

no effect whatever on the substitutions of H. H is therefore a self- 

* 

conjugate subgroup of the alternating group ^ , and must accord- 
ingly coincide with S (§ 92). £r= S is therefore a subgroup of Gy 
and (p would, contrary to assumption, be alternating in n — x ele- 
ments. 

§ 126. The maximum order of the group G is therefore equal 
to the product of x! by the maximum order of a non- alternating 
transitive group of n — x elements. We denote the latter order 
by R{n — x). Then the minimum number of values of is 

^. n\ _ (n — x)I n{n — 1) . . . (n — x + 1) 

' x\R{n—x)'~R{n — x) ' ]^r ' 

We have now still to determine R{n — x), the maximum order of 

a ncm- alternating transitive group of n — x elements, or -^^ ^- , 

the minimum number of values of a non-alternating transitive 
function of n — x elements. 

If this function is non-primitive in the n — x elements, it follows 
that the minimum number of values is 

CO (n-.)! _ /n-x)(n-x-l)...(y+l) 

*^|[i("-')]!r~* [i«— )]! 

Sabstitnting this valae in C) we obtaia for the minimom anmber of 
valnes of 4' 

n(»-l)... («-. + !) (n-.).,.r^+l) 



;c![i(«-r)]! 
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We compare this number with the inaTimnm number A) and 
examine whether, above a certain limit for n, (7i) becomes greater 
than A)y i, e., whether 

n{n-l)...{n-. + l){n-x)...(!t:p+l) 

>4rl!^!n(n— l)...(n— x + 1). 

For snfSoiently large n we have I — = 1" 1 ) < ** — *+ !• ^® ^^® 

therefore to prove that 

(„_&) („_fc_ 1) . . . (nzif + 1) > 4x1 !^i 

This is shown at once, if we write the right hand member in the 
form 

(4x![*-x]!)([!^^] [*^-l] . . . [fc-x + 1]). 

For the first factor is constant as n increases, and the ratio of the 
left hand member to the second parenthesis has for its limit 

2—-\ 

§ 127. Finally, if the function (p of the n — x elements ib prim- 
itive, we recur to the lemma of § 122. From this it follows that 
the minimum number of values of <ff is the product of all the prime 
numbers less than f (n — x). We will denote this product by 

Introducing it in C), we have 

C) P r ^(*^-') ] «(«-!) ••■(n-x + l) 

We have then to show that, for sufficiently large values of n, the 
value A) is less than C3), i, e., that 

^|-2(n-x)j ^ 2xl(n— x) (n—x-l) . . . (n-k+l). 

The right hand member of this inequality will be greatly increased 
if we replace every n — x — a by the first factor n — x. There are 
k — X factors of the form n — x — a. These will be replaced by 
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(n — x)*-*. If we write then v = -^^-k — -, we have only to prove 

that for sufficiently large v, 

-PW>[2(|)*-''!]'^-', 
or 

5^>[2a)*-x!]. 

This can be shown inductively by actual calculation, or by the 
employment of the theorem of Tchebichef , that if v>S, there is 
always a prims number between v and 2v — 2. 

For we have from this theorem 

P(2v)>-vP(v), 

P(2v) P(v) V 

(2v)*-'' ^ v*-« 2*-«* 

Now whatever value the first quotient on the right may have, we 
can always take t so great that the left hand member of 

P(2^) P(v) f . Y 
(2'v)*-« ^ V*-* l2*-*J 

increases without limit, if only v is taken greater than 2''~\ The 
proof of the theorem is now complete. \ 

The limits here obtained are obviously far too high. In every 
special case it is possible to diminish them. As we have, however, 
already treated the special cases as far as /o = \n{n — 1), it does not 
seem necessary, from the present point of view,^to carry these inves- 
tigations further. 
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CERTAIN SPECIAL CLASSES OF GROUPS. 

§ 128. We recnr now to the results, obtained in § 48, and 
deduce from these oertain further important conclusions.* 

Suppose that a group O is of order r =p'^m, where p is a prime 
number and m is prime to p. We have seen that O contains a sub- 
group H of order p*. Let J be the greatest subgroup of O which 
is commutative with H. J contains J9, and the order of </ is there- 
fore pH, where t is a divisor of m and is consequently prime to p. 

Excepting the substitutions of H, J contains no substitution of 
an order p^. For if such a substitution were present, its powers 
would form a group L of order p^. But if in A) of § 48 we take 
for Gi, Hij Ki the present groups J, L, K, then since (Ty~^H(ry = H, 
we should have 

The left member of this equation is not divisible by p. Conse- 
quently we must have in at least one case dy = p^, that is, L is con- 
tained in (Ty-^Hffy = H, 

Again, every subgroup M of order p" which occurs in O is 
obtained by transformation of H, For if we replace G^y Hi, Ki of 
A) § 48 by G, JET, M, we obtain 

i>« di^d^^'"' 

and for the same reason as before dy=p*^ in at least one case, and 
therefore M=*Ty- ^Hffy . Since J9^ as a self -conjugate subgroup of J, 
is transformed into itself by the pH substitutions of J, it follows that 
there are always exactly pH substitutions of G which transform H 

into any one of its conjugates. There are therefore -:- of the latter. 

•L. Sylow: Math. Ann. V. 584-94. 
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Finally, if we replace O, JET,, K^ of A) § 48 by G, J, H, we 
have 

Since H^ is contained in Ji , we must have d^ =p% and since J con- 
tains no other substitntions of order p^, no other d can be equal to 
p". It follows that 

r=:pH{kp + l), m = i{kp + l). 

The group H has therefore kp + 1 conjugates with respect to G, 
We have then the following 

Theorem I. // the order r of a group G is divisible hyp"^ 

hut by no higher power of the prime number p, and if H is one of 

the subgroups of order j9* contained in G, and J of order pH the 

largest subgroup of G which is commutative with H, then the order 

of G is 

r=pH{kp -{-!). 

Every subgroup of order p* contained in G is conjugate to H, Of 
these conjugate groups there are kp-\-l, and every one of them 
can he obtained from H by pH different transformations, 

§ 129. In the discussion of isomorphism we have met with tran- 
sitive groups whose degree and order are equal. In the following 
Sections we shall designate such groups as the groups ^. 

If we regard all simply isomorphic transitive groups, for which 
therefore the orders r are all equal, as forming a class, then every 
such class contains one and only one type of a group ^^ (§ 98). The 
construction of all the groups ^ of degree and order r therefore 
furnishes representatives of all the classes belonging to r, together 
with the number of these classes. The construction of these typi- 
cal groups is of especial importance, because isomorphic groups 
have the same factors of composition, and the latter play an impor- 
tant part in the algebraic solution of equations. 

One type can be established at once, in its full generality. This 
type is formed by the powers of a circular substitution. A group Q 
of this type is called a cyclical group, and every function of n ele- 
ments which belongs to a cyclical group is called a cyclical function, 
10 



Digitized by 



Google 



146 THEOBY OF SUBSTITUTIONS. 

We limit ourselves to the consideration of oyclioal groups of 
prime degree p. If « = (a?, ajj . . . x^), and if w is any primitive p^^ 
root of unity, then 

is a cyclical function belonging to the group 6? = [1, s, «", . . . «*~^]. 
For ^ is converted by «• into 

= {x^ + wx^+ ... +wp-%y = ^, 

SO that ^ is unchanged by the substitutions of O. 

Moreover, if for any substitution t, which converts every Xa into 
^«a> ^® have ^4 = v>, , and consequently 

'then, if the x^b are independent elements, it follows that 

toy-^Xt^ = oi-^io^y-^Xt^. 

'Consequently f^ = j^ + ^, that is, the substitution t replaces a?i, a?2- • • > 
l>y ^n-P>^2+/i> • • • > ^ is therefore contained among the powers of s, 
and <p belongs to the group 6r. It is obvious that for r=p, the 
group G furnishes the only possible type Q. 

§ 130. We proceed next to determine all types of groups Q of 
degree and order pq, where p and q are prime numbers, which for 
the present we will assume to be unequal, p being the greater. 

1) One type, that of the cyclical group, is already known to us. 
It is characterized by the occurrence of a substitution of order pg. 

2) If there are any other types, none of them can contain a 
substitution of order pg, since this would lead at once to 1). The 
only possible orders are therefore p, g, 1. A substitution s of order 
p is certainly present. This and its powers form within Q a sub- 
group H of order p. If ^ contains any further subgroups jBT of 
order jp, their number must be xp -4- 1, where x > 0. These sub- 
groups would have only the identical substitution in common. 
They would therefore contain in all 

(p-l)(px+l) + l=p[(p-l)x + l]>pg 

substitutions. This being impossible, we must have x = 0. 
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The subgroup H contains only p substitutions; the rest are all 
of order q. Their number is 

pq—p={q—l)p. 
There are therefore p subgroups of order g, and consequently from 
Theorem I we must have 

that is, q must be a divisor of p — 1. Only in this case can there 
he any new type Si, 

3) The group H is a self-conjugate subgroup of Q. Conse- 
quently every substitution t of order q must transform the substitu- 
tion 8 of H into 8% where a might also be equal to 1. We write 

(where the upper indices are merely indices, not exponents). Then 
no cycle of t can contain two elements with the same upper index. 
For otherwise in some power of t one of these elements would 
follow the other, and if this power of t were multiplied by a proper 
power of 8, one of the elements would be removed. 

With a proper choice of notation, we may therefore take for one 

cycle of t 

(xi^Xi^Xi^ . . . a?!^). 

It follows then from 

t-''8t = 8" 

that t replaces x^^ by x„^i^+\ x^ by a72a+i*^\ . • . aj^+i* by 
^aa+i*"^S . • . SO that we have 

t = {XiW . . . a?i^) . . . {Xa + i^^aa + l^^aa^ + l^ • • • i»a«g-l + l^ ...)••• 

If now the latter cycle is to close exactly with the element a?aa«-J+iS 
we must have 

aa«+ l^a + 1, a«^l (mod.p). 

The solution a = 1 is to be rejected, for in this case we should have 

t = {x,W . . . x,^) (x^'x^^ . . . a;2«) . . . {x^'xj" . . . a?/), 
8t = (iTi'iCa^ . . . x^^x^^i%^2'^ ...)•••> 
so that the latter substitution would contain a cycle of more than q 
elements, without being a power of 8, 
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It follows then from the congruence a^^l (mod p) that g is a 
divisor of p — 1, as we have already shown; farther that a, belong- 
ing to the exponent q, has q — 1 values aj, a,, . . . a^-i; finally that 
all these values are congruent (mod. p) to the powers of any one 
among them. From t'^at^s" follows 

so that, if 8 is transformed by t into any one of the powers 8^\ there 
are also substitutions in Q which transform « into «"i, «**«, . . . «"«-i. 
Accordingly the particular choice of ax has no influence on the 
resulting group, so that if there is any type ^ generated by substi- 
tutions 8 and t, there is only one. 

The group formed by the powers of t being commutative with 
that formed by the powers of 8, the combination of these two sub- 
stitutions gives rise to a group exactly of order pq. The remaining 
pq — p — q + 1 substitutions of the group are the first q — 1 powers 
of thep — 1 substitutions conjugate to t 

8-^^HsP-' = (V W • • • ^fi^) • • • (/5 = 2, 3, . . .p). 

If p and q are unequal, we have therefore only one new type i2. 

§ 131. Finally we determine all types of groups ii of degree 
and order p*. 

1) The cyclical type, characterized by the presence of a substi- 
tution of order p\ is already known. 

2) If there are other types, none of them can contain a sub- 
stitution of order p^. There are therefore in every case p^ — 1 sub- 
stitutions of order p and one of order 1. If « is any substitution 
of ^, and t any other, not a power of «, then ii is fully determined 
by 8 and t For all the products 

s^'i* (a,6 = 0,l,2, ...p— 1) 

are different, and therefore 

p. = [«"f ] (a, 6 = 0, 1, 2, ... p — 1). 
We must have therefore ' 

t8 = s^t'i , fs = 8^.i% . . . t^'-'s = s^^-^t'^-K 
If now two of the exponents d are equal, it follows from 
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that 

(f«)-'(f*«) = 8-'ff8 = {8^t')-\^t") = P. 

Since for f we may write t, it therefore appears that ^ oontainB a 
substitution t which is transformed by 8 into one of its powers t\ 

The same result holds, if all the exponents d are different. For 
one of them is then equal to 1, since none of them can be 0, and 
from fs^sf follows 8-^f8 = t', 

3) There is therefore always a substitution 

t = {x,'x,' . . . x^') (a;, V . . . O . . . {x,^x/ . . . x/) 

which is transformed by 8 into a power of itself t^. As in the pre 
ceding Section, we may take for one cycle of 8 

{x^'x,^ . . . xf). 

Then from s-^<« = f follows 

8 = (iTiV . . . ^i^) ipc^x^+iix^a^^i . . . a;«i»-i+,* ...)... 

If the second cycle is to close after exactly p elements, we must 
have 

a^-fl=2, a'=l (modp). 

This is possible only if a = 1. Accordingly 

8 = (aji'a?!^ . . . x^^) {x^^x^ ...xj^)... (oTp'ir/ . . . /). 

The jp + 1 substitutions 

8,t,8t,sf, . . . 8t^~^ 

are all different and no one of them is a power of any other one. 
Their first p — 1 powers together with the identical substitution 
form the group Q, 

Summarizing the preceding results we have 

Theorem II. There are three type8 of groups i2, for which 
the degree and order are equal to the product of two prime num- 
bers: 1) The cyclical type, 2) one type of order pq (p>g), 
3) one type of order p\ The first and third types are always pres^ 
ent; the second occurs only when q is a divisor of p — 1. 

§ 132. We consider now another category of groups, character- 
ized by the property that their substitutions leave no element, or 
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only one element, or all the elements xmchanged. The degree of 
the groups we assume to be a prime number p. 

Every substitution of such a group is regular, i, e., is composed 
of equal cycles. For otherwise in a proper power of the substitu- 
tion, different from the identity, two or more of the elements would 
be removed. 

The substitutions which affect all the elements are cyclical, for p 
is a prime number. From this it follows that the groups are tran- 
sitive^ and again, from Theorem IX, Chapter lY, that the number 
of substitutions which affect all the elements is p — 1. We may 
therefore assume that 

and its first p — 1 powers are the only substitutions of p elements 
which occur in the required group. 

The problem then reduces to the determination of those substi- 
tutions which affect exactly p — 1 elements. If Hs any one of these, 
then t~^8t, being similar to 8, and therefore affecting all the ele- 
ments, must be a power of 8 

t 8t = 8 ^^ {XiXi^fnXi^2rH ' ' * )i 

where every index is to be replaced by its least positive remainder 
(mod p). Since it is merely a matter of notation which element is 
not affected by t, we may assume that x^ is the unaffected element. 
It follows that 

t = (XiX^^lX^^lX^^l ...).. .{x„^iX„^^iXan,»^i. ..)... 

' If now gr is a primitive root (mod. p), then all the remainders 
(mod. p) of the first p — 1 powers of g 

O) g\g',g',...g^-\g^-' = l (mod. p) 

are different, and we may therefore put 

m^gf^ (mod. p). 

We will denote the corresponding ^ by ^^. It appears then that ^^ 

p—1 
consists of M- cycles of =- elements each. For every cycle of tft 

closes as soon as 
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and this first happens when z = — 



p- 

If there is any further substitution ty which leaves Xi unchanged 
and which replaces every ic„+i by a?«/+i, then t^Hy^ replaces every 
^e+i hy cc„^af*+/3»'+i. If uow we take a and /9 so that afi-\-fiv is 
congruent (mod. p) to the smallest common divisor oi oi ^f. and v, 
we have in 

a substitution of the group, of which both ^^ and ty are powers. 
Proceeding in this way, we can express all the substitutions which 
leave a?, unchanged as powers of a single one among them t^^ 
where g^ is the lowest power of gr to which a substitution t of the 
group corresponds. 

The group is determined by 8 and t^. Since t^ is of order , 

it follows from Theorem II, Chapter IV, that the group contains in 

pip — 1) 
all ^LiifL L substitutions. <t may be taken arbitrarily among the 

divisors of p — 1. 

§ 183. To obtain a function belonging to the group just con- 
sidered, we start with the cyclical function belonging to a 

^1 = {^i + ^«^2 + ^^i»8 + . . . + <«''~*a?,)^ 
where at is any primitive p^ root of unity. Applying to ^i the 
successive powers of t^^ we obtain 

03 = {X^ + <OX,ir^,+ ^''X^g^^^ + . . . + ^^~'ar (^.O^^' + O^ 
^8 = (i»i + ^a?p2<' + l + ^'^2^*^ + 1+ • • • +^''~'i»(j>-l)i,2<' + l)^ 

The powers of a, forming a self-conjugate subgroup of the given 
group, leave all the ^'s unchanged. The powers of t^y and conse- 
quently all the substitutions aHj" of the group, merely permute the 
^s among themselves. Every symmetric function of 
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is therefore nnclianged by every sabstitution of the group. Ac- 
cordingly if is any arbitrary quantity, the function 

is unchanged by all these substitutions and by no others. V^^ there- 
fore belongs to the given group. 

§ 134. If, in particular, we take (t = 1, the order of the group 
becomes p{p — 1). The substitution t^ is then of the form 

containing only one cycle. The group is therefore two-fold transi- 
tive (Theorem XIII, Chapter IV). A group of this type is called a 
metacycUc group, and the corresponding function ^^ a metcicyclic 
function. 

If <r = 2, the order of the group is ^-^^ — -, and t^ is of ihe 

form 

. h = \^^^ + l^g* + l • • •) (^a + l^a^ + l^oy* + l • • •) 

The indices in the first cycle, each diminished by 1, are the 
quadratic remainders (mod. p) ; a is any quadratic non- remainder 
(mod. p). The group is in this case called half-metacyclic group 
and the corresponding function ^j a half-metacyclic function,* 

§ 135. We can define all substitutions of the groups Q of 
prime degree p, as well as those of the two preceding Sections, in a 
simple way by expressing merely the changes which occur in the 
indices of the elements Xi^Xq, , , . x^. Thus the substitutions of 
^ are defined by 

8a = \z z + a\ (mod. p). (a = 0, 1, 2, . . .p — 1), 

The symbol here introduced is to be understood as indicating that 
in the substitution 8a every element x^ is replaced by o?,^., and for 
2; -|- ^ its least not negative remainder (mod. p) is to be taken. 

The groups of the preceding Section contain then, in the first 
place, all the substitutions ««, and beside these, if we suppose 
every index to be diminished by one, also those substitutions for 
which every index is multiplied by the same factor, that is, for 
« = 0,l,2,...p-l 



•L. Kronecker; <rf. F. Klein: Math. Ann. XV, 258. 
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tTf,= \z Pz\ (mod.p) (/9 = 1,2,3, ...p-1). 
The symbol 

i=\z ^z + a\ ('mod.p) (a = 0,l, ...p— 1; ^9= 1, 2, . . .p — 1) 
includes all the substitutions ««, <r^, and their combinations. Since 

\z ^z + a\.\z ?,Z + a,\ = \z PP,z + a,P + al 

it follows that the substitutions t form a group of degree p and of 
order p{p — 1). This group therefore coincides with that of § 134 
If we prescribe that the i^'s shall take only the values 

the products ^^^ belong to the same series, and we obtain the group 

pip — 1) 
of degree p and of order ^-^ considered above. 

§ 136. The consideration of the fractional linear substitutions 
(mod. p) leads to groups of degree p + 1 and of order (p + l)p 
(p — 1). These substitutions are of the form 



(mod. p), 



yz + d 

where 2; is to take the values 0, 1, 2, . . .p — 1 , 00 , the elements of 

the group being accordingly x^^XiyX^y , . ,Xp_-^yX^, The values 

^9/^9 T^ ^9 determine a single substitution u^ but it may happen 

that one and the same u results from different systems a, p, y^ d. 

To avoid, or at least to limit this possibility, we make use of the 

determinant of u 

D) ad— fir. 

According as this is a quadratic remainder or non- remainder, we 

y I a 

divide numerator and denominator of — ^7^ by \/ad — ^Sr or by 

yz + d ^ 

sf fiy — ab. For the new coefficienbs we have then 

D') ad—fiy^ ± 1 (mod. p). 

If now for two different systems of coefficients a, /?, ^, d and 
^1 » A ) ^> ^1 ^0 rdation 

^z-\-fi a^Z'^fi / ji \ 
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were possiblei it would follow from the comparison of the coeffi- 
cients of 7?^ 2J*, and 2;°, with the aid of D', that if a, a', ^5, ^', . . . are 
real, 

a P r d I ad — /9y , / , x 

If, therefore, we restrict the range of the values of a, fi, y, S to 
0,1,2, .. . p — 1,' there are always two and only two different sys- 
tems of coefficients which give the same snbstitntion u. 

With D') it is assumed that ad — fi^^ is different from 0. This 
restriction is necessary, for the symbol u can represent a substitu- 
tion only if different initial values of z give rise to different final 
values of z, i. e., if the congruence 

rz + d rz, + d ^ ^^ 

is impossible. This is ensured by the assumption ad — I3y=^0, 

We determine now how many elements are unchanged by the 
substitution u. An index z can only remain unchanged by u if 

E) rz' + {^—^)z—l^=0 (mod.jp). 

There are accordingly four distinct cases: 

a) The two roots of E) are imaginary. This happens if 



i^y^i (a5-i9r=±l) 



is a quadratic non-remainder (mod. p). The corresponding substi- 
tutions affect all the elements Xo,Xi,X2, . . . i»p_i, x^^. 

b) The two roots of E) coincide. This happens if 

(^)t1=0 (mod.p) {ad—^r=±i)' 

The corresponding substitutions leave one element unchanged. 

c) The two roots of E) are real and distinct This happens if 

(^)\l (a^-/»r=±l) 

is a quadratic remainder (mod. p). The corresponding substitutions 
leave two elements unchanged. 

d) The equation E) may vanish identically. This happens if 

r=0, /?=0, a=d (mod. p). 
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The corresponding substitntion leaves all tlie elements unchanged. 
Finally we "observe also that 



M) z ^^ z ^ ^ ^^ = z 

N) (ad—iSr) (aA—^.ri) = (««i +^ri) (r/^i + ^^,) 

-(«A+^5i)(r«i + ^ri). 

We proceed now to collect our results. If we take a not ^0 
(mod.p), and /5 and ^arbitrarily, then for each of the {p — ^)p^ 
resulting systems we obtain two solutions of D'). Since however 
there are always two systems of coefficients which give the same 
substitutions u, we have in all, in the present case, p^ — p^ substitu- 
tions. Again, if we take a^O (mod. p) and d arbitrarily, then 
restricting /S to the values 1, 2, . . .p — 1, we obtain from D') for 
every system a, d, /9 two values of y; but as two systems of coef- 
ficients give the same u, we have in this case p{p — 1) substitutions. 

There are therefore in all p^ — P = {p + ^)p{p — 1) fractional 
linear substitutions (mod. p). From M) it appears that these form 

a group. Among them there are '^ ^— substitutions 

which correspond to the upper sign in D'). From M) and N) it is 
clear that these also form a group. This latter group is called ^'the 
group of the modular equations for p^\^ 

Both groups contain only substitutions which affect either p + 1, 
or jp, or p — 1 elements, or no element. Those substitutions which 
leave the element x^ unchanged, for which accordingly y^O, form 
the metacyclic group of § 134. As the latter is two- fold transitive, 
it follows (Theorem XIII, Chapter IV) that the group of order 
{p + l)p {p — 1) is three-fold transitive. 

Theorem III. The fractional linear substitutions (mod. p) 
form a group of degree p + 1 and of order (p + l)p(p — 1).. 
Those of which the determinants are quadratic remainders (mod. p) 

form a subgroup of order — n y ^^^ group of the modu- 
lar equations for p. If any substitution of these groups leaves 
more than ttvo elements unchanged, it reduces to identity. The 
first of the two groups is three fold transitive, 

* Cy. J. Gierater: Math. Ann. XVIII, p. 319. 



Digitized by 



Google 



156 THEOBY OP SUBSTITUTIONS. 

To construct a function belonging to the group of the fractional 
linear substitutions, we form first as in § 138, a function ^i of the 
elements u^o, a?,, a?3, . . . a?p_i which belongs to the group of substi- 
tutions 

t=\z I3z + a\ (mod.p). (a = 0, 1, 2, . . .p— 1; /5=1, 2, . . .p — 1) 

The substitutions u, applied to ^^i , produce p + 1 values 

or ur nr 

which these substitutions merely permute among themselves. Ac. 
cordingly, if IT is any undetermined quantity, the function 

2 = {w^ ¥,) {¥— r^) . . . (r— r,^,) 

belongs to the given group. 

§ 137. We have now finally to turn our attention to those 
groups all the substitutions of which are commutative. 

We employ here a general method of treatment of very exten- 
sive application.* 

Suppose that 0', e", $'" . . . are a series of elements of finite 
number, and of such a nature that from any two of them a third 
one can be obtained by means of a certain definite process. If the 
result of this process is indicated by /, there is to be, then, for 
every two elements 6'^ 0", which may also coincide, a third element 
^'", such that f{e' e") = 6'", We will suppose further that 

but that, if 0'^ and ^'" are different from each other, then 

f{0;e")-\J^f{0',e"'). 

These assumptions having been made, the operation indicated by / 
possesses the associative and commutative property of ordinary 
multiplication, and we may accordingly replace the symbol /(^', 0") 
by the product 0' d'\ if in the place of complete equality we employ 
the idea of equivalence. Indicating the latter relation by the usual 
sign cx> , the equivalence 

is, then, defined by the equation 

*L. Kronecker: Monatsber. d. Berl. Akad., 1870, p. 881. The following is taken 
tfor the most part verhaUm from this article. 
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Since the number of the elements ^, which we will denote by n, 
is assumed to be finite, these elements have the following properties : 

I) Among the various powers of an element there are always 
some which are equivalent to unity. The exponents of all these 
powers are integral multiples of one among them, to which B may 
be said to belong, 

II) If any belongs to an exponent v, then there are elements 
belonging to every divisor of v . 

III) If the exponents p and ^, to which 0' and 0" respectively 
belong, are prime to each other, then the product o' o" belongs to the 
exponent /><r. 

lY) If Til is the least common multiple of all the exponents to 
which the n elements belong, then there are also elements which 
belong to rij . 

The exponent w, is the greatest of all the exponents to which 
the various elements belong. Since, furthermore, ?i, is a multiple 
of every one of these exponents, we have for every the equival- 
ence ^"'col 

§ 138. Given any element 0^ belonging to the exponent n^ , we 
may extend the idea of equivalence, and regard any two elements 
0' and 0" as '^relatively equivalents^ when for any integral value 
of k 

We retain the sign of equivalence to indicate the original more lim- 
ited relation. 

If now we select from the elements any complete system of 
elements whigh are not relatively equivalent to one another, this 
subordinate system satisfies all the conditions imposed on the entire 
system and therefore possesses all the properties enumerated above. 
In particular there will be a number rig , corresponding to n^ , such 
that the n^^ power of every of the new system is relatively equiv- 
alent to unity, t. e., O^'^coO^, Again there are elements 0,, in the 
new system of which no power lower than the n^^ is relatively 
equivalent to unity. Since the equivalence ^' cx> 1 holds for every 
element, and consequently a fortiori every ^' is relatively equiva- 
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\ 

lent to unity, it follows from I) than rt] is equal to r^ or is a multiple 
of Wa- 
if now 

and if both sides are raised to the power — , we obtain, writing 
— = m, the equivalence 

From this it follows that, since 0^ belongs to the exponent n, , m is 
an integer and k is therefore a multiple of ng. There is therefore 
an element 0^^ defined by the equivalence 

e^e^^QoB,, or O^csoO„0»i-'^ 

of which the n^^^ power is not only relatively equivalent, but also 
absolutely equivalent to unity. This element belongs both rela- 
tively and absolutely, to the exponent Wj, for we have the relation 

Proceeding further, if we now regard any two elements 0' and 
^" as relatively equivalent when 

we obtain, corresponding to ^21 an element ^g belonging to the expo- 
nent W3, where n^ is equal to Wa or a divisor of n^; and so on. We 
obtain therefore in this way a fundamental system of elements 
^1) ^2) ^3> • • • which has the property that the expressions 
e^\e^2 0^H,,, (/t,= l,2, ..,w) 

include in the sense of equivalence every element 6 once and only 
once. The number rii , Wa , rig , . . . , to which the elements ^1 , ^2 > ^3 > • • . 
belong, are such that every one of them is equal to or is a multiple 
of the next following. The product ni Wj ^3 . . . is equal to the 
entire number n of the elements ^, and this number n acc(»*dingly 
contains no other prime factors than those which occur in the first 
number w, . 

§ 139. In the present case the elements are to be replaced by 
substitutions every two of which are commutative. The number n 
of the elements 6 becomes the order r of the group. We have 
then 
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Theorem IV, If all the substitutions of a group are com- 
mutative, there is a fundamental system, of substitutions «i , «2, «8> • • • 
which possesses the property that the products 

Si*i«2^V3 . . . (/i<=l,2, ...r,) 
include every substitution of the group once and only once, Ths 
numbers rj, rg, rg, . . . are the orders of Si, «2> Ss? • • • «^ cire such 
that every one is eqmil to or is divisible by the nsxt following. The 
jyroduct of these orders ri, r2, rg, . . . is equal to the order r of the 
group. 

The number r, is determined as the maximum of the orders of the 
several substitutions. On the other hand the corresponding substi- 
tution 81 is not fully determined, but may be replaced by any other 
substitution 8/ of order r,. According then as we start from Sj or 
Si, the values of r2,rs,.,, might be different. We shall now 
show that this is not the case. 

In the first place it is plain that if several successive «'s belong 
to the same exponent r, these s's may be permuted among them- 
selves, without any change in the r's. Moreover, every Sa can be 
replaced by Sal^Sa+i' Sa+2'^ . . . without any change in the r's, pro- 
vided only that // is prime to ra. 

If now the given group can be expressed in the two different 
forms 

Si'^ W« . . . (/i; = 1, 2, . . . r,), <rl^(T2^^3^ . . . (/i, = 1, 2, . . . />,), 
then pi = riy and 

^ Since ^P^elongs to ri , at least one of the exponents /i, v, . . . must 
be prime to r^ . From the first remark above, we may assume that 
this is fi, and from the second it follows that the group can also be 
expressed by 

<ri^S2H*« . • . (/i,- = 1, 2, . . . r..; p^ = r,). 

Consequently the groups 

Sa'^Sg^a . . . (;i, = 1, 2, . . . n), ^2^«<r3^8 . . . (/l,= 1, 2, . . . p,) 
are identical. From this it follows, as before, that p^^r^, and 
so on. 

Theorem V. The numbers r^^r^^r^, , , , are invariant for 

a given group,* 

♦This theorem Is due to Frobenlus and Stickelberger. cf. their article: Uber 
Gruppen mit vertauschbaren Slementen; CrellOi 86, pp. 217-262. 
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ANALYTICAL REPRESENTATION OF SUBSTITUTIONS. 
THE LINEAR GROUP. 

§ 140. In the preceding Chapter we have met with a fourth^ 
method of indicating substitutions, which consisted in assigning the- 
analytic formula by which the final value of the index of every x is. 
determined from its initial value« Thus, if the index z of every x^ 
is converted by a given substitution into fp(z)^ so that x, becomes. 
a?A(,), the substitution is completely defined by the symbol 

8-\z ip(z)\. 

Obviously not every function can be taken for ^(z), for it is an 
essential condition that the system of indices ^^(1), ^(2), . . . fp{n) 
shall all be different and shall be identical, apart from their order, 
with the system 1, 2, 3, ... n. On the other hand it is readily 
shown that every substitution can be expressed in this notation.. 
For if it is required that 

^(l)=*i, K2)-*'2, ...K^) = *«, 
we can construct, by the aid of Lagrange's interpolation formula,, 
from 

i^(l) = (2;— 1) (z—2) . . . (z—n) 

a function ^(z) which satisfies the conditions, viz: 

.^ F(z) , . F{z) F{z) 



'F\z)(z—\) ' ^F\z)(z—t) ' ••• ' ''-F\z)(z — ny 

This function is of degree n — 1 in 2;. It, is eyjdantthat there arov 
an infinite number of other functions <p(z) wjbich, also, satisfy the ^ 
required conditions. 

§ 141. If w is a prime number p, we cap, on, the one hand, 
diminish the restrictions imposed on ^ by permitting the indices 
1, 2, 3, . . .p to be replaced by any complete system, of remainders, 
(mod. p), so that indices greater than p are aJpo^aUow^ble.. Ajid on 
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the other hand we can depress every form of ^(z) to the degree 
n — 1, since z^^z (mod. p) for all values of z. 
01n particular, we have in this case F{z)^z^ — z and 
F\z)=pz''-' — l=—l. 

For 71 = p, the functions (p{z) which are adapted for the expres- 
sion of a substitution, for which therefore ^^(0), ^(1), . . . ^(p — ^1) 
form a complete system of remainders (mod. p), are defined by the 
following theorem: 

Theorem !• hi order that \z <pz\ may express a substitu- 
tion of p elements^ it is necessary and sufficient that after <p{z) arul 
its first p — 2 pollers have been depressed to the degree p — 1 by 
mhans of the congruence z^ ^z {mod. p), and after all multiples of 
p have been removed, these p — 1 pouters of (p{z) should all reduce to 
the degree p — 2. * 

Let 

^{z) = Ao + A,z + A,z'+ . . . +A^_,z^-' 

be any integral function (mod. p), and suppose that 

[yiz^z^A,^'") + Al'^^'z + Ar^^ + . . . + A^_,^'");^^-^ (mod. py 

Since for every « < p — 1 

0* + l'* + 2«+ . . . +(p — 1)«:^0 (mod. p), 
we have 

s) wo)]'"+ [Ki)?+ . . . + wp-ir=(p-i)A,_,(-> 

— — A^_/'"^ (mod. p). 
If now ip(z) is adapted for the expression of a substitution, then, as 
^(0), sp(l), . . . ^(p — ^1) form a complete system of remainders 
(mod. p), we conclude that for m < p — 1 

A>-i'"'^ (mod. p). 
This is therefore a necessary condition. 

Conversely, if this condition is satisfied for a given function 
ip(z\ then since S) liolds for m = 1, 2, ... p — 2, it follows from 
formula B) of § 8 that 

[2r — s^(0)][2r — ^(1)] . . . \z—<p{p — \)-\=z^—az—? 
=^(1 — ^z — ? (mod. p). 

♦Hermite: Comptes rend us de TAcad^mie des Sciences, 67. 
11 
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Accordingly, if a=j=0, the linear congmence (1 — a)z — /9^(mod. p) 
is satisfied by thep integers ^(0), ^(1), . . . ^{p — 1). These must 
therefore all be equal, and, as their sum is 0, every one of them^ 
equal to 0. Bat in this case the congruence of degree p — 2 

<p{z)=A^ + A,z + A^z'+ . . . +A^_^z^-'=0 (mod. p) 

would have p — 1 different roots z = 0,1,2, .. .p — 1, which is 
impossible. Consquently a = 1 and then fi = 0, that is 

[^-^(0)] [^-Kl)] . . . [z-^{p-l)^=z--z 

=z{z-l){z-2)...lz-{p-l)], 

and the values ^(0), ^(1), . . . ^(p — 1) coincide with 0, 1, . . .p — 1, 
apart from their order. It appears therefore that the condition 
stated in Theorem I is both necessary and sufficient to insure that 
\z <pz\ defines a substitution. 

§ 142. To distinguish the individual elements of any system 

we may also employ several indices in each case instead of a single 

index as heretofore. For example, in the case of p^ elements the 

indices z and u of x^^^ might each assume any value from to 

p — 1. Any substitution among these p^ elements could then be 

denoted by 

8=\z,u 9{zyu),4'{z,u)\ 

where <p{z, u) and ^[^{z, u) must satisfy conditions similar to those of 
§ 140. • 

If n = p* the elements could be denoted by 

x^x^^ ... 0?.^ (2?. = 0, 1, 2, . . .p— 1), 
and any substitution s by the symbol 

8 = \Zi,Z^,,.,Zj, 9i{Zi,Z2,...Zi), <P2{z„Z^,.,.Zi),..,ipu{z„Zc„.,,Zi)\, 

which is to be understood as indicating that every index Zi is to be 
-converted into 9i{zi, 2^2, .. . Zj), The functions fi, s^g? . • . ^^ must 
then be so taken that the p^ different systems of indices Zi,Z2, . . >Zt, 
;give rise to p* different systems ^1 , ?2> • • • ^*- 

These considerations could be further extended to include the case 
where n contains several distinct prime factors, but as the theory 
then becomes much more complicated, we do not enter upon it here. 

§ 143. The simplest analytical expressions for substitutions of 
n = m'' elements are those of the linear form 
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1) Sai, «2,... afc= 1^1, 2?2, . . . ^Tfc Zi + «!, 2^2 + «2, • • • ^fc + ^fr | ^ 

The a's are arbitrary integers (mod. m). They can therefore b© 
selected in m* different ways, so that there are m* subatitntionB of 
this type. Again, since 

2) *ai.a2....ai • 5^1,182. • • /S* ~ ^»i + ft ,«2 + ^2. • • • a^j + ^Jt* 

these arithmetic substitutions * form a group of order and degree 
m*. This group is transitive, since the a's can be so chosen that 
any given element a?^,^,...*^, is replaced by any other element 
^^1 . ^2 . ^fc- -^^^ ^^^^ purpose we need only take 

«l = Ci 01, «2 = C2 2^2, ...«*= Ci Zk. 

There is only one substitution of the group which produces this 
result. 

In order that an arithmetic substitution may leave any element 
X unchanged, it is necessary that 

«! = 0, a^ = 0, , . .aj^ = (mod. m) 

Such a substitution leaves all the elements unchanged, and there ~ 
fore reduces to identity. The present group is therefore included 
in the groups Q considered in the preceding Chapter. 

By the continued application of the formula 2) we obtain 

^aj , 02 , . . . a;i. — - ^1 , , . . . 0^ ' ^0 , 1 » ... 0^ ... ^0 , , ... 1 ^ 

SO that we may define the group by , 

**/ ^ =^ 5 ^1,0, ...0, *0, 1,... 0) • • • ^0,0, ... 1 J • 

The substitutions contained in the parenthesis are all commuta- 
tive, and the same property consequently holds for all the substitu- 
tions of G. 

§ 144. We determipe now the most general form of the eubsti- 
tutions 

t=\ZiyZ2y...Zk ^i{Zi,Z2,...Zk), ^2(^1? 2:2,... 2?i),... 9k(ZiyZ^T^..Zf,)\, 

which are commutative with O, for which therefore 

It is obviously sufficient to take for Saj,... the several genera- 
ting substitutions given in 3). The substitution ^"^^i.tj,,.,!)* 
Caachy: Exercices III., p. 232. 
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replaces ifiXz^ ,Z2, . ..z^) by <Pk{Zi + 1, ^2 , • • • z^)- Consequently, 
taking A = 1, 2, 3, ... A: we have 

<Px{Zi + 1, 2:.2 , . . . z^) = <fx{Zi , 2^2 J . . • ^)t) + «A (mod. m). 

Similarly in the case of the substitutions .^o, ,,. .o? • • . «o,o,...i we 
obtain 

M^i ,Zi + l,,., Zu) = ifxizi ,Z2, .. .Zk) + bx (mod. m) 

(fx{z^ ,z.2,...Zk + l) — <px{z, ,Z2, ...z^) + cx (mod. m). 
From these congruences it appears at once that the (p\s are 
linear functions of the z^s, having for their constant terms 
d^ = ifx{0, 0, 0, ... 0). The remaining coefficients are then readily 
found. In fact, we have 

<f\{Zi ,Z2, .,.z^) = axZi + bxz. + . . . + cxz,. + d^, 
and therefore 

t=\Zi,Z2, ...z^ a^z, + b^Z2+ . . . +c,z,. + '\, 

a.2Zi + b2Z2+ .. . +C2Z^, + d2,.., \. 
Conversely all substitutions of this type transform the group G into 
itself. Thus, for example, t transforms Si , „ , « . . . . .. iiito 

I <^iZi + biZ2+ . . . + c^Zk. + '^ , . . . 

a^{z,-\-\)-\-b,Z2-\- ... +e,2:,. + o,,. . . |, 

i. e., into the arithmetic substitution 
By left hand multiplication by 

we can reduce t to the form 

f = 1 2:, , 2:2, . . . Zi, a^z^ + b^z. + . . . + c,Z;b, Qi^z^ + 602:., + . . . + Co^x:, 

Such a substitution is called a geometric substitution, * 

We proceed to examine this type. We have already demon- 
strated 

Theorem !!• All geometric substitutions and their combi- 
nations with the arithmetic substitutions, aiid no others, are coni- 
m/utative with the group of the arithmetic substitutions. 



•Cauchy: loc. cit. 
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§ 145. We have first of all to determine whether the eon* 
stants ax, 6aj • . . Ca can be taken arbitrarily. They must certainly 
be subjected to one condition, since two elements x.^, a,, .^^^^ and 
^iuCi^---^k must not be converted into the same element unless the 
indices Zi^ Z2, . . . z^ coincide in order with Ci,C2, » . . Cjt. More 
generally, given any system of indices Ci, C2, . . . C*,, it is necessary 
that from 

a,^i + 6i^2 + • • • + CiZk^^i , a^i + b^2 + '"+ c^h^^^i^ - - (mod. m) 
the indices z^^ z^^ . . .z^. shall be determined without ambiguity, 
In other words, the m* systems of values z must give rise to an 
equal number of systems of values C. The necessary and suJScieat 
conditions for this is that the congruences 

«i^i + &i2f2 + . . . + Cj^a-zzeO, a<^^ + 62^2 + • . • + C2^*:^0, . . . (mod. m) 
shall admit only the one solution ^i = 0, Z2 = % . . . z^. = 0. If the 
determinant of the coefficients is denoted by J, these cxiogrueEoea 
are equivalent to 

J . 2?i ^^0, J . ^a'^O, ... J Zk'^Q (mod. m). 

The required condition is therefore satisfied if and only if J ia 
prime to m. We have then 

Theorem III. In order that the symbol 

t = \Zi,Z2,...Zk a^Zi + b^z^ + .-.+c^Zk, (hZi + b^2 + ^'- +c^k,'^A 

(mod m) 
may denote a (geometric) substitution, it is necessary and sufficient 

that 

ai, 6,, . . .Cj 

2 9 2 9 * * * ^2 

ctki bji., . , . Cfc 
should be prime to the modulus m. 

§ 146. From this consideration it is now possible to determine 
the number r of the geometrical substitutions corresponding to a 
given modulus m. . * 

We denote the number of distinct systems of p integers which 
are less than m and prime to m by [m, p]. It is to be understood 
that any number of the p integers of a system may coincide. 
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Suppose JV to be the nrimber of those geometric substitutions 
1, ^2, ^3, . . . which leave the first index Zi unchanged. If then r^ is 

.jany substitution which replaces Zi by CLiZi-\rbiZ2+ . . . -\-CiZi,, then 

^^2) V'2> ^3^/> • • • are all the substitutions which produce this effect, 

"^^^ and these are all different from one another. Similarly, if Tj replaces 
^1 by ai'zi + biZ2+ . . . +CiZj,, then r^jtzT^jt^r^y . . . are all the 
substitutions which produce this effect, and these are all different, 
and so on. We obtain therefore the number r of all the possible 
geometric substitutions by multiplying N by the number of substi- 
tutions 1, Tj , Tg , . . . 

The choice of the systems ai, 6i, . . . Cj; a/, 6/, . . . c/; . . . is 
limited by the condition that that the integers of a system cannot 
have a same common factor with m. There are therefore [m, k] 
such systems, and an equal number of substitutions 1, T2, 73, . . . 

Consequently 

r=[m, A:]i^. 

The substitutions t are of the form 

\zi,Z2,, ..Zu z^,a^^+h^2+ C22:*,...afc2?, + 6fc2?2+... +Ci2;fc| 

(mod. m). 
Since a^^dz^ , . . aj, do not occur in the expression of the discrimi- 
nant J, these integers can be chosen arbitrarily, i, e., in m*'"* dif- 
ferent ways. The 6a , . • • Ca are subject to the condition that 

must be prime to m. If the number of systems here admissible is 

r', we have 

r = [m, A;] m*~V. 

The number r' has the same significance for a substitution of 
k — 1 indices (mod. m) as r for k indices. Consequently 

r = [m, Arjm^-'Cm, A:— IJm*- V, 
and so on. We obtain therefore finally 

r = [m, A:]m*-* [m, fc— l]m* -^ . . [m, 2]r(*-^), 

where r^*^) corresponds to a single index, and therefore r<*~*) 
= [m, 1] . Hence 
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4) r= [m, k] m*"' [m, k— 1] m*"^ . . . [wi, 2]m[m, 1] . 

The evaluation of [m, A:] presents little difficulty. We limit our- 
selves to the simple case where m is a prime number p, this being 
the only case which we shall hereafter have occasion to employ. We 
have then evidently 

5) b,A>]=P^— 1, 

since only the combination 0, , ... is to be excluded. By the 
aid of 5), we obtain from 4) 

6) • r = (i>*— 1)i>*-Xp*-'— l)p'-'...(l>'— l)p(p— 1) 

= ip'- 1) (P'-P) {P'-P') . . . (P^-P^-O. * 
§ 147. The entire system of the geometric substitutions 

(mod. m) forms a group the order of which is determined from 4) 

or from 6). This group is known as the linear group (mod. m). 

If the degree is to be particularly noticed, we speak of the linear 

group of degree m*. 

It is however evident that all the substitutions of this group 

leave the element a?o,o> . • • o unchanged. For the congruences 

(mod. m) 

have for every possible system of coefficients the solution 

2i^0, 2J2^0, . . . 2i^0 (mod. m). 

We shall have occasion to employ the linear group in connection 
with the algebraic solution of equations. 

Theorem IV. The group of the geometric substitutions 
(mod, m), or the, linear group of degree m*' is of the order given in 
4). Its substitutions all leave the element a?o, oj ...0 unchanged. It 
is commutative with the group of the arithmetic substitutions, 

«Oalois: Liouyille Journal (l) XI, 1846, p. 410. 
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PART II. 

APPLICATION OF THE THEOEY OF SUBSTITUTIONS TO 
THE ALGEBEAIC EQUATIONS. 



CHAPTER IX. 

THE EQUATIONS OF THE SECOND, THIRD AND FOURTH 
DEGREES. GROUP OF AN EQUATION. RESOLVENTS. 

§ 148. The problem of the algebraic solution of the equation 
of the second degree 

1) 01? — c,ir + C2 = 

can be stated in the following terms: From the elementary sym- 
metric functions c^ and Cj of the roots x^ and x.i of 1) it is required 
to determine the two- valued function x^ by the extraction of roots.* 
Now it is already known to us (Chapter I, § 13) that there is always 
a two- valued function, the square of which, viz,^ the discriminant, 
is single-valued. In the present case we have 

J = (a?! — x^^ = {xi + x^f — 4:XiX2 = c^ — 4c2 , 
s/ A-={xi — x^ = ^/c^ — 4c2^. 
Since there is only one family of two- valued functions, every such 
function can be rationally expressed in terms of V^- For the 
linear two-valued functions we have 

a^Xy + a^^ = ^ (a?i -f aJa) H ^ (^1—^2) 

and in particular, for a, = 1, ag = 0, and for «! = 0, aj = 1 



i»i = y + iVci'— 4c2, a?2=-^— iVci^--4c2. 

*C. G.J. Jacob! : Obseryatlunculae ad theoriam aequatlonum pertinentes. Werke, 
Vol. Ill ;^ p. 269. Also J. L. Lagrange: Reflexions sar la r^solatlon alg^brique des ^ua- 
ttons. Oeuvres, t. III.p.^. 
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§ 149. In the case of the equation of the third degree 

Ql? CiiC^ + ^2^ ^8 = 

the solution requires not merely the determination of the three- 
valued function cCi, but that of the three three-valued functions 
i*^i > ^2 > ^3 • With these the 3 ! -valued function 

is also known, and conversely x^Xz^x^ can be rationally expressed 
in terms of ^. We have therefore to find a means of passing from 
the one- valued functions Ci,C2,C3 to a six- valued function by the 
extraction of roots. 

In the first place the square root of the discriminant 

J = (x^—x^y{xi—xsy(x2'—xsy = — 2703^+ iScgCgCi— 4ca<?," 

— 4V+C2V 

furnishes the two-valued function 

i {Xi — X2) {Xi x^) {X2 x^)^ 
in terms of which all the two- valued functions are rationally expres- 
sible. The question then becomes whether there is any multiple- 
valued function of which a power is two- valued. This question has 
already been answered in Chapter III, § 59. The six-valued func- 
tion 

9i = Xi + io^X2 + OJX^ o^ = \^ 2 J, 

on being raised to the third power, gives 



again, if ^2 is obtained from ^1 by changing the sign of V ^ B > 
we have 

n'=:{x, + wX, + io'x,) = i{S, — SA/—Sd). 

Accordingly 

x, + w^X2 + wx^=>^US^+S^>/^W2, 
Xi-^ (0X2 + (0^X3= \^i{Si — 8 V — 3 J. 
Combining with these the equation 

Xi -\- X2 -j- x^ =^ c^ , 
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and observing that 

we obtain the following resolts 

a:3 = i[c, + «^''V^4(^i + 3V^=^M + ^'^i('Sfi— 3V^=^3^]- 
The solution of the equation of the third degree is then complete. 

§ 150. In the ease of the equation of the fourth degree 

X* — Cja^ + Cair^ — CiX-\-c^ = 

it is again only the one-valued functions Ci, Cj, Cg, c^ that are known. 
From these we have to obtain the four four-valued functions 
a?i , a?2, ajg, 0^4, and with them the 24- valued fupction 

by the repeated extraction t>t roots. 

In the first place the square root of a rational integral function 
of Ci,C3,C8,C4 furnishes the two- valued function /^~j . Again, we 
have met in § 59 with a six- valued function 

^ = {XiX2,+ X^X^) + o}{XiXi + XiX^) + (o\XiXi + X2Xs) , 

the third power of which is two- valued and therefore belongs to the 
family of >y/ j . We can therefore obtain ^ by the extraction of the 
cube root of a two-valued function. ^ being determined, every 
function belonging to the same family is also known. The group 
of ^ is 

G = [1, (x^x^) (x^i), (XiX^) (x^Xt), (x,x^) (x^x^)^ ; /> = 6, r = 4. 
To this same group belongs the function 

<P = (fl7ia?2 x^x^) [XiX^ -|- x<jX^) , 

which can therefore be rationally obtained from % while ^, which 

can be obtained from 0^ by extraction of a square root, belongs to 

the group 

H=\l,{x,x^){x^x^y, /) = 12, r = 2. 

<lf may therefore be regarded as known. Finally 
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can be rationally expressed in terms of ^, and ;^ is a 24- valued 
function. All rational functions of the roots, and in particular the 
roots themselves can then be rationally expressed in terms of /. 
To determine the roots we may, for example, combine the four 
equations for / and t in which a^= ± a^ and fii= ± i%, 

§ 151. In attempting the algebraic solution of the general 
equations of the fifth degree by the same method, we should not be 
able to proceed further than the construction of the two-valued 
functions. For we have seen in § 58 that for more than four 
independent quantities there is no multiple- valued function of 
which a power is two-valued. It is still a question, howeyer, whether 
the solution of the equation fails merely through a defect in the 
method or whether the impossibility of an algebraic solution resides 
in the nature of the problem. It will hereafter be shown that the 
latter is the case. We shall demonstrate the full sufficiency of the 
method by the proof of the theorem that every irrational function of 
the coefficients which occurs in the algebraic solution of an equation 
is a rational function of the roots. All the steps leading from the 
given one- valued function to the required n!-valued functions can 
therefore be taken within the theory of the integral rational func- 
tions of the roots. • 

§ 152. We turn our attention next to the accurate formulation 
of the problem involved in the solution of algebraic equations. 
Suppose that all the roots of an equation of the n^^ degree 

1) fix) = 

are to be determined. If one of them Xi is known, the problem is 
only partially solved. By the aid of the partial solution we can 
however reduce the problem and regard it now as requiring not 
the determination of the n — 1 remaining roots of the equation of 
the n^^ degree f(x) = 0, but that of all the n — 1 roots of the 
reduced equation 

2) -^(^=/,(a,)=a^-'_;',x-^ + r.a;"-'-. . . ±t._, = 0. 

We have then still to accomplish the solution of 2). If one of its 
roots X2 is known, we can reduce the problem still further to that of 
the determination of the n — 2 roots of the equation 
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3) ili^=f^(x)=x-'-c,x'-'' + c^-* . . . ±c,_, = 0. 

Proceeding in this way we arrive finally at an equation of the first 
degree. 

It appears therefore that solution of an equation of the w**^ 
degree involves a series of problems. All of these problems are 
however included in a single one, that of the determination of a 
single root of a certain equation of degree n\ 

Thus, if the entirely independent roots a;, , 0:2 , . . . a:„ of the 
equation 1) are known, then the n!- valued function with arbitrary 
constants «i, a2> • • • "« 

4) c = ttiir, -f ajOJa + . . . + ««a^n 

is also known. Conversely if $ is known, every root of the equa- 
tion 1) is known, for every rational integral function of a^i , Xg ,'. . . a?^ 
can be rationally expressed in terms of the n!- valued function I. 
The function c satisfies an equation of degree n\ 

5) F(,-) = r'-A„'"'-' + ...±A.,=(?-?,)(?->^)...G*-^*».)=0, 
the coefficients of which are rational integral functions of those of 
1) and of "i, «2- • • • "n- This equation is, in distinction from 1), 
a very special one. For its roots are no longer independent, as was 
the case with 1), but every one of them is a rational function of 
every other, since all the values c,, ^2? • • • ^»i belong to the group 1 
with respect to a?!, a^a, . . . a:„. The solution of 5), and consequently 
that of 1) is therefore complete, as soon as a single root of the 
former is known. 

The equation F(^) = is called the resolvent equation, and c . 
the Galois resolvent of 1). We shall presently introduce the 
name "resolvent" in a more extended sense. 

§ 153. If the coefficients c^^c^, . , .c„ of the equation 1) are 
entirely independent, the Galois resolvent cannot break up into 
rational factors. Conversely, if the Galois resolvent does not break 
up into factors, then, although relations may exist among the coef- 
ficients c, they are not of such a nature as to produce any simplifi- 
cation in the form of the solution. From this point of view the 
equation 1) is in this case a general equation, or, according to Kron*- 
ecker, it has no affect 
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On the Other hand, if for particular values of the coefficients c 
the Galois resolvent F{^) breaks up into irreducible factors with 
rational coefficients 

6) F{^) - F, (I) (i^,(f) ,,.F, {^), 

then the unsymmetric functions Fi(^), which in the case of fully 
independent coefficients are irrational, are now rationally known. 
The equation 1) is then a special equation, or according to Kron- 
ecker, an affect equation. The affect of an equation lies, then, in the 
manner in which the* Galois resolvent breaks up or, again, in the 
fact that, as a result of particular relations among the coefficients 
Ci^Co. . . . c,, or the roots Xi, x.2, . . ' x,,, certain unsymmetric irreduci- 
ble functions jP,(c) are rationally known. The determination of that 
which is to be regarded as rationally known in any case is obviously 
of the greatest importance. As a result of any change in this 
respect, an equation may gain or lose an affect. 

If the group belonging to any one of the functions i^,(l) is 6r,, 
then every function belonging to 6r, is rationally known, being a 
rational function of Fi. It is readily seen that the groups Gi all coin- 
cide. For if the subgroup common to them all is /', then the ration- 
ally known function fiFi + /SK, A- . . . -\- ^^ Fy belongs to /', and conse- 
quently every function belonging to 7' is rationally known. Accord- 
ingly the factor of F, which proceeds from the application of the 
substitutions of r alone to any linear factor ^ — '^,0*,^ — ^20?,^,. . . — «„a?,„ 
of Fi is itself rationally known. This is inconsistent with the 
assumed irreducibility of F^, unless l'= Gi = 0.,= ... = Gy, 

All the functions i^, , i^T^ , . . . Fy therefore belong to the same 
family, and this is characterized by a certain group G or by any 
function ^{xi, X2, , . . x^) belonging to G. Every function belong- 
ing to G is rationally known and conversely every rationally known 
function belongs to G. 

Theorem I. Every special or affect equation is character- 
ized by a group G, or by a single relation between the roots 
^{x,,x.2, , . .x„) = 0. 

The group G is called the Galois group of the equation, Ecery 
equation is accordingly completely defined by the system 



2arA = c,, lx^x^ 



<P{Xi,x^, .. .a?„) = 0. * 



:.'-^ 



*cy. Kronecker; Grundzuge einer arithmetischen Theorie der algebraischen Gros- 
sen, $S 10, 11. 
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For example, given a quadratic equation 

ar*-2p,a; + C2 = 0. 

the corresponding Galois resolvent is 

e*— 2(ai + a,)c,^ + {a, — a,yc, + 4.a,a,c,' = 0. 

In general the latter equation is irreducible, and the quadratic equa- 
tion has no affect. But, if we take 

the equation in ^ becomes 

(^ — aiM — 0Uin){^ — oLiU — a2^)= =(^ — a^x^ — ol^X^{^ - - ol^X^ — o^^^ 

and the given quadratic equation has an affect. 
Again, if Ca — Cj^ = 0, we have 

But if C2 — 2c^ = 0, we obtain 

P- 2{a, + a,) c,^ + 2 (a,^ + a,')c,' = 0, 

and this equation has no affect, so long as we deal only with real 
quantities. If however we regard i— \f — 1 as known, the equa- 
tion has an affect, for the Galois resolvent then becomes 

(^ — («i+«2)Ci + («, — a2)c,i)(^— (a, + «2)Ci — (fli — a2)Cii) = 0. 

§ 154. It is clear that every unsymmetric equation ^ (a?i , ... x^ 
= between the roots produces an affect. On the other hand an 
equation between the cofficients '/^(ci, C2, . . . c„) = produces an 
affect only when, as a result, the Galois resolvent breaks up into 
rational factors. This is always the case if ^ is the product of all 
the conjugate values of an unsymmetric function, 

^^(Ci, C2, . . . c„)= ll^{Xi,y Xi^, . . . ar,J; 

for it follows then from § 2 that one of the factors of the product 
must vanish. Whether this condition is also necessary, is a ques- 
tion which we will not here consider. 

A special equation might also be characterized by several rela- 
tions between the roots or the cofficients or both. A direct consid- 
eration of the latter cases would again present serious difficulty. 
From the preceding Section we recognize, however, that whatever 
the number or the character of the relations may be, if they pro- 
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dace an affect, they can all be replaced by a single equation 

§ 155. We will illustrate the ideas and definitions introduced 
in the preceding Sections by an example. 

Suppose that all the roots of an irreducible equation /(a?) = 
are rational functions of a single one among them 

X2 = ^2 (oci), x^ = <p^ (a?i), . . . a?„ = ^^(a?,) 

The two equations 

/(x) = 0, /[^,(x)]=0 

have then one root, x^^ in common, and since f{x) is irreducible, 
all the other roots X2,x^j , . , x^ of the first equation are also roots 
of the second. Consequently f{x) = is satisfied by 

and in general by every 

S^aW^i)] («,^ = 2,8,...n). 
Again 

'Pa\.<Py{Xi)']^<P^[<Py{x,)'\, 

for otherwise the two equations 

/(X)=0, <Pa{x) — <p^{x)=0 

would have the root <Py{x^ and consequently all the roots of f{x) = 
in common. It would then follow that ^a (^1) = ^^ (aJi), h e.j two 
of the roots of f{x) would be e^U£il. This being contrary to 
assumption, it appears that the series 

E,) Xy, <P2{Xy\ n{Xy) . ^ , <Pn{Xy) 

coincides, apart from the order of the elements, with the series 
Ra) ^n ^2(a;i), S^8(aJi), . . . 9n{Xi\ 

We determine now what substitutions can be performed among 
the roots a?i, ajg, . . . a;„ without disturbing the relations existing 
among them. If such a substitution replaces x^ by Xy theii it 
must also replace every Xa by ^aix-^- The substitution is there- 
fore fully determined by the single sequence fiCi,fiCy. There are 
accordingly only n substitutions which satisfy the conditions. These 
form a group Q (§129); for the system is transitive and its degree 
and order are both equal to n. 
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This group i2 is the group of the given equation. For the rela- 
tions which characterize the given equations are equivalent to the 
single relation 

(? ^ ,5, Ix, — ^2(ic,)] + i% [oc, — if^ix,)] + . . . + /5, [x„ — s^„(a:0] = 0, 
and if this function ^ is to remain unaltered, then when Xj is 
replaced by Xy, every Xa must be replaced by <paixy) = ^a[^y(iCi)]5 
exactly as under the application of the substitutions of ii . 

§ 156. Without entering further into the theory of the group 
of an equation we can still give here two of the most important 
theorems. 

Theorem II. The group of an irreducible equation is 
transitive. Conversely, if the group of an equation is transitive, 
the equation is irreducible. 

Thus if the group G of the equation 

f{x)=lx—x,) (x- x.^) . . . (x—x,,) = 

is intransitive, suppose that it connects only the elements Xi , x, , . . . Jc^ 
with one another. Then the function 

<P = (X — Xi) (X — X.,) . . . (X — Xa) 

is unchanged by G, and consequently belongs either to the family 
of (t or to one of its sub- families. In either case f is rationally 
known, that is, the coefficients of <p are rational functions of known 
quantities, so that (f(x) is a rational factor of f(x). 

Conversely, if f{x) is reducible, a factor <p{x) of the above 
form will be rationally known, and G can contain no substitution 
which replaces any element x^, X2, . . . Xa by o-a+i, for otherwise 
the rationally known function <p would not remain unchanged for 
all the substitutions of G. Consequently G is intransitive. 

Theorem III. If all the roots of an irreducible equation 
are rational functions of any one among them, the order of the 
group of the equation is n. Conversely, if the group of an equa- 
tion is transitive, and if its order and degree are equal, then all 
the roots of the equation are rational functions of any one- among 
them. 

The first part of the theorem follows at once from § 155. We 
proceed to prove the second part. 
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From the transitivity of the group follows the irreducibility of 
the equation. 

If we specialize the given equation by adjoining to it the family 
belonging to Xi , the group will be correspondingly reduced. It 
will in fact then contain only substitutions which leave Xi un- 
changed. But as the group is of the type Q (§ 129), it contains only 
one substitution, identity, which leave scj unchanged. Accordingly 
after the adjunction of Xi , all functions belonging to the group 1 
or to any larger group are rationally known. In particular 
Xi,X2, . . . Xn are rationally known, i. e., they are rational functions 

of iCi. 

From this follows again the theorem which has already been 
proved in §155: 

Theorem VI. If all the roots of an irreducible equatkm 
are rational functions of any one among them, they are rational 
functions of every one among them. 

§ 157. From Theorem III, the group of the Galois resolvent 
equation of a general equation is of order n! To obtain it, we 
apply to the values 

«,!, «,2» • • • *»«! 

all the substitutions of x^, X2, . ... x^ and regard the resulting rear- 
rangements as substitutions of the ^'s . Since every su1?stitution of 
the x's affects all of the c's, the group of the c's belongs to the 
groups i2 . The group of the a?'s and that of the ^'s are simply 
isomorphic (§ 72). 

For an example we may take again the case of the equation of 
the third degree. The groups G of f{x) = and T of i^ (c) = are 
then 

Ct= LI, (a:ia?2), (XiOQzjj (^2^3)> (XiX2X^), {XjX^X2)] 

r= [1, (.^.^) (.^.^) (c5.^), (.^.^) (.^c,) (c,^,), ($,^2) (e3.^) (c,e,), 

(^1-4^5) (-2^8^6), i^A^i) (^2-6-3)]. 

If however, the given equation is an affect equation with a 

group G of order r, then of the n\ substitutions among the ^'s only 

those are to be retained which connect any ^, with those I's which 

together with I- belong to one of the rational irreducible factors 

i^,.(c) of F{^). 
12 
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§ 158. We apply the name resolvent generally to every /o-val- 
ued function K^n^2»--«^-) of the roots of a given equation 
f{x) = 0. The equation of the p^^ degree which is satisfied hj *p 
and its conjugate values is called a resolvent equation. This desig- 
nation is appropriate, in that the solution of a resolvent equation 
reduces the problem of the solution of the given equation. Thus, 
for example, in the case of the equation of the fourth degree, we 
employed the following system of resolvents (§ 150) : 

1) The 2- valued function V ^ = {'^i — ^2) (^^^i — a^a) • . . (a^s — x^), 

2) The 6-valued function ^ = (0:1X2 + x^Xi) + w (x^x^ + XjX^) 

+ i^\x,x^ + x^s), 

3) The 12-valued function </' = {x^Xz — x^Xt) {x^x^ + ^or^t), ) 

4) The 24- valued function x = «i(^i — ^2) + «2(^8 — ^J- 

Originally the group of the equation was of order 24. After 
the solution of the quadratic equation of which the two-valued 
function V J was a root, the general, symmetric group reduced to 
the .alternating group of 12 substitutions. The extraction of 
a cube root led then to the group G (§ 150) of order 4; another 
square root to the group H of order 2 ; and finally we arrived at 
the group 1, and the solution of the equation was complete, the 
function r being superfluous. 

The above reduction of the group of an equation to its />*** part 
by the solution of a resolvent equation of degree p is exceptional. 
For general equations and resolvents this reduction is not possible. 
We shall see later that it is possible for the biquadratic equation 
and the particular series of resolvents employed above only because 
the family of every resolvent was a self- conjugate subfamily of 
that of the succeeding one. 

§ 159. Given any jO-valued resolvent ^(^i, iCg, . . . a?„), this sat- 
isfies an equation of .the p^^ degree 

To determine the group of this equation we adopt the same method 
as in the preceding Section. Suppose that 

are the /o-values of <p. Every substitution of the group G of th« 
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equation f{x) =0 produces a corresponding substitution of these 
P values. The latter substitutions form the required group of the 
resolvent equation for ^. This group is isomorphic to G, and it is 
transitive, since G contains substitutions which replace <pi by every 
<P\, If, in particular, the group of ^i is a self -con jugate subgroup 
of G, then it is also the group of ^^2? ^35 • • • ^p- The latter values 
are therefore all rational functions of ^1, and the group of the 
resolvent equation is a group ^, as in § 156. 

§ 160. Following the example of Lagrange * we might attempt 
to accomplish the reduction and possibly the solution of the general 
Galois resolvent equation F{^)=-0 by employing particular resolv- 
ents. It will, however, appear later that this method cannot suc- 
ceed in general for equations of a degree higher than the fourth. 

*Mem. d. Berl. Akad. Ill; and Oeuvres III, p. a05 ff. 
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THE CYCLOTOMIC EQUATIONS. 

§ 161. The equation which is satisfied by a primitive p^^ root 
of unity «>, (p, as usual, always denoting a prime number), is called 
the cyclotomic equation. It is of the form 

1) '^^=x^~^ + x^-'+..,+a^ + x+l=::0, 
and its p — 1 roots are 

2) w,io\io\,.a»^-\ 

We prove that the left member of 1) cannot be expressed as a pro- 
duct of two integral functions <p (x) and 4' (x) with integral coffi- 
cients. For if this were the case, we should have for x = l 

ip{l)<P{l)=p, 

and consequently one of the two integral factors, for example f (1), 
must be equal to ± 1. Moreover, since ^(x) = has at least one 
root in common with 1), at least one of the expression ^ (w*) must 
vanish. Consequently 

<p{w^) <p{w;') ip{w,^) . . . ^(^/ - ^ ) = 

where Wi may be any root of 1), since the series 2) is identical with 
the series w^,w^^,wi\ . . . a>i^~\ The equation 

^{X) <p(x') <p{x^) . . . Sp(iK^-') = 

has therefore all the quantities 2) as roots. Consequently the left 
member of this equation is divisible by 1). Suppose that 

3) ^(x) <p{x') . . . <p{x^-') = F{x) {x^-' +x^-'+ ... -fa; -f 1), 

where F{x) is an integral function with integral coefficients. From 
3) we have for a; = 1 

Wi)]'-'=i>i^(i), 

and therefore [^(1)]^~\ which is equal to 1, must be divisible by p. 
Accordingly 1) is not reducible. 
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Theorem I. The cyclotomic equation for the prime num- 
ber p 

x^ — l 

is irreducible. 



=xP-' + x^-^+ ,..+X + llZ=L O 



§ 162. If now g is a primitive root (mod. p), then the aeries 2) 
of the roots of the cyclotomic equation can be written 

Since I) is irreducible, the corresponding group is transitive. There 
is therefore a substitution present which replaces w^ by w«'^ Then 
every tt>^* is replaced by 

and the substitution is therefore 

The p — 1 powers of s form the group of 1). For they all occur in 
this group, and from § 156 the group contains only p — 1 substitu- 
tions in all. 

We form now the cyclical resolvent 

in which a denotes a primitive root of the equation 

For brevity we write with Jaoobi 

toi^+ao}^' + a^w^ + . . . + a'-^w^^""^ = (a, (o),- 

From § 129 the resolvent (a, w)*" ^ is unchanged by s and its pow- 
ers, that is, by the group of the equation. It can therefore be 
expressed as a rational function of a and the coefficients of 1). 

If we denote a {p — 1)**^ root of this rationally known quantity 
by T, we have 
5) (a,(o) = Ti. 

The quantity Tj is a {p — 1) -valued function of the roots of 1 ). It 
is changed by every substitution of the group, for the substitntion 
8 converts it into 

(a, w') = a~^(a, w) = a~^ri. 
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It follows from the general theory of groups that every function 
of the roots can be rationally expressed in terms of r , . We will 
however give a special investigation for this particular case. The 
group of the cyclotomic equation leaves the value of 

6) {a\w){a,wy-'-^ 

unchanged; for the effect of the substitution s is to convert this 
function into ' • 

i. e., into itself. If now we denote the rationally known value 6) by 
Ta, where in particular V~^ = Tj, we obtain for A = 1, 2, . . . p — 2, 
the following series of equations: 

(«,«,) = r., («»,«,) = |r,', („',«,) = I rA...(a'-«>) = ^r,'-l 

Combining with these the obvious relation among the roots and the 
coefficients of 1) 

(!,«>) = -1, 

we obtain by proper linear combinations 

It is evident that a change in the choice of the particular root a 

i»— 1 

or of the particular value of r, = V T, only interchanges the val- 
ue w among themselves. 

Theorem II. The solution of the cyclotomic equation for 
the prime number p requires only the determination of a primitive 
root of the equation z^~^ — 1 = 0, and the extraction of the 
(p — 1)* root of an eocpression which is then rationally known. 
The cyclotomic equation therefore reduces to two binomial eqiui- 
tions of degree p—1. 
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§ 163. The second of these operations can be still further sim- 
plified. The quantity T^ is in general complex and of the form 

Ti = p (cos * -f- 4 din »^). 

Since now (a, w)^~* and (a~\ a;-^)^~^ are conjugate values, it fol- 
lows that 

Again it can be shown, exactly as in the preceding Section, that 

belongs to the group of the cyolotomic equation and is coD^t?- 
quently a rational function of a and of the coefficients of 1). If 
we denote its value by U we have 

sJp^sJV, 
Accordingly for any integral value of k 

(^,^io)=s/V\coB ^_^ -\-%sxn ^_^ J 

Since TJ and i!^ are both known, we have then 

Theorem III. The solution of the cyclotomic equation 
requires the determination of a primitive root of the equation 
z^~^ — 1=0, the division into p — 1 equal parts of an angle which 
is then known, and the extraction of the square root of a known 
quantity. 

The latter quantity, U, is readily calculated. We have 

To reduce this product we begin by multiplying each pair of cor- 
responding terms of the two parentheses together. The result ie 

l + l + l+...+l=p-l. 
Again, if we multiply every term of the first parenthesis by ih^ 
i^ term to the right of the corresponding term in the second par 
enthesis, we obtain 

Now io~^^^ is ap^** root of unity «>i different from 1; for if 
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then — gf* + 1^0, ^E^l (mod. p), i. e., A; = or p — 1. The 
quantity K) is therefore equal to 

and consequently 

U = p—l-{a-' + a-'+ . . . + -i'+«)=:p_l_(_l) 
= P 
Theorem IV. The quantity of Theorem III, of which the 
square root is to he extracted, has the valvs p. 

§164. The resolvent 5) was (p — l)-valued, and consequently 
the preceding method furnished at once the complete solution of 
the cyclotomic equation. By the aid of resolvents with smaller 
numbers of values, the solution of the equation can be divided into 
its simplest component operations. 

Suppose that p, is a prime factor of p — 1, and that p — 1 =Pigi. 
We form then the resolvent 

where a^ is a primitive root of the equation 

The values a^ , a^, . . . a^^\ are all different, and the higher powers of 
fl] take the same values again. It follows that, if 



^i>i-l = 



yirl>i-l^^j;2i'i-l^^flr8j'i-l_j_ . ^ ^ _^^srl>i9,-l^ 



the resolvent above can be written 

{n + ^i9i + «iV2 + . . . + «a''» ~ ' ^i>, - 1)'^ 
or, again in Jacobi's notation. 

By the same method as before we can show that this resolvent 
is unchanged if co is replaced by w^, that is, that it belongs to the 
group of 1) and is consequently a rational function of «, and of the 



Digitized by 



Google 



THE CYCLOTOMIC EQUATIONS. 185 

coefficients of 1). We denote its value by Ni = v^\ and have 
accordingly 

If then we write precisely as before, 

it appears that N^ is rationally known, and that 



These several functions are all unchanged if o> is replaced by <'j'^'\ 
that is, they are unchanged by the subgroup 

s^i, s-^'i, s'^', . . ..S'^i'^i. 
We have therefore 

Theorem V. The p^-valued resolvents <poi<f\^ . . ^ <Pp^ , <\f 
the cyclotomic equation belong to the group formed by the- jyoffU'r^i 
of 8^1. They can be obtained by determining a primitive raai 
of z^\ — \ = and extracting the jt)/'' root of a quantity ivhivh in 
then rationally known. 

If P2 is a second prime factor of p — 1, and Up — 1 =PiP,*ht 
then the resolvent 

in which «2 is a primitive P2^^ root of unity, is reducible to the form 

where 



This resolvent is unchanged if lo is replaced by w^^'\ that is, it 
is unchanged by the substitutions s^i , s'^^i . . . Consequently it 
12a 
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can be rationally expressed in terms of ^qj if «2 is regarded as 
known. A^ain if we write 

then M), is also a rational function of ^o> aiid we have 

' P2 L Ml J > 



Theorem VI. T/ie pip^-vdlued resolvents Xo^Xu • - -Xpipz-i 
of the cyclotomic equation belong to the group formed by the pow- 
ers of s^^^i. They can be obtained by determining a primitive root 
of 2; ''2 — 1 = and extracting a p./* root of a quantity which is 
rational in this primitive root and in c^^. 

§ 165. By continuing the same process we have finally 

Theorem VII. If p — 1 =PiP2P3 • • . , the solution of the 
cyclotomic equation f 07* the prime number p requires the determina- 
tion of a primitive root of each of the equations 

zPi — l=0, z^2— 1 = 0, 2"=^ -1 = 0,... 

and the extraction successit^ely of the p,'*, p/*, pg*'', . . . roots of 
expressions each of which is rationally known in terms of the pre- 
ceding known quantities. 

If <Pq is given, <^i, ^^2? • • • S^j>, — 1 are rationally known, since they 
all belong to the same group. Similarly the coefficients of 

r {x—io) (a;— o.^^O (^—^'^0 . . . {x—io^^'^-'^''^)=0, 
7) J {x — io^){x — io^''^-^'){x—o^^''^^^') . . . (u^ — ^^('»-^>^'+^) = , 

are all rationally known. Accordingly after the process of Theo- 
rem V has been carried out, the equation 1) breaks up into Pi fac- 
tors 7). Since the group belonging to each of these new equations 
is transitive in the corresponding roots, the factors 7) are again all 
irreducible, so long as only 'the coefficients of 1) and <Pq are known. 
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Again, after the process of Theorem VI has been carried out, 
/o is known. All the values of this function belong to the ^ame 
group and they are therefore all rational functions of Xo- Similarly 
the coefficients of 

8) <! (x — io^) (x — «>^^i^-^ + ') (x — w^'^^^^^-^') . . . (x — (^^(^^-i^^ii'e + ^J^ 

are rationally known. The equations 7) are therefore now reduci- 
ble, and each of them resolves into Pa factors 8), which are again 
irreducible within the domain defined by /o- W© can proceed in 
this way until we arrive at equations of the first degree. 

§ 166. The particular case for which the prime factors of jp I 
are all equal to 2 is of especial interest. 

Theorem VI.II# If 2***-\-l is a prime number p, the cyalo- 
tomic equation belonging to p can be solved by means of a serks 
of m quadratic equations. In this case the regular polygon of 
p = 2"* -j- 1 sides can be constructed by means of ruler and compass. 

In fact, for one root of the cyclotomic equation we have 

2?: , . . 27r _. 27: . , 27Z 

to = cos hisin — , (o =^cos ism — , 

P P P P 

.-10 ^TT 

w 4- w * = 2 cos — , 

p 

and consequently the angle — can .be constructed with ruler and 

compass. 

In order that 2*" + 1 may be a prime number, it is necessary that 
m = 2^*. For if m = 2'*mj , where m, is odd, then 2"* + 1 = (2^'')"'' + 1 
would be divisible by 2^"- + 1. If 

/£ = 0, 1, 2,3, 4, 
the values of p are actually prime numbers 
p = 3, 5, 17, 257, 65537, 

and in these cases the corresponding regular polygons can there- 
fore be constructed. But for m = 5 we have 

2^ + X = 4294967297 = 641 • 6700417, 



>>/ 
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SO that it remains uncertain whether the form T**" + 1 furnishes an 
infinite series of prime numbers.* 

§ 167. We add the actual geometrical constructions for the 
cases p = 5 and p = 17. 

For p = 5, we take for a primitive root g=2, and obtain accord- 
ingly 

g' = l, g' = 2, g' = ^ g' = S (mod. 5). 

Consequently 

<fQ=^ W-{- UJ*j ^l =Z iO^ -\- Wi^ ■ y 

^o+V'i = — 1, 9^ofi = ^o+V^i = — 1> 
^^ + ^-1 = 0, 

— 1+V5 — 1— V5 

n = 2 ' "^'^ 2~~"- 

If w^ is substituted for w, Jhe values ^o ai^d ^i are interchanged. 
The algebraic sign of V^ is therefore undetermined unless a par- 
ticular choice of w is made. If we prescribe that 

2:: . . . 2t 
w rr COS ^- + i SlU -^ , 

5 5 

then 

2- 4:r 

<pf^=to-j^w* = 2c08-^, Ci = oj'^-^ (0^ = 2 COS -^, 
D u 

consequently s^„ > 0, <fi< 0, and the V5 in the expression above is 
to be taken positive. Furthermore 

/o = ">, /i = ^'; X2 = '^\ /3 — ">^ 

— l + V5 + zVlO + 2V5 
/o^'^- 1 , 



, — 1+ ^/"5-^VlO + 2^/5 
/I ==«^ = 1 ' 



• C/. Gauss : Disquisit. arithm., § 362. The statement there made that Fermat sup- 
posed all the numbers 22/* + 1 to be prime, is corrected by Baltzer: Crelie 87, p. 172. At 
present the following exceptional cases are known : 

2^^ +1 divisible by 641 (Landry), 

2^^" + 1 divisible by 114689 (J. Pervouchine), 

2^ +1 divisible by 167772161... (J. Pervouchine; E. Lucas), 

2'*'^ + 1 divisible by 274877906945 (P. Seelhoff ). 
Cf. P, Seelhoff: Schlomilch ^eitschrift, XXXI. pp. 172-^, 
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the sign of i being so taken that the imaginary part of lo is positive 
and that of w* negative. 



c 



F^=c 









\ 



4, I:rr_-j4 




For the construction of 
the regular pentagon it is 
sufficient to know the re 

solvent s^o = 2 cos-~ . 

Suppose a circle of radi- 
us 1 to be described about 
O as a center. On the taa- 
gent at the extremity of 
the horizontal radius OA 
adistance AE = ^A — \ 
is laid off. Then 



0E=^ s/l+\- 



2 



If now we take EF= E 0,vfe have 



AF = EO~-EA = 

2- 



V5— 1 



■■9i), 



AF=2cos 



5 • 



Finally if AF is bisected in G and GHJ drawn // to Ojd and 
OC I to HJ, then HOC-COJ^-^, since cosHOC^AfJ 

= cos-^, H, C, and J are therefore three successsive vertices of a 

regular pentagon. 

§ 168. For p = 17 we take for a primitive root g = Q. Accord- 
ingly we have 

9\ g\ ^^ g\ g\ g\ g\ g\ g\ g\ g'\ g'\ g'\ g'\ g'\ g'\ its 

1, 6, 2, 12, 4, 7, 8, 14, 16, 11, 15, 5, 13, 10, 9, :i i; 

^0 = a> +ce>2 4- ^* 4- «,8 + «>i«-f «;»5 + ^»3 _|_ ^9^ 
^j = a>« 4-fl>^2 + a>^ + a>i* + a;ii + (^^ -(- o^o -[- «>« ; 
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To find v^oVij we multiply every term of s^o into the A:^^ tetm to 
the right of that immediately below it in ^j , taking successively 
A: = 0, 1, ... We obtain then 

n s^i = ^1 + ^0 + s^o + ^0 + 5^1 + ^1 + sPi + ^0 = 4 (^0 + ^i) = — 4. 

Consequently 

^'+s^— 4 = 0, 

— l + VTl _i_Vl7 

s^o = 2 "' ^^" 2 ' 

where the sign of V 17 is undetermined until the particular root 
a> is specified. If we take 

2;r , . . 27r 
we have for the determination of the sign 

^r 6;: , IOtt ^ 12:: , UttI 

= 2 I^COS p^ + cos -jy- -f COS^ + COS ^ J 

^r 6;: In bn StzI 

~ 2 l^cosp^— cos j7^— cos jy — cos j^J ^ 

.•.^i<0, 

and V17 above must be taken positive. 

We have further 

;^,==:c.« + «>' + a>" + a>^^ ;^3 = ,,12 _^ ^u _j. ^5 ^ ^3 . 

/•+/i = ^o, ;ir2+;ir8 = s^u 

/0/l=;r3+/l+/0+/2= —1, /2/8=/0 + /8+72+/l = — 1; 



/o,/i= 2 "*= y — 4—' /2,/3- 2 ^y — : 



+ 4 



4 • 
The algebraic signs are again easily determined. We have 
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2x . 8- 



■fy = {'o+ ,«'«) + (<«* + «.") = 2 (cos -^ + cos-^) > 0, 

X, = («>«+ «,") + (..' + <«■») = 2 (008^ + cos^) < 0, 
OoBLsequently 



Xo 



With /o as a basis we proceed further : 

4,^ = oj + a,'\ ^,^ = co* + a.^-', 

2- 8- 

Since now ^'o = 2cos~^, v''i = 2cos-^ , we have d'^^ > c''i , and thert^- 

fore 



These results suffice for the construction of the regular polycron 
of 17 sides. Suppose a circle of radius 1 to be described about i> 
as a center, and a tangent to be drawn at the extremity of the hori- 
zontal radius OA. On the tangent take a length AE = \0A — \', 
then 

Vi7 



Further, if E F—EF' = EO.^nq have 

Vl7-l_s^o .^,_V17 + 1_ <f., 
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To find <po<fi, we multiply every term of ^o iiito the A:*^^ tetm to 
the right of that immediately below it in ^j, taking successively 
A: = 0, 1, ... We obtain then 

n 9i = <Pi + 9o + 9i) + s^o + ^1 + ^1 + ^1 + s^o = 4: (^0+ 9i) = —4. 

Consequently 

^2+^^—4 = 0, 

— l+VT? -l — s/ll 
<Po = 2 "' ^^~' 2 ' 

where the sign of V 17 is undetermined until the particular root 
o) is specified. If we take 

2- , . . 27r 

io = cosYf^ + t8tnYi, 
we have for the determination of the sign 

= 2 I^COS j^ + cos -jy + COS-jy + COS ^ J 
= 2 I^COS-^ — cos j= — cos j^ — COSpjrJ ^ 

.•.^i<0, 
and V 17 above must be taken positive. 
We have further 

/0/l=/3+/l+Z0+/2= —1, /2/8=/0 + /8+/2+/l = — 1; 



Zo. /yo^ + 4 v_:^+ /_fL±i 

/o,/i= 2 y — 4 — ' /2,/3- 2 \/ — 4 — • 

The algebraic signs are again easily determined. We have 
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;,„ = (,« + ^>«) + (u.* + «>") = 2 (cos ^ + COS—) > 0, 

X, = (<«•+ «,") + (-' + -•») = 2 (co8^ + cos^) < 0, 
consequently 



/o = 


^^0 

" 2 


Wt+^. 


7i = 


" 2 ■ 


-a/?'+'^ 


/l = 


_ ^1 

" 2 " 


->/r+^. 


/3 = 


_ ^1 

"~2 


.,/";'+•■ 



With ;fo as a basis we proceed further: 

4'„ = a, + «>'', ^', = «.* + . 



V'O + <r''l = 7.0, <l'0</'l = /8 = Y + ^T + ■^' 



v"o,^'. = f±7^-;r3: 



2- 8- 

Since now v^ = 2cos— ^, (^'i = 2coszr^ , we have c\ > c''^ , and there- 
fore 



These results suffice for the construction of the regular polygon 
of 17 sides. Suppose a circle of radius 1 to be described about O 
as a center, and a tangent to be drawn at the extremity of the hori- 
zontal radius OA. On the tangent take a length AE —\0A — \\ 
then 



0^=\/l+A = 



4 
Further, if EF=EF' = EO,we have 

Vl7~l_s^o .;,,_V17 + 1_ <p, 
AJ^-—^ -y, Ai^ - - - — y 
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OF^yl-f + 1, 0F' = ^^+1. 



£/- 



Taking then 
we have 




I 
i 



V" 




-M 



FH = FO, F'H' = F'0, 



AH=AF + FO = ^ + yl^+l=Z„, 

AH' = —AF' + F'0 = ^ + yl^ + l=Xz- 

We bisect AH in Y-, then 

AY=ixo- 
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We take now AS=^1, and describe a semicircle on ti'S an a diam- 
^ eter; if this meets the continuation of O A in K, then 

AK^=A8AH'=x^' 

Againif we take LK = AT and KL = LM = LN, and describe a 
circle of radius LK about L, we obtain 

AN + AM = 2KL = 2AY = Xo = <Po + ^'i 
AN.AM=AK^ = AS.AH'=:x^-Mi' 

The greater of the two lengths AN^ AM is equal to ^oj we maj 
write therefore 

If P is the middle point of AM, and if ©P / AO, and OD 
A O, then Q and D are two successive vertices of the required reg 
ular polygon of 17 sides. 

§ 169. We consider now the case jOj = 2, under the aaaumption 
p > 2. If g is a primitive root, then 

S^o+^i = — 1. 

To determine ^o9^i we use the same method as in the preceding 
Sections, and obtain 

+ ... 

The exponents which occur here in any bracket 

^«+^ + l, g^(gf^*+> + l), g*(g^+i + l),... 

are plainly either all quadratic remainders, or all quadratic noo^ 
remainders, or all equal to 0. In the first case the value of the 
corresponding bracket is ^o> ^^ the second case <pi, and in the third 

p-i 



case ' 



2 • 
13 
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W^i + Wig + ma 



__p-l 



where m, , Wj , m^ represent the number of brackets of the several 
kinds. 

If g'<'+' + 1 = {mo± p), then 2{2a + l)=p—l and accord- 



when jp=:4A:4-3, and then only once, m^:. for« = 



^gly — 9~ ^ ^^ ^^ number. The third case occurs therefore only 

p-3 



Con- 



sequently ?ri3 = or wig = 1 according as 



2 



is even or odd. 



Since f^fi is rational aad iat(\jrral ia the coefficients of the 
cyclotomic equation 1), this product is an integer, and we may 
therefore take 

where n is an integer. It follows then from S) that 

In this equation all the powers of oj can be reduced to powers lower 
than the p***, and the equation can then be divided by w. The 
resulting equation is then of degree p — 2 at the highest, and still 
has the root «> in common with the equation 1) of degree p — 1. 
It is therefore an identity and 

mi = m2 = — n 
Consequently we have for the values of Wj, Wg and cpq, ^^ 

_ —P — ^ -_ P — ^ 



p-d 

. m, = m2=:— 5 — , fo^i^ 



(P_.even) 



p — 1 p — 3_p + l fp — I 



nVi 



2 4 

4 



f^. i^f^^) 
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. ■ / ^Zr / lET 

_- i+V(-i) ^ p , -i-V(- i) ^ p 

• ^«- 2 ' ^^~ 2 ' 

where the algebraic siga of the square root is necessarily undeterm- 
ined so long as the particular value of m is not specified. 

§ 170. We consider now the two equations • 

Z^ = {X— iO ) {x-u,^) (x—io^') . . . (x— w^''"') =0, 

The roots and consequently the coefficients of these equations are un- 
changed if m is replaced by a>^'. If therefore, when the several 
factors are multiplied together, any coefficient contains a term 
WW* it must also contain terms mo)°-^\ mw**'', . . . , that is, it con- 
tains s^o or ^1, according as a is a quadratic remainder or non- 
remainder (mod. p). Accordingly every coefficient will be of the 
form ' 



m! ip^ + m" ip, = — ^ ^ 2^ ' 

and on introducing these values we have 



where X and Y are integral functions of x with integral coefficients. 
Again since z^ is obtained from z^ by replacing w by a*', or s^o by ^i, 
that is, by a change of the sign of the square root, we have 

x-rV(-ipi) 

* ~ " 2 ■ 



_a!^— 12:'— ( — 1) ' pF' 

^0^' ='-^i=r — ~"~2 ' 
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and we haye 

Theorem IX. For every prime number p 

where X and Y are integral functions of x with integral eoeffl- 
dentg, ♦ 

*The extensive litereture belonging to this Chapter is found in Baohmann: Lehie 
voD d«r Kreistheilung, Leipzig, Teubner, 1872. The present treatment follows in part 
the method there employed. The two figures are taken from Bachmann's work. 
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CHAPTER XL 



THE ABELIAN EQUATIONS, • 

§ 171. The cyclotomic equation has the property that it is irre- 
ducible and that every one of its roots is a rational function of every 
other one. We turn now to the treatment of the more general prob- 
lem of those irreducible equations of which one root x\ is a rational 
function of another root Xi, Among these equations the cyclo- 
tomic equation is evidently included as a special case. 

Suppose that 

1) /(a5) = 

is the given irreducible equation, and that two of the roots x\ and Xi 
are connected by the relation 

2) x\=0{x^), 
where ^ is a rational function. Then 

so that the irreducible equation 1) has the root x^ , and aonsequently 
all its roots, in common with the equation 

3) /[<»(«)] = 0. 

In particular x\ = 6(xi) must be a root of 3), m that 

Consequently ^[^(aJi)] is a root of 1) and therefore of 3). Then 
O{O[0(xiy] \ is a root of 1), and so on. With the notation 

010{X)-]: 

it appears that all the members of the infinite series 

. a^l, H^), nx,\ ^{X,\ ... ^(xOr <.^ 

are roots of the equation 1). Since however the latter has only a 
finite number of roots it follows from a familiar process of reason- 



root of 1), and so on. With the notation t^ 
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ing that there most be in the series a fanotion ^(xi) which is equal 
to the initial yalne a?i, while all the preceding functions 

are different from one another. The continuation of the series then 
reproduces these same values in the same order, so that only 

0^(x;) = 0^{x^) = . . . 

take the initial value Xi, and that for k<m only 

e^+\x,) = 0^-^\x,)=.,. 

are equal to ^(jTi). 

If the system of m roots thus obtained does not include all the 
roots of the equation 1), suppose that a?, is any remaining root. 
Then x^ also satisfies 3), and therefore ^(x,) is a root of 1), and so 
on. Accordingly we have now a new system of /^ different roots 

x,,0{x,),6^{x^\..,0t^-\x,). 

But since the equations 

4) <r(y) —y = (^ e»^{z)—z = 

have each one root y = a^i , 2? = a;^ in common with the irreducible 
equation 1), they are satisfied by all the roots of the latter. The 
former equation of 4) is therefore satisfied by x^^ the latter by x^, 
consequently m is a multiple of /^ and fj. is a multiple of tti, i, e. 

Again all the roots of the second series are different from those 
of the first. For if 

nx,)=^n^^) (a,6<m), 
then, on applying the operation ^~*, we should have 

and a?2 would be cojitained in the first series, which is contrary to 
assumption. 

If thelre is another root ajg, not included among* the 2m already 
found, the same reasoning applies again. We have therefore 

Theorem I. If one root of an irreducible equation f{x) = 
is a rational function of another, then the roots can be divided into 
i' systems of m roots each, as in the following table : 
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The function 0. is such that for every root ,Xa 

(r{x^ = x^y 

and the equation f{x) = is of degree mv. 

§ 172. We can now determine the group of the eqnation 1), 
Since the equation is irreducible, its group is transitive (§156); it 
therefore contains at least one substitution which replaces ;Vj by any 
arbitrary Xa. It follows then that all the roote of the first line of 
5) are replaced by those of the «*** line. The group of 1) is there- 
fore non-primitive and has v systems of non-primitivity t)f m ele- 
ments each. The number of admissible permutations of the ^ ny bitem^ 
is not as yet determinate; in the most general ease there are i^I of 
them. If any x^ is replaced by ^^(oja), then every ^(x^^) is replaced 
by 0^^\xa)\ there are therefore m possible substitutions witbin the 
single system. The order of the group of 1) is therefore a multiple 
of m*' and a divisor of v!m\ 

Theorem II. The group of the equation 1) is non-primitive. 
It contains v systems of non-primitivity, which correspond to ^fte 
several lines of 5). The ord&r of the group is 

r = rim\ • 
where ri is a divisor of v ! . 

§ 173. In the following treatment we employ again the notation 
of Jacobi 

where w is a root of the equation w* — 1 = 0. Similarly we write 

Xa'^ioe{x:) + u,'^{x;)+. . . +a>— ^/r-'(ar,) = («», %,)). 

We form then £he following resolvents: 

^1= (1, %0), ^2=(1, %2)), . . . ^.= (1, %r)). 

S^i is symmetric in the elements of the first system and is changed 
in value only when the first system is replaced by another; it is 
therefore a v-valued function, its values being fi, tfa, . . . f... 
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Kverj sjmmetrio function of the ^'s is a rational function of the 
ooeffioients of 1) . The quantities 



that iSf the coefficients of the equation of the v^ degree 

of which 9>iy^29'''9v ^^ ^6 roots, are therefore rationally known. 
Theorem III. The resolvent 

ig a root of an equation of degree v, the coefficients of which are 
rationally knovm in terms of the coefficients of the equation 

/(ar) = 0. 

§ 174. The equation 6) has no aff'ect (§153), unless further 
relations are explicitly assigned among the roots x^^x^^ . , .Xn- If 
however any root <pa of 6) has in any way been determined, the 
Yalues of the corresponding Xa, ^(a?a)> • . . can be obtained algebrai- 
cally by exactly the same method as that employed in the preceding 
Chapter. 

Thus, the equation S) of which the roots are a;, 6{x), ^{x), . . . 
B^^\x) is irreducible. Its group consists of the powers of the sub- 
stitution (1^^* . . . ^~*). ♦And if we write 

{a,,e(x))-=T„ 

where «* is now assumed to be a primitive m^ root of unity, we 

have 

[%)+ w e\x)+ ,.,+a,^-'0'^{x)y = w^\_d{x)+ a,^{x)+ ... fl;*--'^(ic)] 

= (c.,%)l- 

that is Ti is unchanged by the substitution (100^ . , . 0*^~^). Conse- 
quently Tj is a rational function of the coefficients of ^) and of 
the primitive m*** root of unity to. The m}^ root of this known 
quantity Tj we denote by r, . Again if we write 

{u^\0{x)){w,0{x)r-^=T^, 

it can be shown by the same method that we have already frequently 
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employed that T, is also rational in w and the coeflBcients of 0). 
Taking successively A = 0, 1, 2, . . . m—1, and combining the result- 
ing equations, we have then 



The function r^ being m-valued, x also admits only m values, and 
these coincide with x, d{x), 0\x)^ .... If any other w*^ root af T^ 
is substituted for t, , the m values of x are permuted cyclically. 

Theorem IV. If the m roots of an equation of degree m 
are ' 

x,,e{x,),^{x,),,..e^'-\x,), 

where 0{x) is a rational function far which 0^{x^=^a^^ then the 
solution of the equation requires only the determination of a primi- 
tive root of z*^ — 1 = and the extraction of the m^ root of a 
known quantity. 

Theorem V. If one root of an equation of prime degi^e is 
a rational function of another root, the equation can be solved 
algebraically. 

For in this case we have mvz=p and m > 1 ; consequently 
m=p and v = l. 

§ 175. If all the coefficients of f{x) are real, the process of 
the preceding Section admits of further reduction. The quantity 

Tj = (i, , 0(x))'*' = p{cos^ + isin^) 
can be rationally expressed in terms of <c and the coefficients of /. 
The latter being real, the occurrence of i= V — 1 in ^i is due 
exktirelj to the presence of a*. Consequently. 

T/ = {iD-\ e{x)Y = p{cos^—i sinS), T,T,' = p\ ^ 

18a 
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where U is again rationally known, sinoe it is unchanged by the 
group of fp. We have then. 

T^=z fi/ U\ COB \'l8%n — ■ I. 

Theorem VI. If all the coefficients of f(x) are real^ the 
second operation of Theorem IV can be repUiced by the eoctraction 
of a square root of a known quantity and the division of a known 
angle into m equal parts, 

§ 176. ii the m of the Theorem IV is a compound number, the 
solution can be divided into a series of steps by the aid of special 
resolyents. If m ^niimi', where m, is any arbitrary factor of m, we 
take 

<^'^ = x, + e^ix,) + (^{x,)+ . . . +^-'»->>-i(a:0, 
iP,==0(x,) + e-i-^\x,) + (M+'(x,)+,..+e(-'^-'')-^+'{x,), 

0^ = (ri-»(a;O + <?^-Va?i) + ^-*(i»,)+...+<r>i->(a:O, 
and consider the resolvent 

Ix, + a,e{x,) +a,'fi{x,) + . . . + ar'-'(r-\x,)]r 
in which Oj is a primitive mj^ root of unity. This resolvent is 
equal to 

If flc, is replaced by ^(a?,), then <Pu<p2^... fp^ are cyclically permn- 
i^ed, and the resolvent is unchanged. It can therefore be ration* 
ally expressed in terms of a^ and known quantities. We denote 
this expression by Ni and its mi^ root by v, , bo that 

If then, as before, we write 

it appears that ^^ is rationally known, and that 
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Theorem VII. The m^-valued resolvent 4'i can he obtained 
by determining a primitive root of z"^ — 1 = and extracting the 
m^ root of a known quantity. 

By Gontinaiiig the same process, we obtain 

Theorem VIII. If the roots of an equation of the m^ 
degree are 

xu %i), ^(a?,), . . . e—\x,), ' [e-ix,) = 1] 

and if m=^ myrrt^m^*. . ., the solution of the equation requires aniy 
the determination of a primitive root of each of the equatimm 

2'^-»=0, ;2-^— 1=0, 2"^— 1=0,... 

and the successive extractiofi of the mi^^y m^^ Wg^, . . . roots of 
expressions, each of which is rationally known in terms of the pre* 
ceding results. 

§ 177. The solution can also be accomplished by a still differeBi 
method. 

Suppose that m = mim>2 . . . m^^= mitii = mg Wj = ... = in^^ n^ . 
Then we can form the following equations: 

' g,{x)= 0, with the roots x^, 0^{x,), e^^{x,), . . . M-s ^'-i {x,), 
and with coefficients which are rational functions of a resol- 
vent /i = x, + ^'"» {x^ + • . /i is a root of an equation 
'^i Of ) = of degree m^ . 

gfj {x) = 0, with the roots x^ , 0^'^{x,\ ^"^(a?,), . . . 6<^- ^^*.(a^i), 
and with coefficients which are rational functions of a resol- 
vent /2 = ^1 + ^-(^i) + • • • /2 is a root of an equation 
hfix) = of degree wig. 



^i) 



A,) 



A^) 



f g^{x) = 0, with the roots x, , e-^{x,\e'^{x,\ ...<?<•*- ^ '^-^{x,\ 
and with cofficients which are rational functions of a resol- 
vent /« = a?! + d^"^ (aji) + . . . /« is a root of an equation 
V Kix) = of degree m« . 
If now we select wii, mj, . . . m« so that they are prime to each 
other, then the equations 

gi{x) = 0, g^{x) = 0, . . . g^{x) = 
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have only the one root ir, common to any two of them. By the 
method of the greatest common divisor this root can be rationally 
expressed in the coefficients of ^n gr-i, . . . g^^, that is, in the coeffi- 
cients of /(a?) and in /, , /2> • • • /«-• 

The solution of f{x) = depends therefore on the determination 
^ of one root of each of the equations 

of degrees m,, twj, • . • wi«, respectively. If 

where iJi,i?2> • . -Pu* are the different prime factors of m, then we 
are to take 

TJij =p«l, 77^2 =P\ . . . m« =Pai"*'. 

If for any one of the equations hj^x) = the exponent <za is 
greater than 1, then recourse must be had to the earlier method of 
Bolution to determine a /a^ 

§ 178. In illustration of this type of equations we add the two 
foUowmg examples. In the one case we take 

n^ + ^i r^ + ^' 

where a^ = a, ^i = ^, ^j = ^, (J, = r5 are real quantities. We assume 
that a^ — jV=r^> otherwise we should have 

o y 

The functions 0^(x) , (^(x) , . . . will also be linear in x with real 
coefficients. We may write 



Again 

and a comparison of the two expressions for 0^{x) shows that 
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From ihese equations we obtain at once the characteristic relation 



By dividing every coefficient of 0{x) by js/^^ — ^T or by V/^r — '*^^* 
according as ad — ^y is positive or negative, we can arrange that for 
the new coefficients of 0{x\ and consequently for those of ©very 
^*(ar), the relation shall hold 

8) ad—Pr=±\. 

We determine now under what conditions it can happen that 

The values of x which are unchanged by the operation ^ satifify the 
equation 

_ax+^ 
"^"yx + d' 

yx' + {d—a)x—^-Q, 
For these fixed values we have therefore, according as a^ — liy = ± 1, 






and consequently 
yx' 



A) We assume in the first instance that .r' and j?" are distinct, 
that is that Ar=|=l. We have then 

e{x)—x' _j^ x—x^ e''{x)—x' _ ^ ac— ag^ 
0{x)—x'''~x—x''' e\x)—x'~ x^x'"'*" 

0^{x) — x' __ X — x' 
(r{x)—x"'^ x—x"' 

The necessary and sufficient condition that ^(a:) = aTiH there- 
fore Ihat ? 
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This condition can be satisfied by complex or by real valnes of 
the quantity in the bracket In the former case the upper alge- 
braic sign must be taken, and further 

so that we may write 

--^=cos^ • 

N"^ = (co8 ip — % sin <p)^ = cos 2m <p — isin 2 m^p, 

kn 
Accordingly, we must have 2m^ = 2kn, ^ = — , and 

m 

a + d kn 

^ 2 m 

where k is any integer prime to m. If the condition 9) is fulfilled, v 
the function 0^{x) will be the first of the series B{x), 6\x\..\ to 
take the initial value x. 

If the quantity in the bracket is real, it must be either -|- 1. or — 1, 
since one of its powers is to be equal to 1. The case ^ = + 1 is to 
be rejected, since then ar' = a?". The case N = — 1 gives ^ , , 

a + 3 = 0, a' + Pr = 0, 
and (^(o?) = Xy which agrees with the condition 9), ^ince m = 2. 
B) It remains to consider the case x' = x*\ We have then 

C4-0".i=o. 

The lower sign must be taken, and accordingly 

a + ^=±2, , a(J_/9^=+l. ., 

It follows that 

(2aTl)^4:2^ 

^'^^~2ra; + (2<JTl)' , . 

^ (3aT2)x + 3^ ; 



If now ^(o;) = X, we have 



^(a,) = ["^«T(w— l]a! + m;9 
TOj'a:+[mdT(m — 1)]' 
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that is, we must have already had 0{x) = a\ And, ftgaia, it is clear 
that, as m increases, 0^(x) approaches the limiting value 

We have shown therefore that 

a-{'d = 2c08 — , a^ — /^;^= + 1, 
m 

where k is prime to m, are the sufficient and neeesBary conditions 
that &^{x) shall be the first of the functions B^{x) which takes the 
initial value x. For m = 2, the second condition is not required. 

§ 179. For the second example we take for &{x) any integrd 
rational function of x with constant coeffidente. 

For every integral m the difference ^**(£c) — x is divisible by 
'e{x)—x. For if 

0{x) 07= {x — Zi){x — Z2) . . , {x — ^3„), 

then for every 2?« 0{Za) = z^, and consequently ^^(z^) — ^{z^,) = ... 
:=ze^(z^=zZa. Morcovcr 

e^^\x)-e'{x) = lo'ixj-z,'] le'{x)-z,} . . , [^(x)-is,], 
and consequently 

(^^'{x) — o'ix) _ o'{x)—z , e'(x)—z, tiE^tlh^i>(^\ 

0{X) X X 2?i X 2?2 X—Z^ ^ ' 

where P is a rational integral function of x and of the coeffioiants 
of ^, since it is symmetric in the roots z^yZ^^ . , . z^,. If now we lake 
k successively equal to 0, 1, 2, . . . m — 1, and add the resulting 
equations, we have as asserted 

e-^{x)—x = [e{x)—x^ Q{x), 

where Q is a rational integral function of x. From this equation it 
follows that for every root of 

Q{x) = 

we have ff^{x) = a;, and conversely that every root of 

^(ap)— i» = 0, 
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which is not contained among z^z^, . , .Zy also makes Q(x) vanish. 
Every root ^ of Q{x) = therefore gives 

and conseqnently also 

so that e{^), and likewise d\^), ^{^), ... are all roots of ©(a?) = 0. 
Again since $ is different from the 2^8, 6{^) === *, and 0{^) ===Za. 

Theorem IX. If 0{x) is a rational integral function of x 
of degree v , then the roots of the equation of degree (v — l)m 

can he arranged as in Theorem J, 5). If m is a prime number then 
each of the v — Irows of h) contains m roots 

§ 180. Conversely if the equation /(a?) = has the roots 
i»a» ^1 = %o), a?3 = e\x^\ . . . ir^_, =e^-\x^', \r{^d = a^o] - 
every one of these roots will also satisfy the equation 

-(a?)— a; = 0, 
but no one of them will satisfy 

d{x)—x = 0\ 
consequently f{x) is a divisor of the quotient 

The restriction that e{x) shall be an integral function is unessesi. 
tial. For if {x) is fractional 

where g^ and g^ are integral functions, then ia 

the denominator, being a symmetric function of the roots of 
/(a;) = 0y is a rational function ol the coefficients of /(a;); and the 
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second factor of the numerator, being symmetric in Xj^x^, . , . a:«_j 
is a rational integral function of Xq. Consequently &(x^) is a 
rational integral function of Xq, which can be reduced to the 
{m — 1)*^ degree by the aid of f{xo) =0. •, 

We have therefore 

Theorem X, Every polynomial of Vie equatimis treated in 
§ 174 is a factor of an expression 

e{^(x)—x 
e^{x) — X ' 

where 0^{x) is an integral function of the (m^ If'degj^tie, 

For example, if we take d^ = x^ -{-hx-^-c^ w© may reduce tiiia 
by the linear transformation 1/ = a? + a to the form &^ — ^ + a. Then 

e^(x)—x = {e,{x)—x) lx' + x' + {Sa+l)x' + (2a + l)a^ 

+ (3a^ + 3a + 1)^^ + (a^ +2a + l)x + (a' + 2a^ + ci + 1)], 

The discriminant of the second factor on the right is 

j = _(4a + 7)(16a2 + 4a+7)^. 

If now we take 

4.a + l=-k?, a= 1-, 

the second factor breaks up into two, and thin is the only way in 
which such a reduction can be effected. We have then 

Oj{x) — X 

\8x' + 4(1 + k)x'— 2(9 — 2fc + Ic')x — (1 + 7fc — fc" + fc")] 
l8x' + i{l—k)x'—2{9 + 2k + }c')x—{l—lk-le'~k'}] 

or, for fc = 2/1 + 1, a = —X'—X—2, 

•^£| = [a^ + (^+.l)a^-(A^+2)x-(A»+;^ + 2i+l)l 

[oi^—Xx'—{X' + 2,1 + 3)a; +(/.' + 2A'' + 3A + 1)J. 

la this way we obtain the general criterion for distinguishing those 
equations of the third degree the roots of which can be expressed 
by X, d(x), 0%x). In the first place mUat [be reducible to the 

form 

<? = x'— (A» + A+*2) 
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that is, b^--ic must be of the form 4 (x^ + /I + 2) = (2/1 + 1)' + 7 ; 
then to every (} there correspond two equations gf the required type 

j(^ + {X + l)a?^{X' + 2)x—{X' + X' + 2X + l) = 
.t'^Xx'-(:X' + 2X + S)x + {X' + 2X' + SX + 1) = 0. 
Iti appears at once, however, that 6 is unchanged if X is replaced by 
— (^ + 1), and that the first equation is converted into the second by 
this same substitution. It is sufficient therefore to retain only one 
of the two equations. 

§ 181. We introduce now the following 

Definitiok. If all the roots of an equation are rational func- 
iioiis of a migh one among them,, 

iftefij if these rational relations are such that in every case 

the equation m called an ^^Abelian EquationJ'^ * 

We have already seen (§ 173) that, if the roots of an equation are 
defined by 5), the resolvents 

f I = (1, U^i) ), f 2 = (I, 0,{x,) \...<p.= (1, e,{x,) ) 
satisfy an eqiiation 6) of degree v the coefficients of which are 
rationally known. We noted further that this equation is solvable 
only under special conditions. These conditions are realized in the 
present case. We proceed to prove 

Theorem XI. Abelian equations are solvable algebraic- 

In the first place we observe that since s^i is symmetric in Xi , 
^j{iri)j . . , ^i"* " \xi), every symmetric function of these quantities is 
rational in f i and the coefficients of 1). If now we consider 

9.^x, + e,{x,) + e,'(xi) +...+ 0r-\x,\ 

and assume ttiat 

X2 = ^2(^1 )> 
we have 

f . = ^.(^1) + o^e,{x,) + 0,'0,{x,) + . . . + Oi'^-'e^ix,) 

= six,, e,{x,), 0,\x,), . . . Or—\x,)-] = R{<p,). 



AC * C. Jordan : Trait6 etc. $402. 

ItfV^^ A *• Abel : Oeuvres completes, I, No. XI; p. 114-140. 
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Por from ^,02(0;)= 0^0 i{x) follows also 

The equation f 2 = R{<p^ shows that 6) has in the present case also 
the property that its roots are all rational functions of a single one. 
We write now accordingly 

fa='Upi) (a = l,2,...v) 
Then 

Kin) = ?a = a-. + o{x:} + o\x:) + . . . 

= oj,x,) + 0(0 J^x,)) + o\ej^x,)) + . . . , 

= <i»{0Md) + oiop0a(x,)) + e\o^e,(x,V) +... 

■SO that the operations »? are again commutative, like the e/'s, Tho 
•equation 6) is therefore dtself an Abelian equation, the degree of 
^hich is reduced to the m}'^ part of that of 1). 

We can then proceed further in the same way until we arrive at 
equations of the type treated and solved in § 174. 

§ 182. The character of a group of an Abelian equation is 
Teadily determined as follows: 

Suppose that any two substitutions s and t of the group replace 
an arbitrary element x^ by 

^2 = ^2(^1), a?3 = ^3(-^l), 

respectively. Then st and ts replace x^ by 

respectively. But since by assumption ^2^3(^1) = ^3^2(^1 )i *t follows 
that 

8t = ts. 

All the substitutions of the group are therefore commutative. 

If conversely the group G of an equation f{x) •= oonsiata of 

commutative substitutions, we consider first the case where O is 

intransitive and f{x) is accordingly reducible (§ 156). Suppose 

that 

f{x)=Mx)Mx)... 

^here fiix),/^^^), . . . are rationally known irreducible fonctions. 
If we consider the roots of /i(a;) = alone, every rationally known 
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funotion of these is unchanged by the group G and conversely. 
Accordingly we obtain the group G^ belonging to /,(aj) = by 
eimply dropping from all the substitutions Sj, Sa? ^3).. . . of G those 
elements which are not roots of fi{x) =0, and retaining among the 
resulting substitutions (^i, ^29^31 • • • those which are distinct. It is 
clear that from Sa8fi = SfiSa follows also (ra^B=^(rfi^a- The group of 
^yerj irreducible factor of f{x) is therefore itself composed of com- 
mutative substitutions, and is moreover transitivQ. 

We may therefore confine ourselves to the case where G is a 
transitive group. If now G contains a substitution Si , which leaves 
■j.\ imchanged and replaces X2 by 0*3, then if we select any substitu- 
tution 82 of G which replaces x^ by X2, we have 

81S2 ^= (^iTjiCa . . . )y §2^1 "~" yx^x^ , . . ), 

TMb being inconsistent with the commutative property of the group, 
it follows that every substitution of G either affects all the elements,, 
or is the identical substitution. 

If now any arbitrary root x^ of f{x) =0 is regarded as known,, 
the group of the equation reduces to those substitutions which 
leave x^ unchanged, i. e., to the identical substitution. Conse- 
quently every function of the roots is then rationally known; in 
particular a?2, a^g, . . . are rational functions of x^, 

X2=02{Xi), X^ = 0^{X,), . .. 

Again, if Sa and sp replace Xi by Xa = Oa{xi) and xp = Op{xi) 
respectively, then SaS^ and s^Sa replaces x^ by 0^0 ^(^x^) and 0^0 J^x^)^ 
and, as Sa8^ = s^s^^ the operations ^ are also commutative. 

Theorem XII. The substitutions of the group of an Abe- 
Han equation are all commutative. Conversely^ if the substitutions 
of the group of an equation are all commutative, the irreducible 
factors of the equation are all Abelian equations. 

§ 1 83. The substitutions of the group of an Abelian equation^ 
as well as the relations between the roots, therefore fulfill the con- 
ditions assigned in the investigations of §§ 137-139. 

Iq particular we can arrange the roots in the following system. 

e,^o,^^o,h , . . o^^^x,) (/i, = 0, 1, 2, . . . 72,-1), 

n^n^n^ . . . nj, — n, 
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in which every root occurs once and only once. The numbers 
Til , rij , . . . rifc are such that every one of them is equal to or is con- 
tained in the preceding one, and that they are the smallest numbers 
for which 

K {^\) = ^1 J KK^i) = a^i , . . . V*(a;i) = ar, , 

respectively. There is only one substitution of the group of the 
equation which converts Xi into Og{x^. Denoting this by a^, we 
can arrange the substitutions of the group also in a system 
Si^is/ssg'^s . . . s^*A, {h. = 0, 1, 2, . . . n, —1). 
nin2?i3 . . . Wa, = n, 

where again every substitution occurs once and only once^ and cor- 
responding to the properties of the ^'s, 

The numbers ni, ng, . . , Uk are the same as those for the I9's, 
To form a resolvent we take now 

H^i) = 2 ^'''^'"^ • ■ • ^''^^'^ ^^' = 0, 1, . . . n, -1) 
and construct the cyclical function 

where Wj is a primitive n/** root of unity. Then Xi{xi) ih unchanged 
by the group of the equation. For the substitutions of the sub- 
group 

Cr-i ^^ ] ^2« ^3 ? • • • Sfc f 

leave v''i(aJi) unchanged, and the powers of Si convert ^'[(^t^j) into 

respectively, so that these do not affect the value of /i * Conse- 
quently X\ is rational in the coefficients of the given Abelian equa- 
tions and in «*. From Theorem IV, (!\ is therefore a root of a 
"simplest Abelian equation" of degree n,. With ^'j all the func- 
tions which belong to the subgroup G2 of G are also rationally 
known. 

Again, if we take < 
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and form the cyclical resolvent 

;^i.2(^i)= 

in whicb ta^ is a primitive ng*^ root of unity, the function /^ ^ 2(^1) is 
unchanged by the group G2 , and is therefore a rational function of 
4' I . For the substitutions of the group 

leave ij\^^^ unchanged and the powers of 82 convert ^-j ^ 2 into 

respeetively. Applying Theorem IV again, we obtain 0, , 2 from ^1 
by the Bolution of a second simplest Abelian equation of degree 

In general, if we write 

V 1,2,... V— y^i % + i . . . 'fc \^\)9 

/l , 2 , . . . r ^= 
H^).2.,,..+ ''V^.VS,2..... + ^^.V',.2,.... + ...+ ^/^^ 

the value of s^\^2,...v is determined from that of the similar func- 
tioa 

by the aid of a simplest Abelian equation, as defined by Theo» 
rem IV. 

By a continued repetition of this process we obtain finally* 

Tlieoreill XIII, If the n roots of an Abelian equation are 

defined by the system 

M""^ . . . e,'^{x,) {h, ^- 0, 1, 2, . . . n,— 1) 
n^n^n^ . , ,nj, = n, 

the solution of the equation can be effected by solving successively^ 
k ** simplest-' Abelian equations of degrees 

Wi,na,n3, . . . n^fc. 

• L. Kconecker: Berl. Her., Nachtrag z. Dezemberheft, 1877; pp. 846-851. 
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§ 184. The solution of irreducible Abelian equations can also 
be accomplished by another method, to which we now turn our 
attention. 

Theorem XIV. The solution of an in^educihU Abelian 
equation of degree n=pj^ip2'^ . . . , where Pi,P2^ • - Cire the differ- 
ent prime factors of n, can be reduced to that of k irreducible Abe^ 
lian equations of degrees Pi*^^, p2% . . . 

The proof * is bafeed on the consideration of the properties of 
the group of the equation. For simplicity we take n = Pi*"j?a*i. 

Since the order of the group is r = n, the order of every one of 
the substitutions is a factor of n, and is therefore of the form. 
Pi'^Pt'^' Every substitution of the group can accordingly be con- 
structed by a combination of its {Pi'^Y^ power, (which is of order 
i^i^i) and its (pi*^)*^ power (which is of order pj**)- Consequently we 
can obtain every substitution of the group G by combining all the 

the orders of which are a power of Pi, with all the 

the orders of which are a multiple of pj. Since the f s are all com- 
mutative, the substitutions of G are, then, all of the form 

s = {t'j^t\..,){r,t\r^i.,.). 

The order of the product in the first parenthesis is a power of pj , 
and therefore a factor of pi*i. For we have 

f'a^*^ <yi*» . . . = {t'J'^ . . . )^*^ = 1. 

Two substitutions 

{t'ar^,,.){t'^,t\.,,\ {rat\,,.)\t\r..,.) 

are different unless the corresponding parentheses are equal each to 
each. For if the two substitutions are equal, we have 

{fj^ . . .) {rj\ . . .)-^ = (nr. . . .)-Hr,r, . . o, 

and since the order of the left hand member is a divisor of pj*i, and 
that of the right hand member a divisor of P2% each of these divi- 
sors is 1. 

• O. Jordan ; Traits etc. i 405-407. 
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The number of sabstitations s is eqnal to n = Pi^p^^- And 
sinoe the snbstitutions t' form crgronp and every substitution of this 
group is of order pi"*i, the order of the group itself must be p^y 
(§ 43)t Similarly the order of the group formed by the if' 's is 
equal to Pa'"«* It follows then from 

that nil = aj, «t2 = «2- 

Suppose now that ^ is a function belonging to the group of 
the t" 's. Then ^ has p,«i values, and is the root of an equation 
of degree p,*i the group of which is isormorphic with the group 
of the f s. This is therefore an Abelian equation. 

Similarly the function ^ belonging to the group of the V 's is a 
root of an Abelian equation of degree P2^. 

If now ^ and <p have been determined, the function 

belongs to the group 1. Every function of the roots, and in particu- 
lar the roots themselves, are rational functions of x > &nd the theorem 
is proved. 

§ 185. Theorem XV. The solution of an irreducible Abe- 
lian equation of degree p* can be reduced to that of a series of 
Abelian equations the groups of which contain only substitutions of 
order p and the identical substitution. 

If G is the group of such an equation, the order of every sub- 
stitution of O 18 a power of p. Suppose that p^ is the maximum 
order of the substitutions of G. Then those substitutions which are 
of orders nqt exceeding p^~^ form a subgroup ^of G, For if ti 
and fj are two of these substitutions, then from the commutative 
property it follows that 

so that ti<2 is also of order not exceeding p^~\ 

If the group H is of order p", any function ^ belonging to II 
will take p*"" values and will therefore satisfy an equation of 
degree p*"". If we apply to ^ the successive powers of any sub- 
stitution r of G which does not occur in H, ^ will take only p values, 
since r^ is contained in H. The substitutions eAnong the values of ?> 
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"■whicli are produced by the substitutions of. G, and which form a 
group isomorphic to G^ are therefore all of order p. From the iso- 
morphism of the two groups it follows, as in the preceding Section, 
that the equation for ^ is an Abelian equation. 

If ff is known the group G of the given Abelian equation reduces 
to JJ. We denote the group composed of those substitutions of // 
which are of order p^~^ or less by H,. If f, is ^ function belong- 
ing to Hi, then (f^ is determined from <p by an Abelian equation of 
degree p"~"i, the group of which again contains only substitutions 
of order p, and so on. 

• § 186. Theorem XVI. The solution of an irreducible 
Abelian equation of degree p*, the group of which contaiJis only 
substitutions of order p and the identical subsUiuiion^ reduces to 
that of a irreducible Abelian equations of degree p. 

Although this Theorem is contained as a special case in that 
obtained in § 183, we will again verify it by the aid of the method 
last employed. \ 

Let Si be any substitution of the group G of the given Abelian 

equation; then the order of s, is p. Again if Sg is any substitution 

of G not contained among the powers of s^ , then since s^ s.^ — s..s^ , the 

group H= I S] , Sa i contains at the most p^ substitutions. It will 

contain exactly this number, if the equality Sj"s2' — Si'^s/ requires 

that a = a^b = p. But if s^^* = 5,%^, then Si"~'' = s/^*\ and for 

every value of /5 — b different from we can determine a number 

m such that 

7n{iS — b)^^l {mod. p). 
It follows then that 

which is contrary to hypothesis. Accordingly /S = £^ and a = a . 

If a > 2, suppose that S3 is a substitution of G not contained 
among the p^ substitution s^^'s^. Since s^8^ = s^^^ and s.j^^—s^i^,,^ 
the group H^= | ^i » ^2 > ^3 f contains at the most p"^ substitutions; 
And it contains exactly this number, for if Si"s^s{ — s^'^s/s^y, then 
^3>'~'' = Si"~«S2*~^, and so on, as before. 

Proceeding in this way, we perceive that all the Bubstitutioos of 
<? can be written in the form 

SiH^ . . .-5/% (>l,= 0, 1, . . .p— 1) 
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wh6re every substitution occurs once and only once (c/. § 183). ir 
now we take for the resolvents and the corresponding groups 

Ta ( Xj , ^^2 J . . . Xn) \ -ti a ^^- J ^1 > ^2 J • • • ^a — l J 5 
9^a— 1(^1 J ^2j • • • •^m) J -" a — 1 ^^^^15 ^2» • • • ^a- 2j ^a\ j 



fl ( ^1 ) ^2 ) • • • ^n) J H X — J S2 » ^3 > • • • ^a f ) 

then every resolvent depends on an Abelian equation of degree p^. 
The roots of the given equation of degree p" are rational functions- 
of S!^H sPsj . . . ^a) for the function 

belongs to the group l(c/. § 177). 

§ 187, The p°- roots of such an equation may be denoted by 

^-i.^...-a (2?A = 0, 1,2, ...;)— 1) 

Suppose that ^^^^ , ^2 , • • • ^a ^^ ^^ ^^^^ ^Y which Sj^iSg^a . . . sj*^ replaces- 
^^ , »g , . . . *^ ' Then the substitution 

by virtue of the left hand form will replace oCz^.z^,... za hy the root 
by which Sl^'S2^^ . . Sa^* replaces i»^i,^2,...^a- ^^^ ^^'^ *^® right 
hand form this root is ^^,+ ^1,^2+^2 •• ^a+^a- Consequently every 
substitution s^^^sji . . . sj*^ replaces any element ^^1,^2.- -^a ^7 

that IB the substitutions of the group are defined analytically by the 
formula 

^1*13^ . . . s/«=: |2f,,2r2. . . STa Zi + k^yZ^ + h, . .*. Za+ka\ (mod.p). 

The group of an Abelian equation of degree p*, the substitutions 
of which are all of order p, consists of the arithmetic substitutions 
of degree p* (mod. p). 

§ 1 88. Finally we effect the transition from the investigations^ 
of the present Chapter to the more special questions of the preced- 
ing one. 

2;r 

Let n be any arbitrary integer and let the quotient — be denoted. 

by a. Then, as is well known, the n quantities 
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cosa, COS 2a, cos 3a, . . . cosna 
satisfy an equation, the coeflGicients of which are rational numbers, 

J, • Z 

If now we write x = cos a, then for every integer m 

cosma = ff{cosa)j 

where d is bl rational integral function. Similarly if the vain© 
cos Ml a is denoted by ^i(cosa), we obtain, by replacing a by mja in 
the last equation, the result 

cos{mm^a) = d{cosmia) =66^ (cos a) 

Again if in the equatioL L{cosa) = cos{m^a) the argument a is 
replaced by ma^ the result/ is 

cosim^ma) = di{cosma) = e^ecosa. 

Consequently the roots of C) are so connected that every one of 
them is a rational function of a single one among them, x, and that 

eie{x) = edi{x) {x = cos a) . 

The equation C) is therefore an Abelian equation. Accordingly 

2:r 

x = co8a=cos — 
n 

can be algebraically obtained. We have here an example of § 181* 

§ 189. Suppose npw that n is an odd prime number, n = 2v + 1. 
Then the roots of the equation C) are the following : 

27r 47r 4v7r _ 

Since the last root is equal to 1, the equation C) is divisible by x — 1, 
The other roots coincide in pairs 

2inn _ cos (2 V -f 1 — m) 27r 
''''^2H=^~ 2H^1 • 

Consequently we can obtain from C) an equation with rational 
coefficients, the roots of which will be the following 

2?r 4?: 2v7r 

This equation is of the form 
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(._a)(v-4) _ ___• 

-hrf ^5 a: u. 

With the notation 

2;r 

cos^r — — — = cosa = X 

/SV + i 

w© ha Ye then 

2wr , . 
• ^^^ t^ , 1 = <^(i») = cos m a, 

80 that the equation Cj) has also the roots 

d{x), t?{x\ ^{x\ ... 



timtis 



cos a, C05 m a, cos m'* a, cos m^a, . , , cos m^ a, 



If now g ifl any primitive root (mod. 2v + 1) then the v terms of 
the series 

iJi) cosa, cosgay cosg^a, . . . co8g''~^ a, 

are distinct, For from the equation 

cosg'^a = co8g^a {a':>IS',a^ < v) 

it would follow that 

g''a=±gPa + 2k', 

2:r 

OFj replacing a by its value ^^ , 

gr«=±^^ + A:(2v + l), 

r =f ^^ = g^(ga-^ :p 1) ^ ^(2v + 1). 

Dividing both sides of this equation by g^, and multiplying by 
g^~^ ± 1, we obtain the congruence 

gKa-p)^^l (mod. 2v + l). 

Bntj smcB Bince 2(a — (3) < 2v, this congruence is impossible. Con- 
sequently eosg'^a is different from cosg^a. 

Again 

cosg^a = co8a. 

Wot BincG ^^^'■'* — 1 = (9'*' — 1)(9'*'+1) is a multiple of 2v + l, one 
of the two factors is divisible by 2v + 1 , so that 

and consequently the relation holds 
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COS g^'a = co8\_± l-\-k{2v-\-l)']a = cos{± a + 2fc-) — cosa. 

It follows then that the v roots of the equation Ci) are all contained 
in the series Ri), or again in the series 

X, d(xf, fp{x), ..,e^-'{x), 

while e''{x) = I. The equation C^) can therefore be solved algebrai- 
cally. We have an example of § 174. 

If we have v = niTig . . . n„, it appears that we can divide the cir- 
cumference of a circle in 2v -f- 1 equal parts by the solution of *^ 
equations of degrees 7^i, ng, . . . n„. If n,, rig, ... n^ are prime to 
each other, the coefficients of these equations are rational mimbere. 
(§176). 

In particular if v = 2", we have the theorem on the ooDBtnictioa 
of regular polygons by the aid of the ruler and compass. 
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EQUATIONS AVITII RATIOXAL KELATIONS BETWEEN 
THREE ROOTS. 

I IQO. The method employed in § 183 is also applicable to other 
cases. We will suppose for example that all the substitutions of a 
transitive group G are obtained by combination of the two substitu- 
tions H^ and S2) which satisfy the conditions 1) that the equation 
^i' = s.f holds only when both sides are equal to identity, and 2) 
^mt ftg^i = Si's.. (Cf. § 37). If, then, the orders of Si and *S2 ^re ?i, 
and 1J..J all the substitutions of G are represented, each once and 
onJy once by 

s/'..s,*s (/i, = 0,l,2, ...n,— 1). 

Suppose now that G is the group of an equation /(ic) = 0. We 
construct a resolvent </' = </'q belonging to the group l,Si, 8i^, . . . Si''i~\ 
and denote the functions which proceed from (/'q on the application 
of Sj, a/, . . . s^*'^"^ by *r\,(r''2i ' ' • ^'v,-i. Then all these ^'''s belong 
to the same group with ^''q. For from s-^s^ = 8i% we have 

_ 1 fg 2-1 k" 

^2^1^2 — ■ Sj , ^'2 1 ^2 — "1 ? • • • 

froni which it follows at once that the powers of Sj form a self con- 
jugate fiubgroup of G. The resolvent 

/ - b'o + ^2<\ + ^^J<\ + . . . <^- V^-,]"^ . 
is therefore unchanged by every 8,", and since s^ permutes the v'^'s 
cyclically, x remains unchanged by all the substitutions of the group, 
and can be rationally expressed in terms of the coefficients of f(x). 
W^e can therefore obtain v''o, v''n • • • by the extraction of an n^^ root, 
as in the preceding Chapter. The group of the equation then re- 
duces to the powers of 8, , and the equation itself becomes a simplest 
Abelian equation. 

§ 191. Again, if a transitive group consists of combinations of 
three substitutions s, , Sj? ^s? for which 1) the equations 
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'Sre satisfied only when both sides of each equation are equal to 
Identity, and 2) the relations hold 

S^Sj ^^= 8^ 82 y S^Si ^^^ Sj 82 8^ , 52^2 ^^ Si ^2 S3 , 

then all the substitutions of the group are represented^ each once 
>and only once by 

Si'is. V^ (/I, = , 1 , 2 , . . . n, — 1), 

where ni,ri2, iis are the orders of 81,82,83. If now G ifl the group 
•of an equation, we can show by precisely the same method as beforej 
that the equation can be solved algebraically. 

Obviously we can proceed further in the same direction. That 
groups actually arise in this way which are not contained among 
those treated in the last Chapter is apparent from the example on 
p. 39, where s^Si = 8i\, 

§ 192. Keturning to the example of § 190, we examine more 
-closely the group there given. If ^e suppose ^2 to be replaced by 
its reciprocal, it follows from the second condition that s^ ~ ^^i^a — ^i^- 
From 81 we can therefore obtain every possible 82 by the method of 
§ 40. We have only to write under every cycle of s, a cycle of 5i^ 
of the same order, and to determine the substitution which replaces 
^very element of the upper line by the element immediately below 
it. This substitution will be one of the possible 828. 

We consider separately the two cases 1) where s^ eonsista of two 
or more cycles, and 2) where Si has only one cycle. 

In the former case the transitivity of the group is secured by a.. 
C/onsequently every cycle of s,* must contain some elementn diiferent 
from those of the cycle of s, under which it is written. It is clear 
also that all the cycles of Si must contain the same number of ele- 
ments. Otherwise the elements of the cycles of the same order 
would furnish a system of intransitivity. The order of the cycles 
can then obviously be so taken that the elements of the second cycle 
stand under those of the first, those of the third under those of the 
second, and so on, so that with a proper notation the following order 
of correspondence is obtained 
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s, = {x,x^ x^ . . . ) (2/,2/2 Vz ...)••• 

. ^i* = (yiyi+kyi+2ic . . . ) (2:12?,+* 2^1+2* ...)••• 

It follows then that 

% = (i»i2/l2^i . . • )(^22/i4-i-^i+^-2 ...)••• 

The gronp is therefore non-primitive, the systems of non-primitivity 
beiog OTj, iT,, , . . : ^1, 1/2, . . . ; Zi, Z2, . , . The substitutions Sj* leave 
the several systems unchanged, the substitutions «,% permute the 
systemB cyclically one step, Si%^ two steps, and so on. Accordingly 
every snbHtitutioo of the group except identity affects every element. 
The ^oup 19, in fact, a group i2 (§ 129). 

The adjiioctioa of any arbitrary element Xx reduces the group to 
the identical substitution. Consequently all the roots are rational 
functions of any cue among them. 

The following may serve as an example: 

s, = Ui\x.,x^) (2/12/22/3), 82 = {x,y,) (x^ys) (x^yi), 
^hSi = (iri2/2) (^22/1) i^zy^) = 8,%. 

^ IU3. lo the second case, where s^ consists of a single cycle^ 
the traiiBitivity is already secured. We may write then, as in Chap- 
tor vin, 

8^ = \z 2; -f 1 1 , Si** = ; 2; z-\-a\ 

^o eonstruet thf* ,^^.'s we proceed as before and obtain from 

S,^={X,X2 X, ...) ^^^^^ 
Si — {XiXf^j^i^ofc • • •) 

the series of substitutions 

jcP 1 

s^ — \z kz + i—k\, s/=\z A:^2; + - , {i — A;)|. 

Now J in the first place, it is easily shown that the group contains- 
Bubetitutioti^ different from identity, which do not affect all the ele- 
ments. For among the powers of Si there is certainly one Si'* which 
lias a secjiieocf ol two elements in common with s.^. Then Sj'^Sa""^ 
does not affecit all the elements. 

A^aiu. it can be shown that there is no substitution except iden-^ 
tity .which leaves the elements unchanged. For we have 
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and if Xx and oja+i were not affected by the aubatitution we 
shdald have 

juS 1 

A^(^ + 1 + «)+ fiTY (»•-*)=>» + 1, 

and consequently 

The substitution then becomes 

8i*s/ = \z 2: + a I , 

and since Xx and a?A + i ard unchanged, a^O, and the subsbitution 
is identity. * 

The following is an example of this type: 

8i = (XiX^-^X^X^X^j y 82 = V*^i^2/ V*^*^6/ X'^'i^s} 

From the preceding considerations we deduce 

Theorem I. // the group of an equation w of the kind 
defined in § 190, all the roots of the equation are rational functimis- 
of at the most^ tivo among them, and the equation u solvable alge- 
braically, 

§ 194. We turn now to the converse problem and consider 
those irreducible equations, the roots of which are rational func- 
tions of two among them: 

If any substitution of the group G of such an equation leaves 
ic, and X2 unchanged, it must leave every element unchanged* 
Again, if Sa and «'« are any two substitutions of G which have the 
same effect on both a^j-and X2, then s'aSa~^ leaves Xj and sc^ un- 
changed; consequently s'aSa""^ = 1, and s'a = 8a, * 

Suppose now that the substitutions of G are 

^l> ^2> ^3j • • • *r» 

There are n{n — 1) different possible ways of replaclog Xj and a*^ 
from the n elements x^^Xi, , . , x„. If any one of these ways is 
not represented in the line above, let fg he any subBtitution which 
produces the new arrangement. Then the substitutions of the line 
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^2^1 ) *^2 J ^2^8 > • • • ^2^»- 

will replace x^ and x^ by pairs of elements which are all different 
from one another, and none of which correspond to the first line. 
If 2r is still < n(n — 1), then there are other pairs of elements 
which do not correspond to either line. *If t^ is any substitution 
which replaces x^ and X2 by one of these pairs, we can construct a 
third line 

and ao on until all [the n{7i — 1) possibilities are exhausted. We 
have therefor© 

Theorem II- Tlie order of the group of an irreducible 
equation of the n^^ degree, all the roots of which are rational func- 
tions of two among them, is a divisor of n(n-*l). 

§ 195. The equations of the preceding Section are not yet 
identified, however, with those previously considered in § 190. 
This will be clear from ^an 'example. The alternating group of four 
elements contains no substitution except identity which leaves two 
elements anchanged. For such a substitution could only be a trans- 
position of the two remaining elements. Consequently the roots of 
the corresponding equation of the fourth degree are all rational 
functions of any two among them. But the group cannot be writ- 
ten in the form 

for it contains only substitutions of the two types (x^XiXs) and 
{XiXi) {x^^^}y so that the orders w, and n^ can only be 2 and 3, while 
TixTia must be equal to 12. 

§ 196. If however, the degree of the equation of § 194 is a 
prime number pj we have precisely the case treated at the begin- 
ning of the Chapter. 

To show this we observe that by Theorem II, the transitive group 
G of the equation is of an order which is a divisor of p{p'- — 1). 
Since the transitive group is of degree p, its order is also a multi- 
ple of p. It contains, therefore, a substitution Si of the p^^ order, 
and cx>nBequently also a subgroup of the same order. If now in 

§ 128, Theorem Ij we take a = 1, and put for r the order ^^ /, " 



Digitized by 



Google 



RATIONAL RELATIONS BETWEEN THREE ROOTS. 227 

it follows that A; = 0, that is, G coatains no BubstHntionB of order p 
except the powers of .s, . Consequently we must have Sj^i^o" ^ = s/', 
and this is the assumption made in S ^ 88. 

Equations of this kind were first considered by Galois,* and 
have been called Galois equations. Wo do not however employ this 
designation, in order to avoid confusion with the Qaloia resolvent 
-equations, i. e., those resolvent equations of which every root is a 
rational function of every other one. 

If a substitution of the group G of an equation of the pres-, 
■ent type is to leave any element x., iinchaogedj we must have from 
§193 • 

kP 1 

(^^ — 1 ) ^ + akP + . — --, { i — fr) — () (mod, pl 

Since k^ — 1 is either :^0 (mod. p\ or is prime to j\ it follows that 
either every x is unchanged and the substitution is equal to 1, or 
one element at the most remains unchanged. 

Theorem III. If all the vooIn of lift in'edut^ble equation 
of prime degree p are rational fiinet ions of iivo atfiong fhem^ the 
group of the equation contains^ biu^lden the identical Kubstitutionf 
p — 1 substitutionfi of order p and MtbHtitirtion.<t ivhich affeGf p — 1 
-elements. The sohdion of the equation reduees to that of two 
Abelian equations. 

§ 197. The simplest example of the equations of this type is 
iurnished by the binomial equation of jirime degree p 

x^—A^^ 

in the case where the real p^^ root of the absolute value of the real 
•quantity A does not belong to the domain of those quantities which 
we regard as rational. 

The roots of this equation, if x^ is one of them, lure 

iTj , o)X^ , tt>V, , . . . Oi^' ' \t\ \ in *' = I I 

The quotient of any two roots of the equatiou is therefore a power 
of the primitive p^'^ root of unity m. A properly chosen power of 
this quotient is equal to lo itself. Consequently if any two roots 
^'i3 and Xy are given, every other root .r,^ is delined by an equation 

♦ Evariste Galois : Oeuvres niath^matiqiies, edited by Llouvillc in Yol. 11 of the 
-Journal de inathCMnatiques pures et appllquC'es, 18*>. piu 3ftl -il-L 
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thafc is, x^ is a rational function of Xp and Xy, 

As soon, therefore, as it is shown that the equation 

x^—A = 

is irreducible, it is clear that it belongs to the type under discussion. 

If the polynomial x^ — A were factorable 

x^—A = ^,(x)^.(x)..,, 

then, flince p is a prime number, the several factors could only be 
of the same degree, if they were all of degree 1. The roots would 
then all be rational. Consequently this possibility is to be rejected. 
Suppose then that ^i{x) is of higher degree than <f2(x)' Let 
the roots of ^i{x) and <p2{^) be 

^1 \*^) ? X I, X 21 X ^, . . . x „^^ 

^2\»^) 1 X \, X 21 ^ 3^ • ' ' X „^. 

Then the last coefficient of each of the polynomials <r, and ^2 

±X\X\X\ ...^w-.x,''^, 

and consequently their quotient 

± oi^j- -, (m > 0) 

is rational within the rational domain. Since p is a prime number^ 
it is possible to find an integer /i such that the congruence 

or the equation 

shall be satisfied. Then the quantity 

f± jr,*"(/>^)'* = ± x''P■^'aJ^'''= ± A»'a^iwM^= ± A^x', 

and consequently x\ is rational. From the reducibility of the 
equation would therefore follow the rationality of a root, which is 
certainly impossible. 

The group of the equation is of order p(p — 1). For if we leave 
one root x^ unchanged, any other root o)X^ can still be converted 
into any oo© of the jp — 1 roots wx,, o?x^ , w^ar, . , .w^~^x^. 



Digitized by 



Google 



f^fm^^- 



RATIONAL RELATIONS BETWEEN THREE ROOTS. 229 

Theorem IV. The binomial equation 

in which A is not the p^^ power of any qaantiUj he longing to the 
rational domain, belongs to the type of § 19fi. Its grjoup is of orda* 
pCp— 1). 

§ 198. Kemark. By Theorem III ©very irreducible equation 
the roots of which are rational functions of two among them is alge- 
braically solvable. • At present we have not the means of proving the 
converse theorem. It will however be shown in the following Chapter 
by algebraic considerations, and again at a later period in the treat- 
ment of solvable equations by the aid of the theory of groupsj that 
every equation of prime degree, ivhich i^ irreducibh and algebrai- 
•cally solvable, is either an equation of the type above conmderedj or 
an Abelian equation. Before we pass to such general considera- 
tions, we treat first another special case, characterized by rational 
relations among the roots taken three by three. 

§ 199. An. equation is said to be of triad eharacter, or it is 
called briefly a triad equation,* if its root-s can be arrange^ in tri- 
ads Xa,xp, Xy in such a way that any two elements of a triad deter- 
mine the third element rationally, i. p., if jv and .r^ determine x^, 
a:p and Xy determine Xa, and Xy and ^^a determine .r^. 

Thus the equations of the third degree are triad equations ; for 

Xi + x^ + x^-e^. 

Of the equations of the higher degree, those of the seventh degree 
may be of triad character. In this case the following distribution 
of the roots Xi, X2, . . . Xj is possible: 

Xi, X2, X^', Xi, X^, X^', Xi, J'fl , J't', X2^ tT^4 , 3 e ; X.^ , -^^ , X; ; 

If the degree of an equation is w, there are -- ^ — -^ pairs of roots 

0Ca,Xp, With every one of these paiK5 belongs a third root ii\. 
Every such triad occurs three times, according as we take for the 
original pair of roots Xa,xp; x^, .v^; or .Vy, j\. There are there- 

n(n ~~~' 1 ) 
fore -^^—^ — - triads, and since this number must be an integer, it 

♦Noether: Math. Ann. XV, p. 89. 
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follows that the triad character is only possible when n = 6m -\- 1 or 
ti — (hn -j-H. The case 7i = 6m must be excluded, because n must 
be an odd number, as appears at once if we combine Xi with all the 
other elements, which must then group themselves in pairs. 

The general question whether every n = 6m + 1, /? = 6m + B 
furnishes a triad system we do not here consider. It is however 
easy to establish processes for deducing from a triad system of n 
elements a second triad system of 2n + 1 elements, and from two 
triad systemti of i/ , and Uy elements a third system of n, ti^ elements. 
From the existence of the triad character for n = 8 follows therefore 
that for n = 7, 15, 81, . . . ; 9, 19, 39, ... ; 21, 43, . . . These do not 
howevnr exhaust all possible cases. There are for example triad 
BysteniH for if ^ 1 H, etc. 

^ 2(K). We [proceed to develop the two processes above men- 
tioned. In the lirst place suppose a triad system of n elements 
J-,, J- J, . . , j\ given. To these we add n-\-l other elements x^; 
a^'i, ;|j'aj - ■ -^'.^ ^^© retain the in{n — 1) triads of the former ele- 
ments, and also construct from these — -^ — new triads by accent- 
ing in each caao every two of the three x^s. Finally we form n 
further triads x,,,Xi,x\] Xq, x'2, x'2; . . . , and have then in all 

4n(n— 1) _ (2n + l)2n 
6 +""- 6 

triadtf, which furnish the system belonging to the 2?i + 1 elements. 
For example^ suppose n = 8. We obtain then the following sys- 
tem 

which agrees, apart from the mere notation, with the triad system 
for seven elements established in the preceding Section. 

g 201, Again, suppose two triad systems of degrees n, and rig to 
be given. The indices of the first system we denote by a , 6 , c , . . . , 
those of the second hj a, I3,y, , . , We may designate a triad hj 
the corresponding indices. Suppose that the triads of the first 
system are 
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and those of the second 

Tm) «,/^,r; 'h^f^'y '^i'^jVl ■■■ 

We denote the elements of the oombiued system by ic„tt, *r„p, .T^a, . . . 
and form for these a triad system as follows. In the first place, we 
write after every index of T^) the index «. In thifl way there arise 
th(w.i — 1) 



6 



triads of elements with double indices. 



In the same way we write /S, then ^^ then <J, , . . after every 

1 in every i 
fh{ny—l) 



index of Tj)- We obtain then in every ease - -t» ^ ^^^ ^^ all 



6 



6 



triads of the elements x„^, a\,^, j^^^, , . . .c^^, jr^^, , . . 
are different from one another* They are 

tt '/ , bf/ f e o( ; a a ^ da, e '^ ; 6 « , d •'^ ^ fif ^^ 1 - 
fi,.^ f/,i, r,J; fT,5, d^, ei§; bfi, dfi, g^?j , 
ar? '>ri (^Ty ^r, dy, er\ by, dj, gy\ , 



All of these 



r,) 



Again, we write every index of the system T^) before every 
index of T^), and obtain 

^ %K— 1) 
fh — ^— 

triads among the same Tirji^ elements with double indices. These 
are [dso different from one another and from those of 2^g) They are 

ttf/, djJ, aY\ a«j a*^j a^v ati^ aX, a//;.*. 
bti, bj'3', hy\ b*ij &*?, b^\ &fli, 6^, 615^.,. 
c«, Ci^j cy\ en, Cf^, c£i f«, eTj f;ij;._ 



7^g 



Finally we combine every triad of T^) with e%"ery triad of T^ by 
writing after the three indices of a triad of Ty) the three indices of 
a triad of Tu). With any two given triads this can be done in six 
ways. For example from b,d,g and «j C, i? we have 

b*ij d^^ tj^j: bn,d7t,gX\ b^jd^^yr^^ ft^, d>?, f/«; b-rfid*£,gZi 

br^, of:, gn^ 
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W© obtain therefore from T,) and Ta) 

^ni(iij — 1) WaCn^— 1)__ nina— n, — n^ + l 

^—6" 6 -''''''' 6 ~ 

socb combinations. These are again all different from one another 
and from those of jT,) and T",). They are the following: 



T"^s) i 



" a«, 5^fj CY\ aa, hy^ ciS-, a/?, 6a, cy;...ay, 6/9, ca\ 
aa^ 6<?j ce; aa, be, C^; a^, 6a, ce;...ae, 6^, ca; 
aa, di?, ey; aa, dy, e/5; a/5, da, ey\ . . . ay, d/9, ea; 



We have therefore now constructed in all 

7i,(n, — 1) n^{n<i — 1) , n,n2— n, — n.^-\-\ _n^n^{n^n^ — 1) 

«.— ^ + '^^ 6 "^ '*^'*' 6 " 6 ' 

di:fferent triads among the elements 

The three tables Tj) therefore form a possible triad system for n^n., 
elements. 

§ 202. The triad group for n = 3 demands no special notice. It 
is simply the af mmetric group of the three elements. 

To determine the group of the triad equation for n = 7 we pro- 
ceed as follows, restricting ourselves to irreducible equations of this 
type. 

With this restriction the resulting group of 7 elements is transi- 
tive. Its order is therefore divisible by 7, and it consequently con- 
tains a circular substitution of the 7*** order, which we may assume 
to be 

We determine now conversely the arrangements of the 7 elements in 
triads^ which are not disturbed by the powers of «, . These must be 
such that if x^y x^, Xy form a triad, the same is true for every Xa + i, 
xg -\- 1 , Xy-\-i (t = 1 , 2, . . . 6). Again with a proper choice of nota- 
tion we may take Xa = Xi, xp = X2, since a proper power of Si will 
<K>ntain the two elements Xa,Xpiji succession. If now we apply the 
powers of ^1 to the system 

iTj J *r J , X^ \ Xi, X2j X^'j Xi, X2j X^j Xi, X.2J X^'j Xu X2j x^ ', 
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it appears that only the secjond and the fouiih cases give rise to a 
triad distribTition of the required character, viz. 

**'t7'^li^t ■*'7> •*'1I ^^-Sl 

The two distributions are not esaentiallj different, each being ob- 
tained from the other by interchanging x^jXf\ ar^, aTa; and a?^, a?jj. 
We may therefore uFiBUme that T^} is giyen, and that Si belongs 
to the corresponding gronp. If there are other snbstitntioos of the 
7^ order belonging to the group, a proper power of every one of 
these will contain Xi and x^ in succession. We may write the sub- 
stitution therefore 

(■r^x^a^x„^x,,..i\,^^x^^) = (12 a, a^ a^ a,, a^) 

• To this Bubstitutiou correspond, as in the case of ^^ , only two 
triad systems, which proceed respectively from 1, 2^ a^ and Ij 2 Oa . 
The indices n^, . . , a^ must be bo taken that the new systems coin- 
cide with Tj). In this way we obtain seven new substitutions 8. 
For example, if the seven triads 

1, 2j fflfl? 2, %, a^; Og, tto 1; a,, a^i 2; w^, %, c%; o^, %, a^; a^, 1, a^ 
are to coincide respectively with 

1,2,4; 2,3,5; 3,7,1; 7,6,2: 6,4,3; 4,5,7; 5,1,6, 

we must have a^ = 3, 0^=7, «;; = 6, a„ = 4, aj= 5, and accord- 
ingly 8 = (aJiiTairiia'^iCftXiav,). Similarly we obtain for the seven new »*s 

^a ^ \'^l*^3*^3^7'^fi'^4*^5/> ^tt "^^ {XiX^X^Xf^X^X^X^/j Sf ^ yXjX.jX^XjpC^X^Xjfj 
S^ ^^ \Xi X^XjX^X^^X^X^). 

Beside the powers of ^i, ^f^,, . . . s^ there can obviously be no other 
substitutions of the 'i'^ order in the group. We note, without 
further proof, that it follows from this by the aid of § 76, Theorem 
XII, that the required group is 

The i^ame result has been obtained by Eronecker from an entirely 
different point of view. 
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Tlieoi'eill V. The roots of the most general irreducible triad 
equcition of the 1'^ degree can be arranged a^ follows: 

The group of th<' equation is the Kronecker group of oi^der 168,. 

deflned by 

z az + b\, \z aO(z + b) + c\ 

'{a-1,2,.4; 6, c = 0, 1, . . . 6; 0{z) = —z'iz' +1)) 

It is doubly iraiisitixie. Those of its substitutions which replace 

are, jTi by x^^a^ara 

{it^,T^{x.^.^]rX ix.fic.^x^ {x^^x^, {x^,x^ {x^^x^), {x^.^x^) {x^x^x^.. 
All these aUo replace x^ by a?©. Consequently we have also 

Xq = ^^\\Xi, x^)y ,r, = ^i{x^, Xq), 
and similarly • 

,r^ = »^,(u?2, X,), j-2 = »V,(u-,, xi)', etc. 

All the siibalitutions of the group which interchange Xq and x^ are 

(X^,) {x^X.X ix^pc,) {X,X^, {X^^) {X^^X^X^, {x^^) {x.,XfPC^X^, 

and fdnee these all leave x^ unchanged, it follows that 

and the sanm property holds for all the other triads. Every sym- 
metric function of the roots of a triad is a l-valued resolvent 

§ 203, We examine also the triad equations for n = Q. In the 
conatmction of the triads it is easily recognized that there is only 
one possible system, if we disregard the mere numbering of the ele- 
ments. We can therefore assume the system to be that constructed 
in § 201 , and designate the elements accordingly by two indices^ 
each 



00,10,20; 01,11,21 

00,01,02: 10,11,12 

00,11,22; 01,12,20 

00,12,21; 01,10,22 



02, 12, 22; 
20,21,22; 
02,10,21; 
02, 11„20; 



A characteristic property of every such triad 
IB the condition 



PQ, P'q\ pW 
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From this it follows that every substitution 

H=:p,q ap + bq + a, a'p + Z/^ + a' | 

transforms the triad system into itself. For the indices p, <]: p\ g'; 
p", (/" become respectively 

op +bq -\-a, a'p + b'ii + «' ; 
ap' +bq' +a, ap' + b'q' +a'-^ 
ap"'+ bq" + a, a'p" + 6V/' + f/'; 

and if the condition ^)'is satisfied by p^ p\ p"; q, q\ q'\ it is also 
satisfied by the new indices. 

Conversely, every substitution that leaves thfi triad system nn- 
changed can be written in the form s^ by a proper choice of the 
coefficients a, 6, a; a, b\ a'. For if t^ is any substitution of the 
triad group which replaces the index (( K 0) by ('j, «' f, then 

does the same, and consequently t^^t^s^ \ which also belongs to 
the group, leaves (0, 0) unchanged. If now t. replaces (Oj 1 ) by 
( 6, b' ), then 

.S2= p,(/ ap + bq, a> + ftVjf I, 

where a and a are arbitrary, will leave (0, 0) unchanged, and will 
replace (0, 1) by 6, b'. Consequently t^ — t^^' ^ will leave both (0, 0) 
and (0, 1) unchanged. Again if t^ replaces (1, iV) by, (V, v% then 

'%= P,q cp,c'p + g\ 

will leave (0, 0) and (0, 1) unchanged, and will replace (I, 0) by (c, c') 
consequently t^ = ty%'~\ which belongs io the group of the triad 
equation, will leave (0, 0), (0, 1) and (1, i)) unchanged. A glance at 
the triad system shows that we must have f^ = 1, and it follows accord 
ingly that 

Consequently <, is actually of the assigned form. Kemembering 
further that we have established in § 145 the necessary and sufficient 
condition that this form shall actually furnish a substitution, we have 
the following 
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Theorem VI. The group G of the irreducible triad equa- 
tion of degree 9, rotiJiists of all the substitutions 

Sz^\p,q ni> + 6^ + a, a'p + 6'g + a' I (mod. 3) 
aJ/ — a'bzbO (mod. 3) 
The order af (J *«, from § 145 

r = 3^(3^ 1)(3^ — 3) = 27.16 

Tfte roots iff the equation are connected, in accordance with the 

Mad Hyuirm, a^ folloirs : 

AU the HubHtltutionA of G which replace x^^^ and x,© by x^q and x^q 
nre of the form 

H'.,fp,q p + bq + l,b'q (mod. 3), 

and t^tnce these all couoert ur^o into a^oo, it follows that we have also 

AU the HitbftfltiitiimH of the group ichich interchange Xqq and x^^ are 
of the form 

>i" ^ p, q 2p-\-bq-\-l, b'q \ (mod. 3), 

and sinf^ thene all leave x.^^ unchanged, we have, again, 

Xiil, ^ '^("^'oo* "'^lo) ^^ ''(-^lO? •^00.)) • • • 

§ 204, Tht' arrangement in triads given at the beginning of the 
preceding Section jiossesses a peculiarity, i^hich we can turn to 
^wcuiint. The triad system is so distributed in four lines that the 
three triads of ^very line contain all the 9 elements. 

Evidently every substitution of the group permutes the several 
lines as entities among themselves. We determine now those sub- 
stitutions which convert every line into itself. If 

^ = p, q ap + bq-^- a, a'p + b'q + «' I (mod. 3) 

ia to convert the Hist line into itself, the new value of q must depend 
solely on the old value of q, but not on the value of p. Consequently 
we must have a' — 0. If the substitution is to convert the second 
line also into itself, we must again for the same reason have 6 = 0. 
The substitution is therefore of the form 

ff — \p, q ap + a , b'q-\- a' \ mod. 3). 
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That conversely all these substittations satisfy tbefl© two conditions^ 
is obvious. Their number is 3^2'', since ab* -[' (mod, 8), 

It is further required that ^ shall also leave the third and fourth 
lines unchanged. The third line has the property that in every triad 
{pq, p'q', p"q") the three sums 

have respectively the values 0, 1, 2 (mod, B)| the fourth that 

p + gEz.p'+g'— /V'+f/' (mod. 3), 
If now we apply <r to the triad ((X), 12, 2J) of the fourth line, we 

obtain 

(a,«'; a + «, 26'+a'; 2a + .x, //+./) (mod. 8), 

and consequently we must have 

a + «'--a + 26' + « + a'__2a + ^/+« + ti' (mod 3), 

that is, 

a Tub' (mod. 3^ 

The final form of <t is therefore 

(T=\p,q ap + 't, fEg + a'|. 

Conversely all the substitutions of this type convert ©very one of 
the four lines into itself. The sub«titutions form a subgroup H of 
. G of order 2 • 3^ since a can only take the values 1 and 2. Hie ^ 
self-conjugate subgroup of Q, For if r is any substitution of G^ 
then r ^ Ht leaves every line UDchangedj L e.^ - ^ H- — H. 

The group H of order 2 • 3^ being a s^jlf- conjugate subgroup of 
G which is of order 2* • 3^ we can construct, by § 8f3, the quotient 
T= G'.H of order 2^. 4 = 24 and of decree 4 (corresponding to 
the four lines of triads). This group iy of course the symmetric 
group of 4 elements, f 

If therefore we construct a function c of the 9 elements a*, 
which belongs to the group Hy this four- valued function ia the 
root of a general equation of the fourth degree, the group of which 
is r. 

If this equation of the fourth degree has been solved, the group 
of the triad equation reduces to H, of order '2 - 3^, as is readily 
apparent. The systematic discussion of this class of questions is 
however reserved for Chapter XIY. 
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§ 20 r>. We consider further the subgroup of H which leaves 
^very single triad of the first line of our table unchanged. In 

order that 

\p,q ap + a, aq-\-a'\ 

may have this property, the values (/ = 0, 1, 2, must give again 
q = 0, 1+ 2. Consequently a -{), a = 1, and we must take 

. '= p^ ^1 p + 'h q- 

The T^B form again a self -con jugate subgroup of / of H of orcler 8. 
We construct by § (S6 the quotient U = H:I. U is of order 3 • 2 
and of degree 3, corresponding to the three triads. U is therefore 
the symmetric group of three elements. If, then, we construct a 
fnuctioQ s' of the 9 elements ^•, which belongs to the group /, this 
(lifter adjunction of <p) three- valued functiqn depends on a general 
•equation of the third degree. 

If the latter has been solved, the group of the triad equation 
reduces to I. AccordinglyThe symmetric functions of 

are known, and therefore these three values depend on an equation 
of the third degree, the coefficients of which are rationally express- 
ible In terms of <'. This equation is, in fact, an Abelian equation, 
«ino6 its group only permutes the roots cyclically. We have then 

Tlit'iirein VII. The irreducible triad equations of degree 
11 cnn ffe .solved algebraically. 

§ 20(k In close relation to the above stands the following 

* Tiieorein VIII. If three of the roots of an irreducible 
efiuatloH of the 9''' degree are connected by the equations 

,r, - 0(xi , x.^) = 0{x, , u'l), x^ = 0{x. \^ = 0(x; , Xo), 

X.= 0{X^,X,):=0'(X^,X,\ 

hi tvfiich /^ is a rational function of its two elements, then the equa- 
fkm can he solved algebraically. 

We Consider the group of the equation. It is transitive, and it 
foplacea the three roots, x^^x.^x-^ by three others between which 
the same relation must exist as between x^ , X2 , x^ themselves. 
Suppose the new roots to be .-r'l, ir'2, .t';,. If the two systems 
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Xi,x.2,X;i, and x\,x'2, x'^, have two roots in common, tken they 
have also the third root in common. For, if ,t*i = .r',j .r., = ,r'3, it 

follows that 

.r'a = 0(x\ , x'.^) — 0{x^ , x^) = X; , 

and if x'.^ and x.^ dre not the same root, the given equation, having 
equal roots, would be reducible. 

If x^ is a root different from x^ , -fo , x,^ , there ift a aubstitution in 
the group which replaces Xi by x^. If thiK fiubstitutioti leaves no 
element unchanged, we obtain an entirely new system x^ . Xr, , r^. 
But if one element, for example X2, remains unchanged, we have for 
anew system Xo,Xi, Xt. Proceedinc^ in this way, and examining the 
possible effects of the substitutions, it is seen that all the roots 
arrange themselves in the triad system of 9 elements. Comparing 
this result with Theorem VI, it appears that the equation is 
-exactly one of the triad equations juat treated. 

It is known* that the nine points of inflection of a plane curve 
of the third order lie by threes on straight lines. These lines are 
twelve in number, and four of them pass through every point of 
inflection. Any two of the nine points determine a third one, so that 
the points form a triad system, as considered above. The absctaaas 
or the ordinates of the nine points therefore satisfy a triad equa- 
tion of the 9th degree, and this equation, belonging to the type 
above discussed, is algebraically solvable. 

It can, in fact, be shown that if x^ , x.^ , x^ ore the abscissas or 
the ordinates of three points of inflection lying on the same 
straight line, then 

X, = 0{,x\, u7,), X, = 0{x,, ,ry), X; - (Hx^, x,h 

where ^ is a rational and symmetric function of its two elements. 
The discussion of this matter belongs however to other mathemati- 
■cal theories and must be omitted here. 

♦O. Hesse: Crelle XXVIII, p. 68; XXXIV, p, Kil. Srtlinfln: CreM« XXXIX, p. 305. 
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THE ALGEBRAIC SOLUTION OF EQUATIONS. 

' § 207. In the last three Chapters various equations have been- 
treated for which certain relations among the roots were d priori 
specified, and which in consequence admitted the application of the 
theory of substitutions. 

In general questions of this character, however, a doubt presents - 
itself which, as we have already pointed out, must be disposed of 
tirst of all, if the application of the theory of substitutions to gen- 
eral algebraic questions is to be admissible. The theory of substi- 
tutions deals exclusively with rational functions of the roots of 
e(|iiations. If therefore in the algebtaic solution of algebraic equa- 
tions irrational functions of the roots occur, we enter upon a re- 
gion in which even the idea of a substitution fails. The funda- 
mental question thus raised can of course only be settled by alge- 
braic means; the application to it of the theory of substitutions . 
would beg the question. To cite a single special example, proof 
of the impossibility of an algebraic solution of general equations 
above the fourth degree can never be obtained from the theory of 
siibstitutions alone. 

^ 208. In the discussion of algebraic questions it is essential 
first of all to define the territory the quantities lying within which 
are to be regarded as rational. 

We adopt the definition * that all rational functions with integral 
co<*fficients ' of certain quantities 9t', 9{", 9i'", . . . constitute the 
raihnal domain (31, 9t" 91'", . . .). If among any functions of this 
doraain the operations of addition, subtraction, multiplication, divis- 
ion, and involution to an integral power are performed, the result- 
iug quantities still belong to the same rational domain. 

The extraction of roots on the other hand will in general lead 

*fi. Kronecker: Herl. Ber. 1879, p. 205 IT.; cf. also: arithm. Theorie d. algeb. Grossen. _ 
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to quantities which lie outside the rational domain. We may limit 
oorselvefi to the extraction of roots of prime order, since an (mnY^ 
root can bo replaced by an m}^ root of an ji^" root- 
All those functions of SR', W\ SR'", . . . which can be obtained 
from the rational functions of the domain by the extraction of a 
sintjle root or of any finite number of roots are desit^nated, collect- 
i'velj, as the algebraic functions of ihe domain {jSi\W\ W*\ . . .)■ 
In proceeding from the rational to the algebraic functions of the 
domain, the first step therefore consists in extracting a root of prime 
order />„of a rational, integral or fractional function F^{^\ W\ W** . , , ) 
which in the domain (Sfl', 9t'', 9i'", . . .) is not a peifect p^"' power. 
Suppose the quantity thus obtained to be Yy so that 

We will now extend the rational domain by adding or adjoining to 
it the quantity V„, so that we have from now on for the rational 
domain (F„; SR', 5R", Si'", . . .), i. e., all rational, integral or fractional 
functions of V„, 9?', 5R", SR'", . . . are regarded as rational. The 
present domain includes the previous one. With this ex ten? ion goes 
a like extension of the property of reducibility. Thus the f uoction 
x^ — FJ^\\ SR", . . .) was originally irreducible: it bai5 now become 
reducible and has, in the extended domain (V^.\ 9t', 9t", . , .), the ra- 
tion nl factor X — Vy, 

The new domain can be extended again by the extraction of a 
second root of prime order. We construct any rational function 
which is not a perfect (p„_i)*'* power within {Vp\^\W\ , . ., and 
denote its (p^^i)^** root by F„_i, so that 

It is fiot essential here that Vy should occur in F„„i If now 
we adjoin V„_i, we obtain the further extended rational domain 
{Vv-i, T^M 9i'» 5R"> • • •)• Similarly we construct 

¥':_-' = F,-,{V.-,, F,_„ V,^ 9t', %'% . . .), 
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^here the F's denote rational functions of the qnantij^ies in paren- 
theses, and p,,|>3, . . .pv-2 are prime numbers. 

Any given algebraic expression can therefore be represented in 
conformity with the preceding scheme, by treating it in the same 
way in which the calculation of such an expression involving only 
numerical quantities is accomplished. 

§ 209, The -F.'s are readily reduced to a form in which they are 
integral in the corresponding V's, that is F.+ i, Fa+a . . • ^v, and 
are fractional only in the SR', 31", . . . 

Thus, suppose that 

where Go, <?!» G^j . . . ; H^.H^^H^^ ... are rational in F. +2, T^^a+sv 
Vy\ Sft\ W\ ... If now w is a primitive (Pa+i)*** root of unity, the 
product 

is a rational function of Fa+2, Fi+s, . . • F„; 91', 91", . . . For on the 
one hand the product is rational in the ff' s, and on the other it is 
inbegral and symmetric in the roots of 

f;;+' =i?'.+,(F.+„ . . . F,; r, 91", . . .) 

and is therefore rational in the coefiScient Fa 4.1 of this equation. 

Again, if we omit from the product P) the factor Ho + H, Fa + i 
+ Hg F^^i + . . . , the resulting product 

is integral in F.+i and rational in F.+a, . . . F^; 91', 9i", . . . More* 
over^ since u» does not occur in P) or in the omitted factor, it doesi 
not occur in Pi). 

If now we multiply numerator and denominator of Fa by Pj), 
iiie resulting denominator is a rational function of Fa+2> • • • F^; - 
91', 9t", , p , alone, while the numerator is rational in th^se ^uau« 
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titles and in Va+i* Dividing the several teims of the numerator 
by the denominator, we have for the reduced form of ^« 

where the coefficients Jo,JijJ2^ * > « ^^ oil rational fanctionE of 
Fa+2> • • • "^f; 91', 31", ... On aceount of the eqnations 

ttPx 4-1 Eft rrPa + 1 + 1 et rr 

we may assume that the reduced form of F« contains no higher 
power of Fa+i than the (pa+i — 1)^^ 

The several coefficients J can now be reduced in the same way as 
Fa above. By multiplying numerator and denominator of their 
fr actional forms by proper factors^ all the J's can be converted into 
integral functions of Ta + 2 of a degree not exceeding p^+a — 1, and 
with coefficients which are rational in ya-^n — - ^i^j ^'f 31", ... In 
this way we can continue to the end 

§ 2l0. "We have now at the outset to establish a prelftninary 
theorem which will be of repeated application in the investigation of 
the algebraic form peculiar to the roots of solvable equations.* 

Theorem I. If /u,/i, ...fp^^^F are funcUons within a 
definite rational domain, the simultaneous existence of the two equa- 
tions 

A) /o +Aw +f,w' +... +f^-,W' = 0, 

B) tv^—F =0, 

requires either that one of the roots of B) belongs to the aame rational 
domain with /o,/i, . . , fp^i\ F, or that 

/o = 0, /i = 0,.../,._,=0. 

If all the/o,/,, . . ./^»i are not equal bo 0, the equations A) and 

B) have at least one root w in common. In the greatest common 
divisor of the' polynomials A) and B) the coeffioient of the highest 
power of w is unity, from the form of B). Snppose the greatest 
common divisor to b.e 

C) n + 9^if^+^i^^+ . - . + «?^ 

Equated to 0, this furnishes v roots of B). If one of these is deno- 

•This theorem w.w originally i{iveii by \\n:l: UeiividH uumpii^iea U, iwi. Kroii- 
ecker was lUe first to establish it iu the full Uuportaucu: Bt:rL ikr. 1B79, p, Sf)6. 
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ted hj M?i, and a primitive p^ root of unity by <^, then all th€> v 
rojLa of C) can be expressed by 

Apart from its algebraic sign, ^o is the product of these roots 

Now since p is a prime number, it is possible to find two numbers 
u and ??, for which 

and consequently 

One root, a>*^*it', , of the equation B) therefore belongs to the given 
ration d domain. 

§ 211. We apply Theorem I first to the further reduction of 

If J^ is anyone of the coefficients «7i, e/g, . . . , which does not vanish, 
we determine a new quantity TFa+i by the equation 

amiex to this the equation of definition for Fa^i 

and ti£ for the rational domain 

B) (TFa+,; F.+2,ya4-., . . . ; 9l',3l", . . .), 

It follows then, if A) and B) of Theorem I are replaced by A,) and 

B,), that, since the possibility Waj^y =0, J^ = is excluded, we must 

h-ive 

a) ' ^F«+, = i2(TF.+,; Fa^.„ . . . F,;9l',9i", . . .) 

where w is a {pa + 1)*** root of unity. 

We can therefore introduce into the expression for F^ in the 
place of Va+i the function Wa^,, provided we adjoin the (jOa+i)*'*root 
of unity, i'>^ to the rational domain. From A,) and C|) it is clear that 
{W.^.X F«+2, . . . ; 9l'-9l", . . . ) and {V^^,.V^^,, . . . ; ^ , M",. . .), 
define the same rational domain, and the equation 
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can be taken in the Rcheme of § 208 in place of Bf}, Tlie equations 
of definiUon for V^, V'^i-u . . . Vi are not essentially affected by this 
ohange. We hiive only to substitute la the fuQC, ions i^» , i^a _,,,,. -Pj 
in the place of F^^, the value taken from Ci). The expression for 
F^ then becomes simplified 

We may suppose this reduction to have been effected in the case of 
every t\, 

§ 212. We pass now to the investigation of the form of the roots 
of algebraically solvable equations. Given an algebraic equation 

1) f{x) = 

of degree n^ the requirement tliat this shall be algebraically solv- 
able cat! be Htated in the following terms: — from the ratioLal domain 
(St\ W\.^*)i which includes at least the coefficients of 1), we are to 
arrive at the roots of 1) by a finite number of algebraic operations, 
viz. addition, subtraction, multiplication, divisioo, raising to powers, 
and extraction of roots of prime orders. One of the roots of 1) 
can therefore be exhibited by the following scheme: 

y;'' = (3l',3l",...), 
F;L-' = *'.-.(n;9i',gi",...) 



2) 



3) ' x,= G. + G,F,+ GjF.H . . . + G^_,F'"-', 

where Oa,0,,G,, . . . are integral functions of F„ F„ . . . F,and ra- 
tjoual functions of Sfi', 91", . . . , and G, may be assumed to be 1(§ 211). 
Taking the powers of x^ and reducing in every case those pow- 
ers of F, above the (Pi— 1)'", we obtain for every v 

If these powers of Xq are substituted in 1), we have 

where the ^*a are formed additivily from the ^^''''s and the eoeffi 
cients of 1). Joining with A) the equation of definition ol F^ 
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and applying Theorem I to A) and J5), we have only two possibiU« 
ties; either a root of B) is rational in the domain (Fj, Fg, . . , V^,; 

Both cases actually occur. In the former the scheme 2), by which 
we passed from the original rational domain to the root oJq, can 
be siuiplitied by merely suppressing the equation 

and adding the Pi^ root of unity to the rational domain, 

§ 218. As an example of this case we may take the equation of 

the third degree 

f(x)=x^—Zax — 2b = 0, 

the rational domain being formed from the coefficients a and b. By 
Cardan' b formula 



.r, = />/ 6 + |/ ]>'' — a» 4- V 6 — |/ 6*-a». 
This algebraic expression can be arranged schematically as follows: 

V,' = b+V,, 
V,' = b-V,, 

The ©xpresslon'for ifixg), formed as in the preceding Section, then 
becomes 

Comparing this with 

V,'—{b-V,) = 0, 

and determiniDg F, from the last two equations, we obtain 

^ a{b+ V,)-a:^V, + {b-^V,)V,' 

a' + {b+V,)V, — aV,' ' ' 

iO that Fj is already contained in the rational domain (F2, Fj; a, b). 
11 we now transform Fj into an integral function of Fj by the pro- 
cojs of § 20li, we obtain from the relations 
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[a'+ (6 + Vt)<oVt—ao>*r/] [a»+ (6 + T7-,)a.»Fj— a«iF,'] 

= 2b{b+V,)(a + V,% 
[a'+ (b+ r,)V,-ar,'][2b(b + V>) (a + V,')]= [2b(6 + y,)]^ 
[a(6 + r,) -a'F, + (6- F.) F,'] [26(6 + F.) (a + F/)} 

= 4«6'(6+F,)F,^ 

where <» is a primitive cube root of unity, the simpler form 



-_ 4a6'(6+r.)F,' _ aV," 
^'- W(b + V,)' ~b+V^ 



Bemoving F, from the denominator by mnltipljing both terms of 
the fraction by fc — F3, we have finally 

b-Vj 
and herewith the reduced form of x^ 

Vi can therefore be suppressed in the scheme above. 

§ 214 We return now to the results of § 212 and examine the 
second possible case. In 

suppose that F, is not rational in the domain (F^, F^ i - - ; K', 9t",. . .), 
Then from Theorem I 

If now, in analogy to 3), we form the expressions 
8') x,= Go+G,a.,'V, + G,a,,^V',+ ...G^_y^^''^V'r\ 

in which w^ is a primitive jo,*^ root of unity, it follows, with the same 
notation and process as in § 212, that 

xl = G['^ + G^^WV, + G^'in^V^' +..., 

Since the if's vanish identically, the latter expression is also equal 
to 0, i e., Xj, is a root of /(a;) = for A:= 1, 2, . . .pj — 1. 

For example, in the case of the equations of the third degree 
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whore the first of the two possibilities above has been excluded by 
reducing Xq to the form 



X0 K 51 H r-—^ Vj , 



the other two roots are 






x^ = a,^V, + ^—pwVt. 



("==i^^) 



or 

§ 215. If now we make the allowable assumption (§ 211) that 
Gi—\^ (whereupon V, may possibly take a new form diflPerent from 
its original one), we obtain by linear combination of the Pi equa- 
tions for Xq, Xi, , , , Xp^^i 

ar,= 6,+ V,+ G,V,'+. . . + G«_,F,».-', 

a;, = 0, + <oV, + G, VF.'+ . . : + G^-.-^'-'F,'.-', 

the value of V,: 

pi-i 

The irrational function F, of the coefficients is therefore a rational 
and, in fact, a linear function of the roots Xq^x^, . . ,Xp^^^ as soon 
as the primitive Pi'^ root of unity w, is adjoined to the rational 
domain. 

§ 210. In the construction of the scheme 2) it is not intended 
to assert that Fa necessarily contains Fa-i, T^a~a» ... If ^a-i is 
I missing in Fa, another arrangement of 2) is possible; we can replace 

the order 

F:vV»=Fa+,(Fa4.„...), Ff* = i^.(Fa+a,...), Ffl7' = F.(Fa,...) 
by the order 

J* 
^ *^ It IS therefore possible, for example, that different F's occur at the 
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root Xq are possible, and the theorem proved in the preceding Sec- 
tion holds for the last V of 2) in every case. 

To prove the same theorem for all F's which occur, not in the 
last, but in the next to the last place in 2), we will simply assume 
that i^i actually contains Fa- The proof (§ 215) of the theorem for 
F] was based on the fact that an expression 

satisfied an equation with rational coefficients. We demonstrate the 
same property for an expression 

If we suppose all the permutations of the roots of the equation 
1) to be performed on 



'-[i;2--^'; 



the product of the resulting expressions is an integral function of 
y, with coefficients which are symmetric in the aj's and are therefore 
rational functions of 31', SR", . . . 

If we denote this function by <p{y), the coefficients of the 
equation 

^{y) = 

belong to the domain (SI', 9i", . . .), and one of the roots, with possi- 
bly an unessential modification of the meaning of Fj {cf, § 211) is 

2/0= [^2"^^"^"^= T^^^ = i^i(T^2', . . .)=Lo+V, + L,V,'+,. , 

It is therefore essential that Fa should actually occur in i^i . We 
can now apply to ^{y) = with the root 2/0 the same process which 
we applied above to f{x) = with the root Xq, If we assume, as ia 
allowable, that the series F,;, Fy_i, . . . Fg, Fj is so chosen that V'. 
is not rational in the preceding F's, it follows that 



==^2' 



*=0 



where tit^ is a primitive. Pa*^ root of unity. Every y^ is produced 
16a 
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from j/q by certain subskitutions among the aro, ajj, . . . a?„_,; conse- 
quently Vi is a r^ional integral function of the Pi"* degree of the 
roots of f{x) = 0, provided the quantities w, and ^2 are adjoined 
to the rational domain. 

In the same way every V can be treated which occurs in the next 
to the last but not in the last place in 2). Proceeding upward in 
the series we have finally. 

Theorem II. The explicit algebraic function Xq , which sat- 
isfies a solvable equation f{x) = 0, can he expressed as a rational 
integral function of quantities 

»^l> •'^2> ^8> • • • ^v^ 

with coefficients which are rational functions of the quantities 
9i', 91". The quantities V^ are on the one hand rational integral 
functions of the roots of the equation f{x) = and of primitive 
roots of unity, and on the other hand they are determined by a 
series of equations 

F/-= i^(Fa_,, Fa_2, . . . F,; 31', SR", . .. ). 

In these equations the Px,p2,p^^ . . ,Pv «?'« prime numbers, and 
Fi, F2, . . . Fy are rational integral functions of their elements V 
and rational functions of the quantities 9?', 91", . . . , which deternf- 
ine the rdtional domain. 

§ 217. This theorem ensures the possibility of the application 
of the theory of substitutions to investigation of the solution of 
equations. It furbishes further the proof of the fundamental prop- 
osition: 

Theorem III. The general equations of degree higher than 
the fourth are not algebraically solvable. 

For if the n quantities Xi,X2, . , .x„, which in the case of the 
general equation are independent of one another, could be algebra- 
ically expressed in terms of 91', 91", . . . , then the first introduced 
irrational function of the coefficients, F„, would be the pj^ root of 
a rational function of 91', 91", . . . Since, from Theorem II, V^ is a 
rational function of the roots, it appears that Vy, as a p^- valued func- 
tion of a?!, a^a, . . . a7„, the p^^ power of which is symmetric, is either 
the square root of the discriminant, or differs from the latter only by 
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a symmetric factor. . Consequently we must have p„ — 2 (g 56), 
If we adjoin the function T„ = /Sj V ^ to the rational domain, the 
latter then includes all the one- valued and two- valued fonctions of 
the roots. If we are to proceed further with the solution, as is nee- 
essary if n > 2, there must be a rational function V",,_, of the rootsj 
which is (2p^_i)- valued, and of which the(p^_,)'^' power is two- val- 
ued. But such a function does not exist if n > 4 (§ 58), Conse- 
quently the process, which should have led to the roots, cannot be 
continued further. The general equation of a degree above the 
fourth therefore cannot be algebraically solved. 

§ 218. We return now to the form of the roots oi solvable alge- 
braic equations 

We adjoin to the rational domain the primitive ih^^\P2^\ , . , roots o! 
unity, and assume that the scheme which leads to T^, is reduced as 
far as possible, so that for instance Va is not already contained in 
the rational domain (Va-i . , . V^] 3t\ 91", . . , ; tft^, ut^^ - - - )< We 
have seen that the substitution of 

o.,'V, (A;=l,2,...p,-1) ''* 

for V in 3) produces again a root of f{x) = 0. We proceed to prove 
tjie generalized theorem : 

Theorem IV. If in the scheme 2), which leads to the expires- 
sion 3) for x^, any Va is multiplied by any root of imify^ the imlues 
Va-i? l^a-2» • • • ^2> ^1 ^*^^ i^ general be converted into new quan- 
tities Va,Va-i, . . . V2, Vi. If the latter are substituted in the place 
of the former in the expression for x^^ the result is again a root 
of fix) = 0. 

We may, without loss of generality, assume that /(,r) is irredu- 
cible in the domain (3t', S'', . . . )• 

Starting now from 3), and denoting by "^^ a primitive t*^ root 
of unity, we construct 

Pi — i i)i — 1 

JJ{x-x,)=JJ[x-iGo + <o,^V,+ G,u,,''V,'+ . . .)J. 

A = A — 

In this product Vi certainly v&ftisbes, Possibly other F's vanish 
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alao. Suppose that F„(a^2) is the lowest F that actually occurs. 
Then 

4) ]J{X — X^) =fa{x', F„, F„ + „ . . .) = a,+ a,Va + a,Vj+ . . . 

The a's which occur here belong to the domain ( Fa .f i , . . . ). We 
construct further 

where Vj, (6^a + l) is again the lowest V that actually occurs. 
Similarly let 

pfi — I 

and finally, supposing the series to end at this point, 

Pc-l 

7) 7//c(^; V„ F.+„ . . .) =Mx;W, 91", . . .), 

where fa is rational in 31', 91", . . . , all the V^^i, , . .V^ disappearing 
with V,. 

We assume now, reserving the proof for the moment, that the 

functions 

Ux; K, . . .), Mx', F„ . . .), f,{x', y.,'. . .), Mx; W, . . .) 
are irreducible in the domains 

{V.nV„^,...), (F.,F. + ,...X (T^oT^.+i,...), (SR',r'...), 
respectively. Then fd{x] S', . . . ) = and f(x) = have in the do- 
main (W, 5R", . . .) one root x = Xo in common, since x — Xq occurs 
as a common factor of fd{x) and f{x). Both these functions being 
by assumption irreducible, it follows that 

Ux;^',^",...)=f(x). 
If now we assign to Vy any arbitrary value tv consistent with 
y^«'^F„(9l',. . . ) and to F^_i any value f^_, consistent with 
V^/j-^^ = Fy_^{Vy', 91', . . .), and continue in this way, we have tha 
series 



Digitized by 



Google 



THE ALGEBRAIC SOLUTIOH OF EQUATIONS, 253 

i'^ = i^,(9i',9l",...), 
v^_-,' = -P'K-,(w.;9i',9t",...), 
2') "i <ll' = i'\-,(«.-„r.;;B',5H"...), 



<' = i'',(v„f„...u.jr,9t"....t; 

3') ^o = g„+giVt+giv,-+ . . . +ft„_,»''i ', 

3') being obtained from 8) by putting the v's in place of the F's. 
The product 

A = 

will only differ from those obtained above by the introduction of the 
gr's andv's in place of the G's and F^e, since in all the reductions 2') 
replaces 2). Consequently this product m equal to/„(^r; i'„, tv+i? — ■ ) 
and similarly 



A = 
Pb-\ 



JJM^'i "'6^^'6, "6+ 1 , . . . ) =/.(^; *v, tv+n . ^ ' )* 



A = 
Pc — l 



A = 

This furnishes the proof that ^o is a root of fix) — iK 

We have still to prove the irreducibility of fjjr), /&{j^), , . , in 

the rational domains (V„, F„^,, . . , ), (1^, F|, + ,, ...)..., respect- 
ively. 

Assuming the irreducibility of /a(.r) in the domain ( V,,, V„ ^^,. . . ), 

we proceed to demonstrate that of fi,ix} in the domain {¥,,, F^ + , , . _ ). 

The method employed applies in general. 

If ^{x', Vj,, , , ,) is one of the irredncible factors of /ft(*r), so 

chosen that it contains fa{x; F,, . . .) as a factor, then we have in 

the domain F^, F^^.,, ... the equation 

8) <p(x; F„ . . ,)=f{x; F„, . . . ^ <'(.!■; F., . , .), 

which can be rewritten in the form 
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A) :ro + /i V„ +X2V„'+ . . . +/p„-, F/«-\ 

where the /'s are rational functions of F„ + , , . . . Since moreover 

it follows from Theorem I that either V„ is rational in T^« -i- n , . . , 

which is to be excluded, or all the ;^'8 vanish, so that A) and with it 

the equation 8) above still hold, if V„ is replaced by it)„V„,(o^'V„, , . . 

Again, f„{x ; «>; F„ , . . . ) is different from f„{jc ; «>g F„ , . . . ). For if we 

write 

/«(«:; F„, . . .) = e, + e,V„+,e,Vj+ . . . , 

it would follow from the equality of the two functions /„ that 

A,) M(a;„«- -«>,^) F„ + r,K^._«>/^)F/+ . . . = 0, 

and consequently, from the equation of definition 

that Va must be rational in the domain ( F„ + ,,... 91', ...«>,,... ), 
since «=["^^- 

Accordingly /a( a?; y„, • • •)»/«('^J «>«F„, ...),.. . are all divisors of 
^. All these functions are different from one another, and they are 
all irreducible in the domain (F„, F„ + ,, . . .). Consequently fp con- 
tains their product, which, on account of the degrees of /„ and /^ in 
X, is possible only if <p and /^ coincide. 

Since the foregoing proof holds for every irreducible factor of 
1), it still holds if we drop the assumption of irreducibility. 

§ 219. At the beginning of the preceding Section we remarked 
that in the product construction with F, other F's might vanish. 
This possibility is however excluded in the case of certain F's, as 
we shall now show. 

We designate any Vr of 2) as an external radical when the fol- 
lowing Ft+1, Ft + 2» • • • *• ^j ^T + iji'^+j* ... do not contain F^. 
Every such external radical can be brought to the last position of 
2), and the expression of X(,, as given in 8), can be arranged in 
terms of every external radical present. We shall see that in the 
product construction with Fj no other external radical can be 
missing. Thus, if Vr is missing in 
Pi-i 

Mx', F„, . ..) = ]J[_x-{Go + a.,^V,-tG2<^i''V;'+ . . .)], 
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then fa cannot be changed if we replace Y^ in the fundamental 
radical expression by <w/Ft, without thereby ch an giDg V^, . If, as 
a result, the 6r's are converted into the g'''s, we should then have also 

A = 

Every linear factor in x of this last expres^aioa must therefore be 
equal to some factor of the preceding expression 

A) g,+ V,+g,V,'+ ... = Go + a>/F, + 6\-r^VV+ - . . 
Taking into account the equation of definition 

B) V,^^-F,{V,,.,.):=^Q, 

it follows from Theorem I that either V^ is rational ia FajVa, . . . "^^1 
which may be excluded, since otherwise 2) could be reduced fur- 
ther on the adjunction of w^^ or that 

In some one of these equations Vr must actually occur. Develop- 
ing this equation according to powers of Vr, we have 

A,) Ko + K,Vr + K,Vr'+...=K, + K,u^,Vr+K,c.:'V.'+..., 

and combining with this 

the impossibility of both alternatives of Theorem I appears at once, * 
Consequently Vr could not have been missing in the product con- 
struction. 

If we consider only /« (§ 218, 4) ), the series 2) ending with T^„ 
can also contain external radicals, in fact pa^sibly eiich as are not 
external in respect to the entire series. These also cannot vanish 
in the further product construction. The irreducibility of /„ being 
borne in mind, the proof is exactly the same m the preceding. 

Theorem V. In the product construction of the preceding 
Section no external radicals can disappear from f^ except V^, The 
same is true for ff, in respect to the external radicals occuTTing 
among F„, Vy^i, ... V^, and so on. 

If several external radicals occur in Xf^ or in one of the ex- 
pressions f„, ft, ,fc,''^,the product of all the con-esponding expo- 
nents is a factor of n. 
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Theorem VI. // an irreducible equation of pinme degree 
p is algebraically solvable, the solution unll contain only one exter- 
nal radical The index of the latter is equal to p, and if (o is a 
primitive p*^ root of unity, the polynomial of the equation is 

A ^0 

Theorem VII. If the algebraic expression 

3) ^0= ^0+ V, + G,V,'+ . . . G^_,V^^-' 

is a root of an equation f{x) — 0, tvhich is irreducible in the 
domain (9?', St", . . . ), and if we construct the product of the pi 
factors, in which V^ is replaced by io^Vl, ^i^F, . . . 



fa{X',V^,...)=JU{x-X,), 



where V^ is the lowest V present, and again the product fh{^\ V^, . . .) 
of the pa factors fa(oo; w/F„, . . . ), and so on, we come finally to 
the equation f{x) = 0, the degree of which is 

n = PlPaPb . . . 

The functions /«,/&,... are irreducible in the domains {Va,V„^i,.,,)y 

§ 220. We examine now further those radicals which vanish in 
the first product construction. The remaining Va^Va + y, . . . are 
not altered in the product construction. We may therefore add 
these to the rational domain, or, in other words, we may consider an 
irreducible equation f{x)=fa{x; V„, . . .) in the rational domain 

(F„,F„ + „...;9l',9l",...)- 

Here all the T^i, T^2» • • • ^a-i already vanish in the first product 
construction. 

We examine now what is the result of assigning to Ta_, any 
arbitrary value consistent with its equation of definition, then with 
this basis assigning any arbitrary value of F„_.2 consistent with its 
equation of definition, and so on. Suppose that the functions 

*^a — li »^a — 2> • • • »^2) »^l > ^0> ^2J • - • ^/>— 1 

are thereupon converted into 
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Va-uVa-2, . . . ^2, Vu g^, 92,^-* Qp^i^ 

The new valne assnmed by Xq is then 

^0 = 90+ 9iVi + QiV^ + QiK + . ■ ■ + gp^x^h^~^' 

From § 218 ^o is again a root, and this together with the syatem 
$1, ^2- • • • ^j»-ij which arises from ^^ when v^ is replaced by ^wt^u 
o^'v,, . . . a>^~'vi, gives again the complex of all the roots. W© can 
therefore take 

9'o + «''t;, + ^2'-V+ . . . = Go + ">"'Fi + G,^'"^F,= -f . . . , 

where «>', «>", «>'" , . . . are the p*^ roots of anity w, (u^, w", . _ ^ apart 
from their order. By addition of these eqiialiona we obtain 

g^^o^t 

so that 6ro is unaffected by the modifications of F^-i j F«_2, * . . F^. 
Also p Go is the sum of all the roots, and is therefore a rational 
function in the domain (91', 91", . . . )■ 

Again we obtain from the system above the equation 

+ G2FiV' + "''"^'"'+'^""'^^'+ ■ > ') 

+ ... 

Here the first term on the right vanishes. We denote the paren- 
theses in the following terms briefly by p-Tij , pQ^^ pQ^^ . _ ^ and writa 

9) v, = Q,V, + Q,G,l\' + Q,G,V,'+. . . 

On raising this to the p*"* power 

A) v,' = F,{v„v„ . . .«._.;3l', . . .) = iair, + Q,G,V,'+ . . .]' 

and annexing the eqnation of definition 

B) V," = F,iV„ V„... F,_.; 91', . . .), 

it follows from Theorem I that either T'^ is rational in 

V„ F„ . . . F._,; v„v„ . ..«._,; W, Dt", . . ., 
or that 

F,' = Ao, ^, = 0, 4j = 0, ...4,_, = 0. 
17 
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We consider now the first of these alternatives. In the rational 
©xpreaaion of Vi in terms of Fg, Fg, . . . ; t?2, Vj, . . . ; SR' 91" , . . . all the 
V3,i?a,. , . Va-i cannot vanish; otherwise V2 should have been sup- 
pressed in 2). If then we define V^, as in §§ 208 and 212 by a 
Bjstem of successive radicals, some V^ will occur last among the v's 
and gome V\ last among the v's. If we substitute the expression 
lor F) in Xq, we have 

x,^R{V,,,. . F„_r,9t',. . .) = ^i(^^2, . . . T^a-i;v2, . .*. t^a-,;9t', . . .) 

Here all the v's cannot vanish, as we have just seen. For the same 
re^on all the F' s cannot vanish, since we might have started out 
from fo- B^t ^K and Va are two external radicals, and the product 
of their exponents must therefore be a factor of p (Theorem V). 
This being impossible, the first alternative is excluded. 
Accordingly we must have in A) 

F,^ = ^0 , ^1 = 0, A2 = 0, . . . Ap _ 1 = 0. 

The question now arises what th^ form of 9) must be in order that 
its p^ power may take the form F,^ = Ao. The equation A) is 

v,^:=Ao + A,V, + A,V,'+ . . . =P,F, + ^2^2F,^+ . . ./. 

The result just obtained shows that* the left member is unchanged 
if Vj is replaced by tt>Fi, ^'^Fj^ . . . Consequently 



and on the extraction of the p^^ root we have 

But from 9) follows also 

and equating the two left members and applying Theorem I as 
usaal, we have 

tliat is, 9) reduces to the single term 
9') V, = ii,G,V,\ 
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Subetituting this result j together witli g^ = Gq in tlie expression for 
fo, wo have 

On the other hand the root ^o, which is contained among a;^, iCj, , . ,, 
can also be expTessed in the form 

and, comparing the two right members, it follows from Theorem I 

that terms with equal or congraent exponents (mod p) are ideotieal. 

In particular we have 

a,G,V,''^G,i^'-V,^ 
and therefore 

10) v\^o/^Q^V,^ "' 

m 
Til e ore in VIII* //, in ike explicit expression 3) of the root 

^0 of an iryeducible equation of pr^ime degree p^ the i7^ationatities 

Y are modified in any ivay con&istent loith the equations of defini- 

Wow, then Vf is converted at the ^ame time into (G-aT^/)^k 

§221. The relations arising from such a transformation are 
most readily discussed by the introduction of a primitive congru- 
ence root e in the place of the prime number p. We write 

where however every e'^ is to be reduced to its least not negative 
remainder (mod. p — 1 )- Then the quantities 

Fn G,V,\ G,V^ .., G^.,V,^-' 

coincidej apart from their order, with the quantities 

^^, ^b;, ^e^, . . . ^i;^^, 

and WB have 



11) a-,=: 0,+ ^/<.+ ^R, + ... + \^R^-,^ 

The changes in the values of the radicals, considered above, which 
replace F,^ by {(^aF/)^ and consequently [G^Fj*] by [(J^^Fj-^a]^, 
ijrhere fi]^<p and 

a^^ka (mod. I?), 

have therefore fche effect of replacing every 1?^ by 
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Ra + ^ (a = 0,l,...p-2), 

where z is < p — 1 and is defined by the congruence 

e^^X (mod. p). 
Consequently the quantities 
I) J?o, i^i, i?2>v' • • -Ki>— a 

are converted in order into 

and, if the same operation is performed a times, I) is replaced by 

•^a K J -^a It 4- 1 ) -^^a k + 2 > • • • + -^« « -\-p — 2 j 

where the indices are of course to be reduced (mod. p — 1). 

If there is another modification of the radicals, which converts 
jRo into Rfj, , this on being repeated /5 times converts the series I) into 

Finally if we apply the first operation a times and the second fi 
times, I) becomes 

-KaK4-/5/*, -KttK + ^iu. + 1 > •^aK + ^/*-f Jb — 2' 

Here a and jS can be so chosen that ax + I^/j- gives the greatest 
common divisor of x and f-t- . Consequently if Rjc is the R of lowest 
index which is obtainable from Rq by alteration of the radicals, every 
other R obtainable from Rq in this way will have for its index a 
multiple of A; , so that the permutations of the R'b take place only 
within the systems 

Rq, Rje, Rii: , , , Rr p-i jW 

Aj -R* + i, -R2Jfc + i> . . . -R(PiiJ_,)jj.^j^ 



Here A; is a divisor of p — 1. 

There are then alterations in the meaning of the radicals which 
produce the substitution 

{Rq Rk Rue . . . ) {Ri Rjcjf-i Rik^-i ...)... 

§ 222. The preceding developments enable us to determine the 
group of the irreducible solvable equations 1) of prime degree p. 
Every permutation of the ic's can only be produced by the alter- 
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ations in the radicals T^i, "^2* • • • ^a-u and conseqneotlj only such 
permutations of the a^'s can occur in the group as are produced by 
alterations of the Vs. From the result of the preceding Section 
Vi can be converted into "'^(t^F,* , and the possible alterations in 
Vi do not change this form. Substituting this in the table of § 21 5, 
we have 



We examine now whether any root x^j^ can remain unchanged in 
this transformation. In that case we must have 

and from the method which we have repeatedly employed it foUowSj 
as a necessary and sufficient condition, that 

fxe ^fJL-\-T (mod. p). 

If e*^l (mod. p), then for r==0 there is no solution /i, and 
therefore no root a?^ which remains unchanged. But for r = 0, 
every /i satisfies the condition, and the substitution reduces to iden- 
tity. 

If e*zzEl, then for every r there is a single solution /^, and the 
corresponding substitution leaves only one element unchanged. 

Theorem IX. The group of a solvable irreducible equation 
of prime degree is the metacyclical group (§ 134) or one of iU sub- 
groups, 

§ 223. Since now, as we saw in § 221, all the substitutions of the 

group permute the values jRo>-^*>-K2A:j... only among them selves ^ the 

symmetric functions of these values are known, and the values them- 

p— 1 
selves are the roots of an equation of degree ■ , The latter is an 

Abelian equation since the group permutes the values B^, Rj^^R^i^ , . , 
only cyclically. Consequently every Rj^,, i^a^i R^k, ■ ■ ■ is a rationa 
function of Rq. But the same is true of every R^. For the form 
of the substitution at the end of § 221 shows that after the sdjunc- 
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tion of Efi all the other i^.'s are known, since the ffNmp reduces 
to 1. 

Finally it appears that if 

then 

For the application of properly chosen substitutions of the group 
converts the first equation into the second. 

We consider now all the substitutions of the group of f{x)=0 
which leave Rq = Vi^ unchanged and accordingly can only convert 
Vi into some w^'Fj. Then Xq is replaced by Xy. But since i?i is a 
rational function of iZ^), it appears that Ri = OfV'^ is also unchanged, 
BO that O^Vi* is converted into some O^wi^Vi. The power oif^ can 
be determined from x^; for the expression for Xy contains the term 
O^Vi'w^^ and this must be identical with 0,<oi^Vi. Consequently 
/i = ve, and O^Vi" becomes 

while at the same time Vi becomes 

so that the factor O, remains unchanged. That is, every substitu- 
tion of the group, which leaves Rq unchanged, leaves O^ unchanged 
also. Accordingly G^ is a rational function of Rq, The same is 
true of all the other G's. We can therefore write 

12) Xo= Go + V,+ ^,{V^^). F,^+^8(F,^)- F,»+...+ ^^_,(F,^). V,^-\ 

where ^ajS^sj... are rational functions of V^^ in the domain 
(9fl', 91", . . . ). From this it appears that in 11) the radicals 
js/Rqj ^Ri,. , , do not admit of multiplying every term by an 
arbitrary root of unity, as indeed is already evident d priori since 
otherwise Xq would have not p, but p^ values. 

A still further transformation of 12) is possible. We have 

^r;= G. ^R^^ = <p^{Ro) . \^iV. 
From § 221 there are alterations in the Vi, ^2 » • • • ^a-i which convert 
Rq into i?fc and consequently \/Ro into w<^/y/Rj^, The form of 
the exponent of a* evidently involves no limitation. At the same 
time the Xq becomes 
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and since Ri becomes Rj^^i, it follows that ^ R^ becomes 

If now we apply these transformations to the equations above, 
we obtain 

We can therefore also write 

+ URo) • ^^' + ^1 W '^Rit + U^^,) ■ \^^ + . . . 
+ ^2(-Ko) . X/R? + U^i) . /?^^+ v^'z(i^.) ■ ^/R7 + - . ^ 

Theorem X. The roots of a solvable equation of prime 
degree p can be written in either of the two forms 12) or 13). In 

13) \^-Rij ^Rik, . . . a^6 rational functions of a!/Rq. Thevalues 

Rq, Rk, Rihi . . * R{p-^ -{^^ 

are roots of a simplest AbeUan equation^ Urn group of which is com- 
posed gf the powers of 

ff = {Rq Rk R^h ' ^ ') 

Its roots are connected by the relations ' 

14) ^R,=f{R,)'S/W\ ^RZ^f{n,)^^W. 

where G^=f{R^, 

§ 224. The form 13), together with the relations 14) between 
i?05 iJft, . . ., is not only necessary but also suflScient for a root x^ of 
an irreducible solvable equation of prime degree p. For 14) shows 
that all the possible permutations among the it's are simply powers 
of <r. If now <T°- converts jBq into i?^^, then ^ U^^ will become 
some a)t^/^Ro, and from 14) 

^R'^=f{R^) . ^/r/^ becomes t^f^^fiR^) ■ ^/R^, etc. 
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Consequently 13) becomes 

+ 4>, (Ro) ■ <o>^</E^' + URi) • <"'"*^' \^^' + • • • 
+ ... 
^at ifl, a;, has only the p values a;,, 05,, . . . a;,_i. 

§ 225. We will examine further the Abelian equation of degree 

JJ— 1_ 

fc -"* 9{R) = 0, 

which is satisfied by jiS„, i?t, . . . i?(„ _,)»,. From 14) we have 

■R* =/"(-«.) -Bo**, 

i?«=/'(i?*)-/'^(i?o) -B.-^, 

-Rs* =/'(iJ^) -/^(i?*) /^(iJo) • i?.'^ 



and sincG J?^ = ^o> it follows from these equations that 

l = i?o-'"-'-[/'-'-\i?o) ./"-'-^(iJ.) . . ./(i?,_,_»)]», 
1 = i?,''-'-'[/"-?-*(R,) ./"-'-"(i?,,) . . ./(i?,)] . 

Kow the priftiitive congruence root e for p can be so chosen that 
e^~^ — 1 is divisible by no power of p higher than the first. For if 

e^-'=l (mod.p') 
then 

(mod.p'), 
fio that {p — e) ^~ Ms divisible only by p, and we can therefore take 
p — e in place of e. In e*~^ — 1=P.^> then, q is prime to p. 
Consequently we can determine t so that 

^^ + 1=0 (mod.p). 
Soppose that 

tq = 8p — 1. 

Subafcituting this in equation 15), and taking the p^ root of the t*^ 
power., we have 

1 = i?.-'-' \_f -'-'-' (Ro) •/•'"'"'* (J?*) ...]', 
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Again, if we write 

16) /'(-Ba*)=a, 

■and take again the p^^ root we have 



-.1 



^R, = i?/K-^-'-* . o,-'-'-^ . . . a„F, 

Since by equations 16) the ajs are rational functions of the roots of 
an Abelian equation, the aa's are themselves roots of an Abelian 
equation. The substitution 

■of the former corresponds to the substitution 

T= (aoaiag . . .) 
of the latter. If the roots ao,ai,a2, . . . are different" from one 
another, then Rak is a function of Oa 

and this function is, in fact, the same for all values of a (§ 189). 

Theorem XI. The quaiitities ^ R can he reduced to the 
form 



17) 



VF, = *(«,). [«,''-'-*.<'-•-", 



This form contains the roots a^, a^, . , , a^_i of a simplest Abelian 
•equation, ^ is an arbitrary function. The form 17) is not only 
necessary but also sufficient 

The last statement remains to be proved. 

In the first place the -R's, as rational functions of the (distinct) . 
xoots of an Abelian equation, are themselves roots of an Abelian 
equation with the group 1, <t, <t^, . . . <r"*~\ which corresponds to the 
^oup 1, r, T^, . . . t"*~\ Again the first two equations of 17) give 



__[ Ha,).a-n ^ , 



^(ao)- 
=f{R,).R/, 

BO that we are brought back to the characteristic equations 14).* 

*Cf. Abel: Oeuvres, II pp. 217 ff. (Edition of Sylow and Lie); and Krooecker: Mo- 
natsber. d. Berl. Akad., 1853, June 20. 
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THE GROUP OF AN ALGEBRAIC EQUATION. 

g 226. We have already seen in Chapter IX, § 153 that eyerj- 
epecial, or affect, equation f{x)=0 is completely characterized by 
a single relation between its coefficients or between its roots. Sup- 
pose that in any particular case the relation is 

More accurately speaking, it is not the function ^ itself, but ther' 
family of ^ and the corresponding group (7, which characterize the^ 
equation. Only those substitutions among the roots are permissi- 
ble, which belong to G. For this group we have the fundamental 

theorem: 

Theorem I. Given an equation f{x) = and a correspond- 
ing rational domain 8t, all rational integral functions of the roots- 
of the equation which are rational vnthin 9i are unchanged by the 
group G of the equation, i. e., they belong to the family of G or to 
an included family. Conversely, all integral functions of the roots- 
which are unchanged by G are rational within 9i. 

The algebraic character of a given equation, for example one- 
with numerical coefficients, is therefore by no means determined by 
the knowledge of the cofficients alone; but, as was first indicated by 
Abel, and then systematically elaborated by Kronecker, the bounda- 
ries of the rational domain must also be designated. The solution: 
of the equation x^ — 2 = 0, for example, requires very different 
means, according as V 2 is or is not included in the rational domain.. 
The rational domain can be defined on the one hand by assigning- 
the elements 9i', 91", . . . , from which it is constructed.. Or we may 
construct the Galois resolvent equation and determine one of its irre- 
ducible factors in the rational domain. The latter does not, to be- 
Bore, entirely replace the assignment of 3i', 9i", . . . , but it furnishes. 
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everthing which is of importance from the algebraic itandpoint for 
the equation considered. 

The determination of the irreducible factor gives at once tke* 
group of the equation; in the n! factors 

of which the Galois resolvent is composed, we have only to regard 
the t^'s as undetermined quantities, and to form the group of the u's. 
which permute the factors of the irreducible factor among them- 
selves. 

It must be always borne in mind that from the algebraic stand- 
* 
point only those equations have a special character, according to 

Eronecker an affect, for which the Galois resolvent of the {niy^ 

degree is factorable. 

§ 227. On account of the intimate connection between an equa- 
tion and its group, we may carry over the expressions ** transitive,'^ 
"primitive" and "non-primitive," "simple" and "compound" from 
the group to the equation. Accordingly we shall designate equations 
as transitive, primitive or non-primitive, simple or compound, when 
their groups possess these several properties. Conversely, we apply 
the term "solvable," which is taken from the theory of , equations , 
also to groups, and speak of solvable groups a& those whose equations 
are solvable. Since, however, an infinite number of equations belong 
to a single group, this usage must be justified by a proof that the 
solution of all the equations belonging to a given group is furnished 
by that of a single one among them. This proof will be given 
presently (Theorem V). 

In the first place we attempt to reproduce the properties of the- 
groups in the form of equivalent algebraical properties of their equa- 
tions. We have already (§ 156) 

Theorem !!• If an equation is irreducible^ its group is- 
transitive; conversely, if the group of an equation is transifivei the 
equation is irreducible, 

§ 228. To determine under what form the non-primitivity of the 
group reappears as a property of the equation, we recur to the treat- 
ment of those irreducible equations one root of which was a rational 
function of another. The equation of degree mv reduced to > equa- 
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tions of degree m, the coefficients of which were rationally expressi- 
ble in terms of the roots of an equation of degree v (§ 174). We 
arrive in the present case at a similar result. 

Suppose that the group G of the equation f{x) = is non-prim- 
itive; then the roots of the equation can be distributed into v sys- 
tems of m roots each 

•^11 > •*'12> • • • •*'lm 5 •*'2I> ^22 » • • • •^2mj • • • ^l/l > ^f2j • • • ^vm\ (j'Wl = Wj, 

such that every substitution of the group which converts one root 
of any system into a root of another system converts the entire 
former system into the latter. We ta^e now for a resolvent any 
arbitrary symmetric function of all the roots of the fii^t system 

1) 2/i = S'(x,i,a^i2, ...a-iJ 

and apply to S all the substitutions of G. Since G is non-primi 
tive, the entire system iCn , iCja . . . x^^ is converted either into itself 
or into one of the other systems. There are therefore only y values 
of y 

Vl ^-'^(^11) ^]2> • • • ^]w)> 
2/2 ^^ '^ (^21 > ^22 > • • • ^2»«)> 
2) \ 2/3 ='5(^31, Xz2^"'Xzm\ 



Consequently y is a root of an equatiod of degree v 

3) K2/)=0, 

the coefficients of which are unchanged by all the substitutions of 
G, and which are therefore, from Theorem I, rationally known. If 
9(y) = has been solved, i, e., if all its roots 2/i>y2> • • • 2/f are 
known, then all the symmetric functions of every individual sys- 
tem are also known. For each of these functions belongs to the 
same group as the corresponding y, and can therefore be rationally 
expressed in terms of the latter and of the coefficients of f{oc). If 
we denote, in particular, the elementary symmetric functions of 

•^ai > ^a2 » • • • Xam "^y 

then the quantities x„,Xa3, . . .x^^ are the roots of the eqaation 

4) x"— S.(y.)a;"— + 5j(j/a)a;"-'— . . . ±-S„(y.) = 
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Consequently f{x) can be obtained by eliminating y from 3) and 4), 
and we have 

V 

f{x) = JJiaf - S,{y,) x"-'+ S,{ya) x"-'— . . . ± SJi/j] = (I. 

a = l 

Conversely, if we start from the last expression, as the result of 
eliminating y from 3) and 4), then the group beloof^ing to f{x) — l> 
is non- primitive, if we assume that 8) and 4) are irreducible. For 
we form first a symmetric function of the roots of 4), This is 
rational in ?/a. We denote it by F{ya). Again wo form the product 

5) [m - F(y,)] [« -F{y,)]... [« - F{u^)] 

for all the roots of 4). This product is rationally known; for its 
coefficients are symmetric in ?/, iVi-, - - Vvt ^^^ aretliPrBfore ration- 
ally expressible in the coefficients of 3). Accordingly 5) remains 
unchanged by all the substitutions of the group, k f'*, every substi- 
tution of the group interchanges the linear f actons of tii it^ product 
only among themselves. If therefore F{yc) can be expressed in 
terms of the x-'s in only one way, it follows that the group cooverts 
the symmetric functions of ^raj, .Ta2, . . . ^a« into tho^^e of another 
system. The group is therefore non- primitive. BuL if tbt^ roots of 
f{x) are different from one another, the assumption in regard to 
F{ya} can be realized by § 111. 

Theorem HI. The group of an equation of degree wiv, 
ivhich is obtained by the elimination of yfrom the itro irveducibl^ 
equations 

3) ' <p{y)=y-—A,y^-'+,..±A, = iK 

4) ' x-—S,{y)x—' + S,{y)x'"-'-''-±SJM)^0 

is non primitive ; and convei^sely every equation^ the grou*i of whioh 
is non primitive is the result of such an elimination. 

§ 229. The properties of an equation the group of which ts com- 
pouud do not present themselves in so apparent a form as in the case 
of the transitivity or non-primitivity of the group. We can however 
replace the problem of the solution of the equation by another equiv- 
alent problem in which the compound or the simple character of the 
group has an easily observed effect on the equation itself. 
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For this purpose we have only to take in the place of the general 
equation 

6) f{x) = 
its Galois resolvent equation 

7) F{^) = 0. 

i^(c) is irreducible. We have first to examine more closely the 
latter equation and its properties. 

Given a general equation 6), there is a linear function of the 
roots of 6), formed with n undetermined parameters 

v^hich has n! values; so that all the substitutions of the symmetric 
^roup G belonging to 6) convert ^^ into n! different values 

S: t i t . 

"•n "2) "'SJ • • • ""nl 

The permutations among the m > ^2 > • • • ^« i produced by G form a new 
group among the n! elements r, which we denote by 1\ .F is simply 
isomorphic to 6r, and is the group of the equation 7). . /' has the 
property that its order is equal to ibs degree, as appears ^either 
from the method of its construction, or from the fact that every r is 
a rational function of every other one. The equation 7), which is 
identical with 

7') {^-^,) {^- 12) . . . (^— .^ i) = 0. 

therefore requires for its complete solution only the determination 
of a single root. The solution of 7) is equivalent to that of 6). 

The question arises, how these relations are modified, if we pass 
from the general equation 6) to a special equation. Every special 
equation is characterized by a single relation between the roots 

9) f(a-i,a;2, . . .a;n) = 0. 

If tp belongs to a group 6? of the order r, then only the substi- 
tutions belonging to G can be applied to the roots. For if a sub- 
stitution were admitted which converted <p into 

Ti{x,,x^, ...a7„)=0, 
where f 1 is different from <p , then all rational functions of 
""^{xu X2,... x^) + IS^,{x,,X2, ...x^) 
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"would be rationally known. The rational domEin thus determined 
if^OTiM be more extensive than that derived from tp, ConBequently 
*9) would not represent all the relations which exist between the 
jroots. 

We can now obtain a resolvent of our special equation in either 
of two ways. Either we proceed from 
S) ^1 = «iari + a^X^ -^ . . . -j- a^x^^ 

«pjily to Ci all the r substitutions of G, obtain 

^l> '»2> ^3 • • • ^rj 

and form the resolvent of the r^^ degree ♦ 

10) Jf,(?) = (?-f,) (c-f,) . . . (f-^} = 0; 

or we proceed from the expression F(^\ already given in 7) and 7'), 
and observe that i^(^) becomes reducible on the a^juoction of 9) 
and that i^\(c) is one of the irreducible factors. The other f Ac- 
tors are, like i^i, of the r^^ degree. They differ from each other 
only in the constants a. Every one of them is obtained by multi- 
plying together all the factors ^ — ^a, whifih arifie from the applica- 
tion of the group G^ to a single one among them. The group of 
i7'j(^) = 0, regarded as a group among the c's, m of de^ee and 
order r. It is simply isomorphic to the group 6r of degree n and 
order r belonging to ^p. 

The groups of all the factors F^{^\ . . , oi F{^) therefore differ^ 
from one another only in the particular designation of their elements. 

Theorem IV. If a special equation /(ii')=0 is charac- 
terized by the family of 

with a group G of order r, then the general Galoia resolvent decom- 
poses into p = — '- factors 
10) *" i^,(?)=0, 

every one of which can serve as the Galois resolvent of the special 
equation. All the roots of 10) are rational functions of every 07i€ 
among them, and in terms of these all the roots of f(x) = can be 
rationally expressed. The transition from f{x) = /o ^i(-) = 
has its counterpart in the transition from G to the simply isomor- 
phic group ^ (§ 129) of i^i(^). 
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Since the construction of 10) depends only on the group G, and 
not on the particular nature of 9), this same resolvent belongs to all 
equations which are characterized by functions of the same family 
with 9). If one of these equations has been solved, then x^, Xz,. . ,x„ 
and consequently 4^, are known. The equation 10) is therefore solved, 
and with it every other equation of this sort. We have then, the 
proof of the theorem stated in § 226: 

Theorem V. Given an equation f{x) = 0, the coefficienie of 
which belong to any arbitrary rational domain, the adjunction of 
either Vi = or ^2 — 0, where ^, and ^2 belong to the same family 
of the roots iCj, Xg, . . . vr«, leads, as regards solvability, to the same 
special equation, 

§ 230. We have treated in earlier Chapters cases where such, 
relations between the roots either were directly given or were easily 
recognized as involved in the data. Frequently* however, ihe~ 
conditions are such that, instead of a known function, (^'{Xi , iCg . . . x^) 
being directly designated as adjoined, (/> presents itself implicitly as. 
a root of an equation which is regarded as solvable. For example, 
in the problem of the algebraic solution of equations the auxiliary 
equation is of the simple form 

y^ — A{x^,X2, ...x„) = 0. 

Here y is regarded as known, i. e., we extend the rational domain- 
of f{x) = by adjoining to it every rational function of the roots 
of which any power belongs to the domain. The actual solution of 
the auxiliary equations does not enter into consideration. 

It is a natural step, when an irreducible auxiliary equation is- 
regarded as solvable, to adjoin not one of roots 4', but all of its 
roots to the domain of f{x) =■ 0. These roots are the different val- 
ues which ^(ic,, a?2, . . . x^ assumes within the rational domain. For 
to find the auxiliary equation which is satisfied by i}\ we apply to^ 
01 all the r substitutions of the group G and obtain, for example, 
m distinct values 

11) VN, V\,03, ...V''m. 

The symmetric functions of these values, and therefore the coeffi- 
cients of the equation 
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12) g{<p) = {<p — <p,){4^ — </^,) . . . (0 — ^«) = 

are known within the rational domain of f{x) = 0, and 12) is the 
required auxiliary equation, the solution of which is regarded as 
known. 

Now given the equation f{x) = 0, characterized by the group G, 
or by any function ^(iCi, a?2, . . . x^) belonging to G, we adjoin to 
it all the roots of 12), or, what amounts to the same thing, a linear 
combination of these m roots 

where the a's are undetermined constants. The question then arises, 
what the group of f{x) = becomes under the new conditions. 

The adjoined family of functions was originally that of f*. Now 
it is that of 

The group was originally G. Now it is that subgroup of G, which 
is also contained in all the groups 

""!> "^2? • • • ■"»»> 

of ^'i, v''2> . . • 0m. Suppose that K is the greatest common subgroup 
of these m groups. Then K belongs to the function x- 

If now we apply all the substitutions of G^ to the series ^', , ^2, - ^'m, 
the result is in every case the same series in a new order; for 
S^'ij v''2) . . . v''m are all the values which G produces from vS- Conse- 
quently the series H^, H^, . . . H^is also reproduced by transforma- 
tion with respect to G-, and K is therefore unchanged by transform- 
ation with respect to G, We have then 

G-'KG = K. 
Again we denote by F the greatest subgroup of G which is con- 
tained in K. r therefore belongs to ^+/, and accordingly char- 
acterizes the family which belongs to f{x) = after the adjunction 
of all the roots of 12). F, like K, is also commutative mth G; for 
on transforming F with respect to G, the result must belong to both 
G and K, and is therefore F itself. F is, then, a self- conjugate sub- 
group of G, and in fact is the most comprehensive of those which 
are also common to H^, H^, , . , H^. 

If F does not reduce to the identical operation, 6? is a compound 
18 
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group. If O is simple, F is necessarilj identity, and the group of 
/(ic) = is reduced by the solution of 12) to 1, t. e., after the 
solution of 12) all the roots of f(x)=0 are known; or, in other 
words, the solution of 12) furnishes that of f(x) = also. We have 
then the following 

Theorem VI. Given any arbitrary equation f(x) = with 
the group G, */ we adjoin to it all the roots 

11) ^n^a,^3, ...^m 

of an irreducible equation of the w* degree 

12) fif(^)=^-— A^— ^+....=0, 

the coefficients of which are rational in the rational domain of f{x\ 
and the roots rational functions o/ Xj, a^a, . . . ic«, then G reduces to 
the largest self- conjugate subgroup F of G which leaves ^'i , ^'2, . . . 0^ 
all unchanged. If G is a simple group, r=l. Only ih case G is 
compound is it possible by the solution of an auxiliary equation to 
reduce the group to a subgroup different from identity, and conse- 
quently to divide the Galois resolvent equation into non-linear fac- 
tors, 

§ 231. We consider these results for a moment. If the general 
equation of the n^^ degree f(x) = is given, the corresponding 
group G is of order r = n\. This group is compound, the only 
actual self conjugate subgroup being the alternating group (§92). 
If we take for a resolvent _ 

where J denotes, as'usual, the discriminant of /(a?), then the resolv- 
ent equation becomes 
12') (P'—Jz=0, 

and r is the alternating group. After adjunction of the two roots 
of 12' ) the previously irreducible Galois resolvent equation divides 
into two (conjugate factors of degree Jwl, and only such substitu- 
tions can be applied to the resolvent 

^z=:a,Xi + a^X2+ ... +a^X^ 

as leave V J unchanged and therefore belong to the alternating 
group. 

For w > 4 the alternating group is simple. If there is an nt- 
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valued resolvent 0, its values ^i, ^'2, . . . ^'^ are obtained by the 
solution of an equation of the m^^ degree. On tho Etdjtmctioa of 
these values, or of 

the group of the given equation reduces, by Theorem TI, to the 
identical substitution. The equation f{x) — Q is therefor© solved; 
ior all functions are known which belong to the group 1 or to any 
other group. The investigations of Chapter YI show, however, that 
no reduction of the degree of the equation to be solved can be 
-effected in this way, since if n > 4, the number m of the values of 4\ 
iX it exceeds 2, is greater than n or equal to 71. In the latter case, 
if ri = 6, the function v'' is always symmetric iu n — 1 elements, so 
that we can take directly 4'\ =■ ^1 > and the resolvent equation is iden- 
tical with the original f{x) = 0. 

Theorem VII. The general equation of the 71*^ degree 
(n > 4) is solved, as soon as any arbitrary resolvefit equation of a 
•degree higher than the second is solved. Tfiere are^ however^ no 
-resolvent equations the degree of which, is greater than 2 and lesB 
than n. Moreover, if n = 6, there is no resolvent equation of the 
■n^ degree essentially different from /(>) — 0. For n = 6 there is 
•a distinct resolvent equation of degree 6. 

One other result of our earlier investigations, as reinterpreted 
irom the present point of view, may be added here: 

Theorem VIII. The general equation of the fifth degree 
has a resolvent equation of the sixth degree. 

§ 232. We return now, from the incidental results of the pre- 
•ceding Section, to Theorem VI, and examine the group of the 
-equation 

12) flr(^0 = (^' — ^'1) (^'—^'2) . - ■ (^^'— 4'^) - 0, 

the roots v''i, 4'2, - - - 4'm of which were all adjoined to the equation 
/(x) = 0. 

The order of the group of 12) is most easily found from the fact 
that it is equal to the degree of the irreducible equation of which 

^ = ri4\-\-r24'2+ ..- +r^4'^ 

is a root. We must therefore apply to ^ all the r substitutions of 
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G, The values thus obtained may partly coincide. The number of 
distinct values gives the order of the group of 12). Now if we retain 
the designations of Theorem VI, F includes all substitutions of 
a?! , 0*2 J • • • ^1* which leaves all the (f'^s unchanged. Suppose that 
the order of F is r'. Then the required number is v=r:r'. 

From this we perceive that, if the group G is simple and F ac- 
cordingly of order r' = 1, the order v of the group of every resolvent 
equation is the same as that of f{x) = 0, so that no simplification 
can be effected in this way. 

We actually obtain the group of 12) by the consideration that 
it contains all and only those substitutions among the x's which 
do not alter the nature of f{x) = 0. If therefore we apply to 

4'l, <r''2, </'z, ...0« 

all the substitutions of G, the resulting permutations of the ^''s form 
the group required. All the r substitutions thus obtained are not 
however necessarily different; for all the substitutions of F leave all 
the elements c'- unchanged. From this, again, it follows that the 
order of the group K of 12) is v = r:r\ In the same way we recog- 
nize that K is (1 — r) fold- isomorphic to G. With the notation of 
§ 86, K is the quotient of G and F',K=G :F, 

Theorem IX. If the group G of f{x) = is of order r, 
and contains a self-conjugate subgroup F of order r', and if G 
reduces to F on the adjunction of all the roots 11) o/, 

12) g{<P) = o, 

then the group K of the latter equation is of order v =r: r\ K is 
the quotient of G and F and is- (1 — r)-fold isomorphic to G. 

By a proper choice of the resolvent (/f we can give the equation 
12) a very special character. 

We choose as a resolvent a function / belodging to the self- con- 
jugate subgroup F, Then / is a root of an equation of degree 
V = r:r\ all the roots of which are rationally expressible in terms of 
anyone among them; for X\^X2^*"Xv all belong to the same group 
r, (§ 109, Theorem VIII). The group of 12) is therefore a group Q ; 
for it is transitive, since gix) is irreducible. We have therefore 

Theorem JL. , If the , group Q of the. equation f{x) =^0 is 
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of order r, and contains a self- conjugate subgroup F of order r\ 
and if X\ '^s a function of the roots Xi, X2^ . . . x^, belonging to l\ 
then an irreducible resolvent equation of degree v=:r\r' 

cari be constructed, the roots of which are all rational functions of 
a single one among them, and which possesses the property that the 
adjunction of one of its roots to f{x) = reduces the group G to T. 

§ 233. Theorem XI. If r is a maximal self- conjugate 
subgroup of G, then the group of h(x) = is a transitivCy simple 
group. Conversely, if F is not a most extensive self -conjugate sub- 
group of G, then the group of h{/) = is compound. 

We denote the group of h{x) = by G\ Its order is v = r: r\ 
We assume that & contains a self -con jugate subgroup F\ of order r^ 
From Theorem IX & is r'-fold isomorphic to G. From the resnlte 
of § 73 it follows that the subgroup J of G, which corresponds 
to thp group P, is a self-conjugate subgroup of G and is of order 
v'r'. J is, then, like F, a self- conjugate subgroup of G, and 
their orders are respectively v'r' and r'. We show that F ig con- 
tained in J. This follows directly from the construction of G' (§ 282), 
in accordance with which the substitution 1 of G' corresponda to all 
the substitutions of G which leave the series 11) unaltered. /' in G 
therefore corresponds to the one substitution 1 of G'. Accordingly 
if G' is compound, then F is not a maximal self -conjugate subgroup 
of G. 

The converse theorem is similarly proved from the properties of 
isomorphic groups. 

In these last investigations we have dealt throughout with the 
^oup of the equation, but never with the particular values of the 
coefficients. If therefore two equations of degree n have the same 
group, the reductions of the Theorem X are entirely independent of 
the coefficients of the equations. The coefficients of h{x) will of 
course be different in the two cases, but the different equations 
h{x) = all have the same group, and every root of any one of these 
equations is a rational function of every one of its roots. This mm- 
mon property relative to reduction, which holds also for the further 
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investigations of the present Chapter, is the chief reason for the 
collection of all equations belonging to the same group into a family. 

§ 234. We observe f urtlier that with every reduction of the group 
there goes a decomposition of the Galois resolvent equation, while 
the equation f{x) = need not resolve into factors. 

Collecting the preceding results we have the following 

Theorem XII. If the group G of an equation f{x) = is 
compound, and if 

G, Gif Ga> • • • (^yy 1 
is a series of composition belonging to G, so that every one of the 
groups 6ri, (t2, . . . 6r,,, 1 is a maximal self- conjugate subgroup of 
the preceding one, further if the order of the several groups of the 
series are 

^> ^i> ^2> • • • '^vi !■» 
then the problem of the solution of f{x) = can be reduced as fol- 
lows. We have to solve in order one equation of each of the de- 
grees 

r ri r^ ry_i 

r/ r,' rs' ••• r, ' "^^ 
the coefficients of which are rational in the rational domain deter- 
mined by the solution of the preceding equation. These equations 
are irreducible and simple, and of such a character that all the 
roots of any one of them are expressible rationally in terms of any 
root of the same equation. The orders of the groups of the equa- 
tions are respectively 

r_ r^ r2 »V-i ^ 

»•,' ^2* ^3' "* n ' 
The groups are the quotients 

G:G„ G,:G2, G^: G„ . , , Gy_,:G„ Gy-.l. 
The equations being solved, the Galois resolvent equation, which was 
originally irreducible and of degree r, breaks up successively into 

r r r r 

n' ^2' ^3' "* ry' 
factors. After the last operation f{x) = is therefore completely 
solved 
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§ 235. The composition of the group G of an equation f{oc) = 
is therefore reflected in the resolution of the Galois reiK>lvent equa- 
tion into factors. We turn our attention for a moment to the ques- 
tion, when a resolution of the equation f{x) = itself occurs. It is 
readily seen that, in passing from Ga to Ga+i in the series of com< 
position of G, a separation of f{x) into factors can only occur when 
Ga^i does not connect all the elements transitively which are con- 
nected transitively by (?». The resulting relations are determined 
by §71. Ga is non-primitive in respect to the transitively con* 
nected elementsVhich Ga+i separates into intransitive systems. 

Starting from G, witti an irreducible f{x) = 0, suppose now that 
Gi, G2J . . . Ga are transitive, but that G.+i is intransitive, so that 
by § 71 Ga is non-primitive. Then at this point f{x) separate 
into as many factors as there are systems of intransitivity in Q^-^u 
But (again from §71), all the elements occur in Ga+i- We 
arrange, then, the substitutions of Ga in a table based on the syB- 
tems of intransitivity of Ga+i* Suppose that there are // such sys- 
tems, so that f{x) divides into fi factors. Then we take for the first 
line of the table all and only those substitutions of G„, which do 
not convert the elements of the first system of intransitivity into 
those of another system. The substitutions of this line form a 
group, which is contained in (xa as a subgroup. Its order is there- 
fore kr a+i* The second line of the table consists of all the substi- 
tutions of Ga which convert the first system of intransitivity into 
the second. The number of these is also kVa^i* There are /ji such 
lines, and they include all the substitutions of Ga. Consequently 

*. e., the number fj. of the factors into which f(x) divides is a dim- 

r 
sor of the number of the factors into which the Galois resolv- 

ent equation divides at the same time. A similar result obmously 
occurs in every later decomposition. 

The decomposition can therefore only take place according to the 
scheme of Theorem III. The several irreducible factors are all of 
the same order. 

§ 236. Thus far we have adjoined to the given equation /(a?) =0 
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the root ^ of a second irreducible equation only when the 0's were 
rational functions of iCi , a^a, . . . a?«. This seems a strong limitation. 
We will therefore now adjoin to the equation f{x) = all the roots 
of an irreducible equation 
13) g(z) = 

without making this special assumption. The only case of interest 
is of course that in which the adjunction produces a reduction in the 
group G of f{x) = 0. 

In the first instance we adjoin only a single root Zi of g{z) = 0. 
Suppose that G then reduces to its subgroup Hi . If the rational 
function <Pi{Xi , arg , . . . a?^) belongs to IT, , then the same reduction 
of G can be produced by adjoining ^, instead of z^ . Suppose that 
under the operation of G, the function ^i takes the conjugate values 
Yii 921 ' ' '9m, with the groups H^, H^^ ... H^ respectively. These 
values satisfy an irreducible equation 

k{ip) = {^—<Pi) {<p—92) . . . (^ — ^«) = 0. 
The adjunction of 2;, to the rational domain has, by the mediation 
of IT, , made s^, rational, so that ^, is a rational function of z^ 

9i{xuX^,, .. x,) = (p{z^). 

It appears therefore that, in order that the adjunction of z^ may pro- 
duce a reduction of (r, it is necessary and sufficient that there should 
be a rational non- symmetric function of the roots 9i{xi^X2^ . . . a?») 
which is rationally expressible in terms of 2:, . 

Suppose that the roots of the irreducible equation g{z) = are 
2^1, 2?2, . . . 2:^, and that its group is T. Since k[4'{z)^ = is satisfied 

by 2^1, all the 

^(2:,) (i = l,2,3,.../.) 

are roots of k{<p) = 0; that is ^(«i), ^(2^2), . . . <l'{z^) are the conjugate 
values of ^1 . On the other hand the coefficients of the product 

H9) = b— ^(2^1)] b— ^(2^2)] . . . [.9—HzM 
are symmetric functions of the roots of g{z) = and are therefore 
rationally known; and the equation fcj = has all its roots in com- 
mon with A: = 0. Consequently ki{<p) is a power of k{<p) 

H9) = H9\ 
and the /jl values ^(2:1), ^'(2:3), , . . ^(2?^) coincide in sets of q each. 
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"With a slight change in the notation for the 2;'s we can therefore 
write 



Since <p{zjyy) — ^(^^^(t')) = 0, this quantity is rationally known. 
It is therefore unchanged by all the substitutions of T, i, e., F inter- 
changes the lines of %\ and therefore gives rise to a group T of the 
elements <p which is isomorphic to F, To the substitution 1 in 2^ 
correspond in F the substitutions of the subgroup ^ of order d^ which 
•only interchange z\^z\^ , , ,z\ among themselves, 2/',, z^\^ . . . z'\ 
;among themselves, and so on. F and T are (1 — di)-fold isomorphic. 

If we coordinate all the substitutions of G and T which leave ^1 
unchanged, and again one substitution each from G and T which 
^converts <p^ into ^2» oi^o which converts v>i into ^3, and so on, an 
isomorphism is also established between G and T, To the substitu- 
-tion 1 in r correspond in G the substitutions of the subgroup Z> of 
order d which is the maximal common subgroup of Hj, JS'a, . . . H^. 

Accordingly G and F are also isomorphic, and in fact their iso- 
morphism is (d — di)-fold, as shown by the preceding considerations, 
and again (r — ri)-fold, as appears from the orders of G and T. 
Consequently 

If now we adjoin to the equation f(x) = all the roots of 
Q {z) = 0, then s^i , ^2 1 • • • ?'»» are rationally known. G reduces to the 
subgroup Z) of order d common to the groups ifi, JS'a, . . . -ff^. To 
D belongs the function 

14) p(x^ , i»2, . . . a?„) = a^if^ + aoS^2 + . . . + ^fn9n. = ^{^X.^l, • • • 2^^), 

und every function of x^^ X2, . . .x^ which can be rationally expt^essed 
in terms of z^, Z2, . , ,Zfj, belongs to the family of p or to an inclu- 
ded family. For every such function is rationally known, as soon 
as the ZiyZ2, . , ,z^ are adjoined to the equation f{x) = 0. 

Conversely, if we adjoin to the equation g(z)=0 all the roots 
of f{x) = 0, it follows by the same reasoning that there is a function 

^5) Wq{zi, Z2,... z^) =Po{oci, X2,,.. a^n), 
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such that every function of Zi,z^, , . .Zfj, which can be rtxtionalty 
expressed in terms of x^^x^, . . . x^ belongs to the family of Wq or to 
an included family. 

Since now p^ is rational in the 2;'s, it follows from the above prop- 
erty that , 

where i^ is a rational function; and since <i> is rational in the cc's, it 

follows that 

iV) w = R,{iu^) 

or, which is the same thing, 

17') p = RoQ>o). 

From 16) and 17') it follows that p and p^ belong to the same 
family. The adjunction of all the roots of/=Oto ^^ = there- 
fore gives rise to the same rational domain as the adjunction of all 
the roots of flf = to /= 0. 

It is obvious at once that the first adjunction, since it made 
^1, ^29 • • • ^m rational, also furnished <i>, so that F reduces to J. 
But the proof just given was necessary to exclude the possibility of 
any further reduction. 

If we write -- = -^ = v , it follows that if the second adjunction 

reduces the order r of G to its v^^ part, then the first adjunctioni 
also reduces the order r^ of F to its v^^ part. 

Theorem XIII. The effect of the adjunction of all the 
roots of any arbitrary equation 13) on the reduction of the group 
G of f(x) = can be equally well produced by the adjunction of 
all the roots of an equation 12) which is satisfied by rational func^ 
tions of Xi,X2, . . . x„. 

In spite of removal of apparent limitations, we have therefore 
not departed from the earlier conditions, where only the adjunction 
of rational functions of the roots was admitted. 

§ 237. Theorem XIV. If 

f{x) = 0, g{z) = 

are two equations, the coefficients of which belong to the same 
rational domain, and which are of such a nature that the solution. 
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of the second and the adjunction of all its roots to the first reduces 
the group of f{x) = to a self- conjugate subgroup contained in it 
of an order v times as jsmall, then conversely the solution of the 
first equation reduces the group of the second to its >^^ part The 
group off{x) = 0, like that of g (z) = 0, is compound, and v is a 
factor of composition. Those rational functions of the roots of 
one of the two equations^ by which the same reduction of its group 
is accomplished as by the solution of the other equation are rational 
in the roots of the latter. 

As we see, the group of f(x) = can be reduced by the solution 
of an equation g (z) = 0, although the roots of the latter are not 
rational functions of cCi, ajg, . . . «;„. It is only necessary that there 
should be rational functions of z^ , Z2, , . , Zfj, which are also rational 
functions of Xj,X2, . . ,x„. 

From the preceding Theorem follow at once the Corollaries 

Corollary !• If the group G of the equation f(x) — is 
simple, the equation can only be solved by the aid of equations with 
groups the orders of which are multiples of the order of G, 

For since G reduces to 1, the v of Theorem XIY must be taken 
equal to the order of G, 

Corollary II. // the group G of f{x) = can be reduced 
by the solution of a simple equation g (z) = 0, then z^^z^,, . , Zy. are 
rational functions of the roots of f(x) = 0. 

For in this case v is equal to the order of the group of g{z) — 0, 
After the reduction this is equal 1. Consequently 

where ^'i is the Galois resolvent of g{z) = 0. 

Corollary III. If the adjunction of the Toots of g(z) — 
is to produce a reduction of the group of f{x) = Oj then the orders 
r and r, cannot be prime to each other. 

The preceding Sections contain a proof and an extension, rest- 
ing entirely on considerations belonging to the theory of substitu- 
tions, of Theorem II, § 216, where the subject was treated purely 
arithmetically. For if we retain the notation of § 21Gj it followa 
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that since FJ" =^Fy is a simple equation, Vy is a rational function 
of the roots of f{x) = 0, and so on. 

The proof of the impossibility of the algebraic solution of the 
equations of higher degree might therefore be based on the present 
considerations. 

§ 238. As the adjunction of the roots of a new equation g{z) = 
to f{x) = leads to nothing more than the adjunction of rational 
functions of the roots of f{x) = 0, so no new result is obtained, if 
the roots of both equations are connected by a rational relation. 
We prove 

Theorem XV. // 

f{x) = 0, g{z) = 

are ttoo irreducible equations, the roots of which are connected with 
each other by rational relations 

<Pi\Xi, a?a, . . . a?„; z^, z^^ . • . z,t) = U, 

the latter can all be obtained from a single relation of the form 

il\{x, , a?2, . . . x„) = x{zi , ^2, . . . z^), 
in tchich the roots of the two equations are separated. 

For, if we denote the corresponding Galois resolvents by c and C 
and the irreducible resolvent equations of f{x) = and g{z)=Ohj , 

F{^)=o, (?(:) = 0, 

the degrees r and r' of F and G are equal to the orders of the 
respective groups. 

Now ic, , a?2, . . . ir„ can be rationally expressed in terms of $, and 

Zi, Z2, . , , Zf^ in terms of C, so that 

^(a?,, 0-2, . . . a?„; z,,Z2,,.. z^) = <P{^, C) = 0. 

The expression ^ can be so reduced by the aid of i^ = and 6r = 
that its degree becomes less than r in ^ and less than r' in C. Then 
the two equations 

have a common root. Consequently, if we add C to the rational 
domain, the resolvent F{^) becomes reducible, since otherwise the 
irreducible equation of the r^^ degree would have a root in common 
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with an equation of a degree less than r. The only exception 
occurs when ^(1, C) is identically 0. 

If this does not happen, the adjunction of all the roots of y iz ) == 
or that of C breaks up the resolvent of f{x) = into factors, and w© 
have therefore the case of the last Section. We can effect tht? same 
reduction by the adjunction of a rational function / of x^, a\^, . . . .i\ , 
and we have 

If several such relations exist, they can all be deduced from otio and 
the same equation. The latter can be easily found, if w© Reject a 
function / such that all the others belong to an included facaily. 

On the other hand if </'(c, T) is identically 0, it follows thiit the 
coefficients in the polynomial ^{c, C) arranged according to powers 
of I vanish, so that we have equations of the form 

and similarly, if <3^(c, C) is arranged in powers of C, 

These equations can actually make </*— 0. But this amounts 
to only an apparent, not an actual dependence of the roots of 
f(x)---0 and g{z)=^0. The function Xi — ^ belongs to the group 
of g{z) = 0, and (,'2(x^, ^2» • • . ^n) belongs to the group of fix) — 0. 



Digitized by 



Google 



CHAPTER XV. 



ALGEBRAICALLY SOLVABLE EQUATIONS. 
§ 239. In § 234 we have established the following theorem. If 
the group G of the equation f{x) = has the series of composition 

1) G, Gi, G2, . . . Gy, 1, 

^nd if the orders of these several groups are 

^' > ^'i » ^2 » • • • "^F > J » 
then the solution of f{x) = can be eflPected by solving a series of 
«imple, irreducible equations of degrees 

L !i ^ ^y- 1 

^, ' *. » r ' * ■ * r ' ^''' 

'1 '2 '8 'VI 

ihe j&rst of which has for its coefficients functions belonging to G 
and for its roots functions belonging to 6r, , the second coefficients 
l3elonging to Gi and roots belonging to Go, and so on. All these 
•equations 

/i = 0, /2 = 0, .../„ = 0, /v+i = 

have the property that the roots of any one of them are all rational 
functions of one another, so that the order of the corresponding 
.group is equal to its degree i. e,, the group is of the type i2(§ 129). 
We have now to examine under what circumstances all these 
•equations Xv = become binomial equations of order p\ 

where jffx is rational in the quantities belonging to the family of 
6rA_i. In other words, we have to determine the necessary and 
sufficient condition that f{x) = shall be algebraically solvable. 
For this result it is necessary that the factors of composition 

—,—,—,... should all be prime numbers, Pi,P2>P8> • • • For these 

^1 ^2 *'3 

quotients give the degrees of the equations /i = 0, /2 = 0, ;jf, = 0, . . . 
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This condition is also sufficient, as has already been shown in 
§§110, 111, Theorems X and XII. Not that every function beloDg- 
ing to G\ on being raised to the (pxY^ power gives a function 
belonging to G\_i; but some function can alSvays be found which 
lias this property, as soon as the condition above is fulfilled. 

We have then 

Theorem !• In order that the algebraic equation f{x) ^ 
may be algebraically solvable, it is necessary and sufficient that the 
Jactors of composition of its group should all be prime numbevB. 

§ 240. By the aid of Theorem XII, § 110 we can give this theo- 
rem another form 

Theorem II. In order that the algebraic equation f(x) = 
may be algebraically solvable, it is necessary and sufficient that its 
group should co7isist of a series of substitutions 

■'•> M? *2> '3> • • ' tvi^v + l 

which possess the two folloiving properties:!) the substilufhns of 
the group G^ = |1, ^n #2» • • • ^a-i, ^xf ctre commutative, except those 
which belong to the group Ga_i = \l,ti,t2, . . . iA-2> 'a-i (, ^nd 2) 
the lowest power of t\, which occurs in G\_i has for its exponent a 
pHme number (cf also § 1)1, Theorem XXIV). 

§ 241. Again the investigations of § 94 enable us to state The- 
orem I in still a third form. It was there shown that if the prin- 
cipal series of G 

2) G, H, J, K,..A 

does Lot coincide with the series of composition, then 1) can be 
obtained from 2) by inserting new groups in the latter, for example 
between H and J the groups 

if', U", . . . H^^\ 
Then the factors of composition which correspond to the tranBitions 
from H to H', from H' to H", . . . from fZ^^) to J are all equal. 
Accordingly, if all the factors of composition belonging to 1 ) are 
are not equal, then G has a principal series of composition 2). 
We saw further (§95) that, if, in passing successively from 
H, H', H", ... to the following group, the corresponding fnctors of 
composition were all prime numbers, (which then, as we have just 
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seen, are all equal to each other), and only in this case, the substitu- 
tions of H are commutative, except those which belong to J. Front 
this follows 

Theorem III, In order that the algebraic equation f{x) = 
may he algebraically solvable, it is necessary and sufficient that its 
principal series of composition 

should possess the property that the substitutions of every group are 
commutative, except those which belong to the next following group. 

The substitutions of the last group of the series, that which pre- 
cedes the identical group, are therefore all commutative. 

§ 242. Before proceeding further with the theory, we give a 
few applications of the results thus far obtained. 

Theorem IV. If a group r is simply isomorphic with a 
solvable group G, then F is also a solvable group. 

From § 96 the factors of composition of G coincide with those 
of r. Consequently Theorem IV follows at once from Theorem L 

Theorem V. // the group F is multiply isomorphic unth 
the solvable group G, and if to the substitution 1 of G corresponds 
the subgroup I of F, finally if I is a solvable group, then F is also 
solvable. 

The factors of composition of F consist, from §96, of those of 
G and those of -. Reference to Theorem I shows at once the 
validity of the present theorem. 

Theorem VI. If a group G is solvable, all its subgroups^ 
are also solvable. 

We write as usual 

apply to 7, all the substitutions of G, obtain ^i, ^2» • • • ^r> and form. 

It is characteristic for the £olvability of G that g (^) can be resolved 
into linear factors by the extraction of roots. 

If now H of order r ii3 a subgroup of G, and if the applica- 
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tion of H to ^1 gives rise to the values m, l^2» • ■ - -,,^ thea these 
are all contained among ^i, Cg, . . . s^. Consequently 

ft(?) = (f-f,)(''-'^)-..G— ^n) 
is a divisor of g{^). Then h{^) is also resolvable algebraically into 
linear factors, i, e., IT is a solvable group. 

We might also have proved this by showing that all the factors 
of composition of H occur among those of G. 

Theorem VII. If the order of a group G is a power of a 
prime number p, the group is solvable. 

The group G is of the same type as a subgroup of the group 
which has the same degree n blb G and for its order the highest 
power p^ which is contained inn! (c/. §§39 and 49). That the latter 
group is solvable follows from its construction (§ 89), all of its fac- 
tors of composition being equal to the prime number p. It follows 
then from Theorem VI that G is also solvable. 

Theorem VIII. // the group G is of order 

where Pi ,P3, Pa, p*,* . . . are different prime numbers such tha^ 

then G is solvable,^ 

We make use of the theorem of § 128, and write »• =Pi*g, vrher© 
then Pi > g. G contains at least one subgroup H of the order p/. 
If we denote by kpi + 1 the total number of subgroiipH of order pi* 
contained in 6rj and by PiH the order of the maximal subgroup of G 
which is commutative with H, then r = p^°^i{kpi + 1). Since r ^ p,"qf 
and g<Pi, we must take A; = and r = p^H, That ie, G is itself 
commutative with H, By the solution of .an auxiliary equation of 
degree g, with a group of order q, we arrive therefore at a function 
belonging to the family of JEf, and the group G reduces to H(§ 232)j 
Theorem X). From Theorem VII the latter group is solvable. 
Accordingly, if the auxiliary equation is solvable, the group G is 
solvable also. 

The group of the auxiliary equation with the order q^p^p^^.^ , 
admits of the same treatment as G. Its solvability therefore follows 

*L. Sylow: Math. Add, V, p. 585. 
19 
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from that of a new auxiliary equation with a group of order pi*Pi^ . . . , 
and so on. 

§ 243. We return to the general inyestigations of § 241. 

The transition from G to Gi decomposes the 'Galois resolvent 

T 

equation into -- =Pi factors. The transition from G^ to G^ decom- 

poses each of these previously irreducible factors inte — = Pa new 

factors, and so on. 

Since f{x) = was originally irreducible, but is finally resolved 
into linear factors, it follows from § 235 that once or oftener a reso- 
lution of f{x) or of its already rationally known factors will oc<5ur 
simultaneously with the resolution of the Galois resolvent equation 
or of its already known rational factors. The number of factors 
into which f(x)^=0 resolves, which is of course greater than 1, must 
from § 235, be a divisor of the number of factors into which the 
Galois resolvent equation divides. In the case of solvable equa- 
tions the latter is always a prime number Pi^Pi^Pz^ . . . Conse- 
quently the same is true of f{x) = 0. All prime factora of the 
degree n of the solvable equation f(x)=^Q are factors of composi- 
tion of the group G, and in fact each factor occurs in the series of 
composition as often as it occurs in n. 

To avoid a natural error, it must be noted that if in passing 
from G to Gx. the polynomial f{x) resolves into rational factors 
one of which is f\{x), this factor does not necessarily belong to the 
group G\. It may belong to a family included in that of G\. 
The number of values of f\{x) is therefore not necessarily equal 
to r:rA. It may be a multiple of this quotient. And the product 
f'\{x) 'f\{x) ... of all the values of f\{x) is not necessarily equal 
to f{x), but may be a power of this polynomial. 

We will now assume that n is not a power of a prime number p, 
so that n includes among its factors diflPerent prime numbers. Then 
diflPerent prime numbers also occur among the factors of composi- 
tion of the series for G, and consequently (§ 94, Corollary I) G has 

a principal series 

G, H,J,K,,.. M, 1. 

Suppose that in one of the series of composition belonging to G 
other groups 



Digitized by 



Google 



ALGEBBAIGALLY SOLVABLE EQUATIONS. 291 

3) JET', IT', . . . H(^) 

occtir between H and J. Since n includes among its factors at 
least two different prime numbers, f{x) must resolve into factors at 
least twice in the passage from a group of the series of composition 
to the following one. Since the number of the factors Of f{x) is the 
same as the factor of composition, and since the latter is the same 
for all the intermediate groups 3), the two reductions of f{x) cannot 
both take place in the same transition from a group H of the prin- 
cipal series to the next following group J. It is to be particularly 
noticed, that all the resolutions of f{x) cannot occur in the transition 
from the last group ilf to 1, that is, within the groups 

following M in the series of composition. At least one of the resolu- 
tions must have happened before M, Suppose, for example, that the 
first resolution occurs between H' and H'\ Then it follows from 
§ 235 that H' is non-primitive in those elements which it connects 
transitively, and that H" is intransitive, the systems of intransitivity 
coinciding with the system of non-transitivity of H\ The same in- 
transitivity then occurs in all the following groups IT"', . . . H<^>, and 
likewise in the next group J of the principal series, which by assump- 
tion is different from 1, 

Suppose that J distributes the roots in the intransitive systems 

' x\,xf,,.,.Qi^,^ x\,x'\,,.x'\^ ... a?<7),ir(-), ...xW, 
these systems being taken as small as possible. Then the expression 

/a(^) = («— a^'i) {x—x'^ . . . a;— aj',) 
becomes a rationally known factor of f{x)^ which does not contain 
any smaller rationally known factor. Since from the properties of 
the groups of the principal series 

G-'JG = J, 
all the values of f\{x) belong to the same group J, They are there- 
fore all rationally known with /'^(a;). Of the values of f\{x) we 
know Already 

A(aj) = (^— a^'O {x—x\) . , . {x—x'^, 
■ f\{x)^{x-x'\) {x—x\) ...{x—x'\). 



U^){x) = {x—x^(-^)) (x— a;/'")) . . . (x—x/^^)). 
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If there were other values, these must have roots in common with 
some /a^*^ (x). Then /a^*^ (x) and consequently fx{x) would resolve 
into rational factors. This being contrary to assumption, f\{x) has 

n 
only m = -. values, and is therefore a root of an equation of degree 

m. If this equation is 

4) Hy)^(.y-f\) {y-f'\) • • • (»-/a""') = 0, 

then f{x) is the result of elimination between 4) and 

5) f\(x) = x'-if',(y')x'-'+ ^,^{y')x*-'— . . . = 0, 

where 

My') =x\ + x!, + x\-^ , . , +x\. 

My') =X\X'^ + X'ix'i+ . . . +x't_iX'iy 



so that ^1, ^^2> • • • are rationally expressible in terms of f\. Since 
f{x) is the eliminant of 4) and 5), it follows from § 228 that the 
group of f{x) = is non-primitive. 

These conclusions rest wholly on the circumstance that J belongs 
to the principal series of 6r, and that accordingly 0~^J G = J. It 
is only under this condition that all the values of f\{x) which occur 
in the rational domain of f{x)=0 are rationally known. This shows 
itself very strikingly in an example to be presently considered. 

Theorem IX. If the degree n of an irreducible algebraic 
equation is divisible by tivo different prime numbers, then n can 
always be divided into two factors n=^im, such that the given equa- 
tion f(x) = resolves into m new ones 

f\{x) = 0, f'\{x) = 0, . . . f^Vix) = 0, 

which are all of degree i, and the ^coefficients of which are obtain- 
able from known quantities by the solution of an equation of degree 
m* The group of the equation f(x) = is non-primitive. 

For the purpose of comparison we consider the solution of the 
general equation of the fourth degree, to which, since 4 = 2^ the 
preceding results are not applicable. It appears at once that both 
of the resolutions of the polynomial into linear factors take place 
in the domain belonging to the last group of the principal series 
M, M\ M", ... 1. The series of the equation consists of the follow- 
ing groups: 

* Abel: Oeavres completes II, p. 191. 
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1) the symmetric group; 

2) the alternating group; 

3) [ 1 , (a^i x^) {^z x^^ {^i ^z) {^2 ^d (^1 ^4) (^2 ^s) ] i 

4) [1, {x^x^ (xgx,)], 40 [1 , {x^x^) {x^x^\ or 4") [1, (a?, a^,) (3t^^^)'\\ 

5) the group 1. 

The principal series consists of the groups 1), 2), 3), 5). The passage 
from 3) to 4) and that from 4) to 5) both give the prime factor 2. 
The group 4) is the first intransitive one. For this f{x) reaolves into 
the two factors {x — x^ {x — X2) and [x — x^) {x — ar^). But since 
the group 4) does not belong to the principal serieSj all the six val 
uesof (x — a?i) {x — X2) are not known. If we had chosen the group 
4') instead of 4), we should have had the two factors {x- — a-j) (x — x^ 
and {x — X2){x — 0^4), and so on. The product of these sis values 
give the third power of f{x)^{x — x^) (x — X2) (x — x-^) (x — x^). 

We can therefore, to be sure, resolve f{x) into a product of two 
factors of the second degree. But the coefficients of everj suoh 

factor are the roots not of an equation of degree 9 = 2, but of an 

equation of degree 6. 

If we consider further the irreducible solvable equations of the 
sixth degree, it appears that these are of one of two types, accord- 
ing as we eliminate y from 

ix:^—fi{y)^+f2{y) = 0, 2/"— Cit/' + Cai/— C3 = 0, 
or from 

x'-f,{y)x'^ +My)x-My) = 0, y'-c, y + c, = 0. 

§ 244. The preceding results enable us to limit our considera' 
tion to those equations f{x) = the degree of which is a power of a 
prime number p. For otherwise the problem can be simplified by 
regarding the equation as the result of an elimination. Further- 
more we may assume that such a resolution into factors as was con- 
sidered in the preceding Section does not occur in the caae of our 
present equations of degree p\ since otherwise the same simplifica- 
tion would be possible. We assume therefore that the group of the 
equation is primitive, thus excluding both the above possibilities. 

With this assumption we proceed to the investigation of the 
group. Suppose that the degree of the equation is p^ and that its 
principal series of composition is 
2) G, HyJyK,... M, 1, 
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In passing from G through H, J, , . . to M, no resolution of 
f{x) into factors can occur. Otherwise we should have the case of 
the last Section, and G would be non-primitive. The passage from 
G to M "prepares" the equation f{x) for resolution, but does not 
as yet resolve f{x) into factors. The A resolutions of the equation 
of degree p^ therefore occurs in passing from the last group of the 
principal series to identity, that is, in 

M, M\ M", . . . M''~\ 1, 

Accordingly we must have x^X. The application of §94, Corol- 
lary IV shows that all the substitutions of M are commutative. 
The equation characterized by the family of M is therefore an 
Abelian equation of degree p^ (§ 182). From § 94 there belongs to 
every transition from one group to the next in the last series the 
factor of composition p, so that the order of M is equal to p\ 
Again M can be obtained by combining x groups which have only 
the identical operation in common, which are similar to each other, 
and are of order p. Suppose that these are 

ilf(«-'), AfJ"-') Mi''-'\ . . . Mij'Si'- 
From the above properties it appears that every one of these groups 
is composed of the powers of a substitution of order p 

8, Si, Sj, . . . Sk_i, 

and that on account of the commutativity of the groups (cf. § 95) 
we must also have 

Sa'^V = «^*'«a'* (a,/?=0,l, ...X— 1). 

Consequently every substitution of M can be expressed by 

8 81'*' 82 . • . S ,£ _ 1 , 

and from the same commutative property 

(s^Si'^Sa*' . . . s\_,y = S^^Si/^^S/^ . . . sj^i = 1. 
Every substitution of the group M is of order p. Our Abelian 
equation therefore belongs to the category treated in 8 186, and its 
substitutions are there given in the analytic form 

t = \z,,Z2,.,.Z^ Z, + a^, Z2+a2,,,.Z^ + a^\ (mod. p). 

The symmetric occurrence of all the indices ZiyZ^, , , ,Zk: already 
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shows that in the reductiou of ilf to 1 exactly / reBolutiona of the 
polynomial f{x) will occur, as is also recognized if we writ© for 
example 

M^z, , 2:2, z^,... z^ 2?i, z^ + aj, 2^3 + «3, . . . ^c + ^A (mod. p\ 
M"^Zi,z^,Zi, .,,z^ Zi,Z2, 2^3+ «3, . . . ^«+ ^^^1 (mod p). 

Accordingly z = A, and we have as a first result 

Theorem X. The last group of the principal series of a 
primitive, solvable equation of degree p" consists of the p* arith- 
metic substitutions 

t^Z^,Z2,.,.Z^ Zi + a^,Z2 + a,^,...Z^ + ^i^\ (mod. />), 
the roots of the equation being denoted by 

^-1.-2. ..-« {zk = 0,1,2, ...p—li 
Since G, the group of the equation, is com mutative with liL it 
follows from § 144 that G is a combination of aritbmetie and geo 
metric substitutions. We have therefore as a further result 

Theorem XI, The group G of every solvable primitive equa- 
tion of degree p" consists of the group of the anthmetk Hiihsfitu- 
tions of the degree jp% combined ivith geometric .^ntmftfutifm8 nf the 
same degree 

u = \z„Z2,...z^ a^Zi + b^Z2 + ... + c,z^,a2Z,+ b,z, + ..,+c.^z^,,,.\ 

(mod. p). 

§ 245. Before proceeding further with the general investigation, 
we consider particularly the cases x = 1 and j? = 2, tho former of 
which we have already treated above. 

We consider first the solvable, primitive equations of prime de- 
gree p. We may omit the term " primitive,'' since non primitivity 
is impossible with a prime number of elements. 

The group of the most general solvable equation of degree p must 
then coincide with or be contained in 

G^\z az + a\ (a = l,2,...p — 1; a = 0, 1, . . . p — 1) (mod.j>). 

We prove that the former is the case, by constructing the groups of 
composition from G to M and showing that all the factors of com- 
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position which occur are prime numbers. We divide p — 1 into its 
prime factors: p — 1 = ^1^2 • • • > and construct the subgroup 

p-1 



H=: I z aiQi z + a^l (ai = 1, 2, . 
then the subgroup 

J^\z a^q,q^z + a^\ (aa = l, 2, .. 



^1^2 



; ai = 0, 1, ...p— 1), 



; ^2 = 0, 1, ..,jp— 1), 



and so on. Then H,J,,.. all belong to the principal series of G. 
Thus we have, for example G~^JG = J. For, if we take 

t^\z az + a\, 
then 







t 


~^^ 


1, 

z -iz — 


-) 


J 


1/ ^ 


• 


z a^qxq<iZ + a^ 


• 


z az-{-a 


= 


z 


a^ 


Q^QiZ- 


J (hQiQ2^ 


I 


«+«2 

> 



BO that the transformation of a substitution of J with respect to any 
substitution of G leads to another substitution of J, Evidently the 
principal series coincides here with the series of composition. The 
factors of composition ^i , ^2 » • • • are all prime numbers. The proof 
is then complete. 

If a substitution of G leaves two roots X\ and x^ unchanged, then 
it leaves all the roots unchanged. For from X = aX-}-a, ;j. — a/j.-{-a 
follows necessarily aE^l, a^O, and the substitution becomes iden-- 
tical: 1= I J2? z\. 

If a substitution of G leaves one root X\ unchanged and if it con 
verts a?x-i-i into a?^, then every x^ becomes X(^_},)(y_\)^K- For from 
X^aX-{-a, /jL^a{X + !)-{- a, follows a^/i — X,a^X(X — // — 1), and 
the substitution is of the form \ z (// — X)z-}-X{X — ,a -f- I • 

If a substitution of G leaves no root unchanged, and if it con- 
verts Xf^ into Xfj,, then every x^ is converted into a:^+^_A. For only 
in this case is there no solution X of the congruence ?^^a?^-\-a, 
when a^ 1. If A -)- 1 is to become /j., then we must have /a = A + a . 
This gives a = /i — A, and the substitution is | z-^-/^ — A | . 

These are precisely the same results which the earlier algebraic 
method furnished us. 
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Theorem XII. The general solvable egtiatiojis of ptHme 
degree p are those of § 196. Their group is of order p{p — 1) and 
coTiMsta of the substitutions of the form 

s^\z dz-\'a\ (a = l,2,...p — 1; a = 0,l, . * ,p — 1) (mod p). 

Its factors of composition are all prime divisors of p — ^1, each fac- 
tor ocurring as many times as it occurs in p — 1, and beside these 
p itself, 

§ 246. We pass to the general solvable primitive equations of 
degree p'. As a starting point we have the arithmetie substitutiona 

^=1^1,^2 Zi + ^jZ2 + ^\ (mod-p), ^ 

which form the last group M of the oorresponding principal series. 
To arrive at the next preceding group, we must determine a substi- 
tution 8 which has the following properties. Ite form is 

s^ I ZiyZi a^Zi + 612^2, Oa^^i + &2^2 1 (mod p), 

and the lowest power of s which occurs in M, and is therefore of 
the form t, must have a prime number as exponent. Since now all 
the powers of s are of the same form as s itself, the required power 
must be \zi, Z2 Zi,Z2\ = 1. That is, the order of the substitution 
8 must be a prime number. 

From these and other similar considerations w© arrive at the fol- 
lowing results, * the further demonstration of which we do not enter 
upon. 

Theorem XIII. The general solvable^ primitim equations 
of degree p^ are of three different types. 

The first type is characterized by a group of order 2p^{p ^1)^, 
the substitutions of which are generated by the following : 

\z„Z2 Z, + a„ Z^ + a^l (ai,a2 =0, 1, 2, . . .p — 1), ^^^ 
\zi,Zt a^z^a^z^l (ai, a2, = l, 2,3, . . ,p — 1), ^^^ ^^* 

I ^1 1 ^2 ^2 » 2?i I . 

The groups belonging to the second type are of order 2 p\p^ — 1), 
and their substitutions are generated by the folloming : 



•C. Jordan: Uowi)]\p^ ^our. <Jp Math. (2) XIII, pp. UI-J3I5, 

20 
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\ZuZ2 Zi+ai,z^ + a^\ (a,,a3^0,l,2, ...p— 1), 

|2f,,2;2 azi+hez^,bzi + <iz^\ (a,6^0, 1, . . .p — l;but not afb^O\ 

\zuz^ 2?!,— ZjI, {mod.p). 

where e ia any quadratic remainder {mod. p). 

The groups of the third type are of order 24 p'(p — 1). The 
form of their subatitutions is different, according as p^l orp^3 
(mod. 4). In the former case the group contains beside the two 
substitutions 

\ZuZ^ 2?, + «l, 2J2 + «2| («!, 02 = 0,1, 2, ...p — 1), /^^^ ) 

|2?,,2;j az^^aZil (a^l, 2, 8...p — 1), 

also the following four: 

\zuZ^ iz^,—iz^\, \Zi,Z2 •2?„fei|, 

\Z19Z2 Zi — iz2,Zi + iz2\, \zijZ2 Zi+z^yZ^ — ^a|, 

where i is a root of the congruence f^ — 1 (niod.p). If p^S 
{m>od, 4), the group contains the first two substitutions above^ 
together with the following four: 

\Zi,Z2 Ziy Zi\, \ZuZ2 SZi + tZ2ytZi SZil, 

\ZiyZ2 —{l+st)z, + {s — 1^)z2, {t + ^)z, + {st—S'-t)Z3\, 
\Zi,Z2 SZi + {l+t)Z2,{t — l)ZiSZ2\, 

where s and t satisfy the congruence €^-{-f^ — 1 (mod.p). 

For p=^3 the first and second types, and for p = b the second 
type are not general These types are then included as special 
cases in the third type, which is always general, 

§ 247. We retarn from the preceding special cases to the more 
general theory. 

The same method which we have employed above in the case of 
p^ can be applied in general to determine the substitutions of the 
group L which precedes M in the principal series of composition: 
L is obtained bj adding to the substitutions 

e= I Zi, ^2, . . . 2;^ ^1 + «i , ^ + «2, . . . 2?* + a^ (mod. p) 

of ilf a further substitution 

«= I z^yZ^, .,.z^ <hz^+ ^^2+ . . . +CiZ^^ (h^\+^t^%+ . . . +c,^it, ... I 

(mod. p), 
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where the first power of 8 to occur among the f g has a prime expo 
nent Since all the powers of s are of the same form as s iti^alf ^ 
any power of 8 which occurs among the ^'s must be equal to 1. 
Consequently 8 must be of prime order. It ia further necessary 
the group L=\t,8\ should not become non-primitive. 

§ 248. From the form to which the substitutions of Q are re* 
stricted, we have at once 

Theorem XIV. All the 8ub8titution8, except identity^ which 
belong to the group 

affect all the element8. 

The converse proposition, which was true for ^ = 1^ does not hold 
in the general case. For the element a?«j , ^ , . . «^ is uoaff ectad by 

only in case the x congruences 

(tti — 1)211+ &i«2+...+ CiZ^ + a, = 0, 

a^z^ + {b2—l)z^+ ...+ c^z^ + a^=0, ^^ 

a^z,+ bic^2+ . . . +(c«— l)2r« + a^=0 

are satisfied. Consequently, as soon as the determinant 
tti — 1 6i . . . Ci 
O) 62 — 1 . . . C2 



D = 



^0 (mod. p). 



Ik b^ ...Cic — 1 

the a,, a,, . . . a« can be so chosen that the congruences S) are not 
satisfied by any system z^^z^, , , ,z^. 

We consider now all the substitutions of the group Q which 
leave one element unchanged. Since the distinction between the 
elements is merely a matter of notation, ^e may regard x^^^^^^n bb 
the fixed element Then the substitutions which leave this element 
unchanged are 

r=|;2fi,«2,...«« o>iZi + b^Z2 + ...+c^z^y aa^i + 62^2 + -. + Ca^«...|. 
If we adjoin a^o.o.-.o ^ the equation, the group Q reduces to T. 
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Since all tlie substitations of O are obtained by appending to those 
of r the constants a^, a,, . . . and since the a's can be chosen in p" 
ways, it follows that the adjunction of a single root reduces 6r to itis 
(p«)"^ part. 

§ 249. We will now consider the possibility that a substitution 
of G leaves x + 1 elements a?^,^,...,^ unchanged. Then the con- 
gruences S) of the preceding Section are satisfied by x -^ 1 systems 
of values z^z^y . .. z^ 

z, = C,(^ z, = C,^^), ..,z, = :j^\ (A = 0, 1, 2, . . . x). 

We will howeyer regard not the coefficients a, &, . . . c; a of the 
substitution but the values C/^\ C,^^^ . . . dc^^^ as known, and attempt 
to determine the substitution from these data. If now the determ- 
inant 

C'l C'2 ..... 

JS7 = 



is not ^0 (mod. p), then the x systems T^), Ta), . . , T^) each of 
X + 1 congruences with the unknown quantities a, 6, ... c; a 

T,) a,C/^) +(6,_l)c,(A) + ... + CaC.W + a,=0, (^^o,l,...x) 

have only one solution each, viz: 

A) Oi = 1, &i = 0, . . . c, = 0; «! = 0, 

A) «a = 0, 6, = 1, ...C2 = 0; a2 = 0, 



L^) a« = 0, 6, = 0, ...c,= l; a^ = 0, 

and these solutions furnish together the identical substitution 1. 

We designate now a system o/ x + 1 roots of an equation for 
which E^O {mod. p) as a system of conjugate roots. 
We have then 

Theorem XV. If a substitution of a primitive solvable 
group of degree p" leaves unchanged x + l roots which do not 
form a conjugate system, the substitution redu>ces to identity. 
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If therefore we' adjoin ^ + 1 Buch roots to the equation, the 
group G reduces to those substitutions which leave y.-\-l roots 
unohanged, t. e., to the identical subetitutioa. The equation is then 
solved. 

Theorem XVI. All the roots of a solvable primitive equa- 
tion of degree p" can be rationally expressed in tenns of any x + 1 
among them, provided these do not form a conjugate system. 

If we choose the notation so that one of the x-\-l roots is 
070,0, ... 0, ^^ determinant becomes 

"» 1 •» 2 . . . ^ K 

If the roots are not to form a conjug^ate system, then ^^0 
(mod. p). The number r of systems of roots which satisfy this con- 
dition is determined in § 146. We found 

r = ipl — l) (p'^—p) ip'—p') . . . (K— P*-')- 

Theorem XVII. For every root a^^,^,,..,^ we can deter^ 

mine 

(p'^—l) (p'^—p) . ■ . b'— p'-^ 
1,2,.,.^ 

systems of x roots each such that these ^ + 1 roots do not form a con- 
jugate system, so that all the other roots can be rationally expressed 
in terms of them. The system composed of the jc + 1 roots 

^0,0,0, ...» ^1,0,0...0> ^0,1,0...0T .,, ^0,0,0, .-, 1 

is appropriate for the expression of all the roots. 

These 'results throw a new light on our earlier investigations in 
regard to triad equations, in particular on the solution of the Hes- 
sian equation of the ninth degree {c/. § § 203-6). It is plain that 
we can construct in the same way quadruple equations of degree 
p', and so on. 
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